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ON TOPOLOGICAL STRUCTURE OF SOME SETS

RELATED TO THE NORMALIZED RICCI FLOW

ON GENERALIZED WALLACH SPACES

1

N. A. Abiev

To Sem�en Kutateladze

on o

asion of his 70th birthday

We study topologi
al stru
tures of the sets (0, 1/2)3 ∩Ω and (0, 1/2)3 \Ω, where Ω is one spe
ial algebrai


surfa
e de�ned by a symmetri
 polynomial of degree 12. These problems arise in studying of general

properties of degenerate singular points of dynami
al systems obtained from the normalized Ri

i �ow on

generalized Walla
h spa
es. Our main goal is to prove the 
onne
tedness of (0, 1/2)3∩Ω and to determine

the number of 
onne
ted 
omponents of (0, 1/2)3 \ Ω.

Mathemati
s Subje
t Classi�
ation (2010): 53C30, 53C44, 37C10, 34C05, 14P05, 14Q10.

Key words: Riemannian metri
, generalized Walla
h spa
e, normalized Ri

i �ow, dynami
al system,

degenerate singular point of dynami
al system, real algebrai
 surfa
e, singular point of real algebrai


surfa
e.

1. Introdu
tion and the Main Result

It is known that determining the 
onne
tedness (or the number of 
onne
ted 
omponents)

of real algebrai
 surfa
es is a very hard 
lassi
al problem in algebrai
 geometry (see

e. g. [4, 13℄). In this paper we deal with similar problems relating to the normalized Ri

i

�ow on generalized Walla
h spa
es. The importan
e of these problems is due to the need to

develop a spe
ial apparatus for studying general properties of degenerate singular points of

Ri

i �ows initiated in [1�3℄. More 
on
retely, in the above papers, the authors 
onsidered

some problems 
on
erning the topologi
al stru
ture of the sets (0, 1/2)3 ∩Ω and (0, 1/2)3 \Ω,
where

Ω =
{
(a1, a2, a3) ∈ R3 : Q(a1, a2, a3) = 0

}

is an algebrai
 surfa
e (see Fig. 1 and 2) in R3
de�ned by a symmetri
 polynomial Q(a1, a2, a3)

in a1, a2, a3 of degree 12:

Q(a1, a2, a3) = (2s1 + 4s3 − 1)
(
64s51 − 64s41 + 8s31 + 12s21 − 6s1 + 1

+240s3s
2
1 − 240s3s1 − 1536s23s1 − 4096s33 + 60s3 + 768s23

)

− 8s1(2s1 + 4s3 − 1)(2s1 − 32s3 − 1)(10s1 + 32s3 − 5)s2

− 16s21
(
13− 52s1 + 640s3s1 + 1024s23 − 320s3 + 52s21

)
s22

+64(2s1 − 1)(2s1 − 32s3 − 1)s32 + 2048s1(2s1 − 1)s42,

(1)

s1 = a1 + a2 + a3, s2 = a1a2 + a1a3 + a2a3, s3 = a1a2a3.


© 2015 Abiev N. A.

1
The study was supported by a grant of Ministry of Edu
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Fig. 1. Singular points of the surfa
e (0, 1/2)3 ∩ Ω.

Fig. 2. The surfa
e (0, 1/2)3 ∩ Ω.

The surfa
e Ω naturally arises in studying of general properties of degenerate singular

points of the following dynami
al system (see [1�3℄):

dx1
dt

= f(x1, x2, x3),
dx2
dt

= g(x1, x2, x3),
dx3
dt

= h(x1, x2, x3), (2)

where xi = xi(t) > 0, i = 1, 2, 3,

f(x1, x2, x3) = −1− a1x1

(
x1
x2x3

− x2
x1x3

− x3
x1x2

)
+ x1B,

g(x1, x2, x3) = −1− a2x2

(
x2
x1x3

− x3
x1x2

− x1
x2x3

)
+ x2B,

h(x1, x2, x3) = −1− a3x3

(
x3
x1x2

− x1
x2x3

− x2
x1x3

)
+ x3B,
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B :=

(
1

a1x1
+

1

a2x2
+

1

a3x3
−
(

x1
x2x3

+
x2
x1x3

+
x3
x1x2

))(
1

a1
+

1

a2
+

1

a3

)−1

.

ai ∈ (0, 1/2], i = 1, 2, 3.

It should be noted that the system (2) 
an be obtained from the normalized Ri

i �ow

equation

∂

∂t
g(t) = −2Ricg +2g(t)

Sg
n
,

where g(t) means a 1-parameter family of Riemannian metri
s, Ricg is the Ri

i tensor and Sg
is the s
alar 
urvature of the Riemannian metri
 g, 
onsidered on one spe
ial 
lass of 
ompa
t
homogeneous spa
es 
alled three-lo
ally-symmetri
 or generalized Walla
h spa
es, see [9, 12℄.

In the re
ent papers [7℄ and [11℄, the 
omplete 
lassi�
ation of these spa
es was obtained.

A more detailed information 
on
erning geometri
 aspe
ts of this problem and the Ri

i

�ows 
ould be found in [8�10℄ and [14℄.

In [1℄, the authors noted that the set (0, 1/2)3 ∩ Ω is 
onne
ted, and the set (0, 1/2)3 \ Ω

onsists of three 
onne
ted 
omponents O1, O2 and O3 (see Fig. 1) 
ontaining the points

(1/6, 1/6, 1/6), (7/15, 7/15, 7/15) and (1/6, 1/4, 1/3) respe
tively.
The present work is devoted to detailed proof of this observation. The main result is the

following

Theorem 1. The following assertions hold with respe
t to the standard topology of R3 :
(1) The set (0, 1/2)3 ∩ Ω is 
onne
ted.

(2) The set (0, 1/2)3 \ Ω 
onsists of three 
onne
ted 
omponents.

We note also the following

Corollary 1. The assertions of Theorem 1 are preserved if (0, 1/2)3 is repla
ed by (0, 1/2]3.

Remark 1. The symmetry of Q with respe
t to a1, a2, a3 implies the invarian
e of Ω
under the permutation a1 → a2 → a3 → a1.

Remark 2. Proof of Theorem 1 is based on the idea of Remark 8 in [2℄: One should


onsider a segment I with one endpoint at (0, 0, 0) and with the se
ond endpoint at an

arbitrary point of any fa
et of the 
ube (0, 1/2)3 
ontaining (1/2, 1/2, 1/2). A

ording to

Remark 1, we 
an assume without loss of generality that I is de�ned by the following

parametri
 equations

a1 := at, a2 := bt, a3 := t/2, (3)

where t ∈ [0, 1], a, b ∈ (0, 1/2). Substituting (3) into (1) we obtain some polynomial p(t) :=
Q(at, bt, t/2) in t of degree 12. Thus the problems under 
onsideration 
ould be redu
ed to the
problem of determining the possible number of roots of p(t) in [0, 1] when (a, b) ∈ (0, 1/2)2 .
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2. Proof of the Main Result

Using Maple we have the following expli
it expression for p(t):

p(t) = −256b2a2(2a + 1)2(2b+ 1)2(b+ a)2t12 + 32(16b3a3 + 4b3a2 + 2b3a+ 2b3

+8b2a2 + b2a+ 4b2a3 + 2ba3 + ba2 + 2a3)(2a + 1)(2b + 1)(2b+ 1 + 2a)(b+ a)t10

− 32(2a + 1)(2b + 1)(b + a)(16b3a3 + 4b3a2 + 2b3a+ 2b3 + 8b2a2 + b2a+ 4b2a3

+2ba3 + ba2 + 2a3)t9 − (72b2a2 + 104ba3 + 208b3a2 + 104b3a+ 208b2a3 + 52b4

+176a4b+ 208b4a2 + 176b4a+ 52ba2 + 52b2a+ 208a4b2 + 52a4 + 352b3a3 + 13b2

+13a2 + 44a3 + 44b3 + 22ba)(2b + 1 + 2a)2t8 + 2(2b+ 1 + 2a)(72b2a2 + 104ba3

+208b3a2 + 104b3a+ 208b2a3 + 52b4 + 176a4b+ 208b4a2 + 176b4a+ 52ba2

+52b2a+ 208a4b2 + 52a4 + 352b3a3 + 13b2 + 13a2 + 44a3 + 44b3 + 22ba)t7

+(600b2a2 + 392ba3 + 784b3a2 + 392b3a+ 784b2a3 + 108b4 + 14b+ 14a+ 128a6

+448ba5 + 224a5 + 528a4b+ 432b4a2 + 528b4a+ 196ba2 + 196b2a+ 432a4b2 + 108a4

+288b3a3 + 224b5 + 448b5a+ 128b6 + 2 + 27b2 + 27a2 + 36a3 + 36b3 + 66ba)t6

− 6(8b3 + 4b2a+ 2b2 + 8ba+ b+ 4ba2 + 2a2 + 8a3 + 1 + a)(2b+ 1 + 2a)2t5

+(2b+ 1 + 2a)(40b3 + 24ba+ 5 + 40a3)t4 + (22b+ 22a+ 88ba2 + 88b2a+ 2

+44b2 + 44a2 + 16a3 + 16b3 + 80ba)t3 − 6(2b + 1 + 2a)2t2 + (8a+ 8b+ 4)t− 1.

(4)

Consider the following set

K :=
{
(a, b) ∈ R2 : a, b ∈ (0, 1/2)

}
.

Fig. 3. The 
urve γ.

Lemma 1. If (a, b) ∈ K then the dis
riminant D of the polynomial p(t) equals to zero if
and only if a = b.

⊳ Easy 
al
ulations show that D is non-negative, moreover, D has the same zeroes as the

following polynomial:

(2b − 1)12(2a− 1)12(a− b)12
(
F (a, b)

)2
, (5)
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where

F (a, b) := 40a3 − 24a2b− 24ab2 + 40b3 − 12a2 + 12ba − 12b2 − 6a− 6b+ 5.

Denote by γ the 
urve determined by F (a, b) = 0 (see Fig. 3). We will prove that γ has

no 
ommon point with the square K.

Changing the variables by the formula

x− y = a
√
2, x+ y = b

√
2 ,

we get a new equation for γ, from that we 
an express y expli
itely:

F̃ (x, y) := 36
(
8x−

√
2
)
y2 +

(
8x+ 5

√
2
)(
2x−

√
2
)2

= 0. (6)

Note that the point (x′, y′) = (
√
2/2, 0) belongs to γ, moreover, this is an unique singular

point of γ. Sin
e
F̃xxF̃yy − F̃ 2

xy = 3888 > 0

at (x′, y′), then (x′, y′) is isolated a

ording to the well-known result in di�erential geometry

of planar 
urves. It is 
lear that the point (a, b) = (1/2, 1/2) /∈ K 
orresponds to (x′, y′) in
the initial variables.

It is obvious that every regular point of γ satis�es the 
ondition x < x0 :=
√
2/8. Hen
e

only we need is to show that γ 
an not interse
t the part of K, des
ribed by the 
onditions

x ∈ (0, x0), −x < y < x. In fa
t, it su�
es to prove the inequality x < ϕ(x), where

ϕ(x) :=

√
2− 2x

6

√
8x+ 5

√
2√

2− 8x

is a fun
tion determining a part of the 
urve γ in (6). Note that limx→x0−0 ϕ(x) = +∞.

It is easy to show that the inequality x < ϕ(x) is equivalent to the inequality

ψ(x) := 320x3 − 48
√
2x2 − 24x+ 10

√
2 > 0,

whi
h holds for all x ∈ (0, x0), sin
e ψ(x) is positive at x = x0 and de
reases:

ψ (x0) = 27
√
2/4 > 0, ψ′(x) = 960x2 − 96

√
2x− 24 < 0.

Therefore, F (a, b) 6= 0 for (a, b) ∈ K. Hen
e there is a unique possibility a = b in order to
D = 0 in K by (5). ⊲

Lemma 2. Let (a, b) ∈ K. Then a point of lo
al extremum of p(t) 
an not be a multiple

root of p(t).

⊳ Multiple roots of p(t) are possible only for a = b by Lemma 1. Therefore, we may

assume that b = a. Then (4) takes the following form

p(t) = −(t+ 1) p2(t) p
3
3(t),

p2(t) := (2 + 4a)t2 − 2(1 + 2a)t+ 1,

p3(t) := 8a2(2a+ 1)t3 − (1 + 4a)t+ 1.

Denote by D2 and D3 the dis
riminants of p2(t) and p3(t) respe
tively:

D2 := 4(2a + 1)(2a − 1),

D3 := −32(2a + 1)(2a − 1)(22a2 + 14a + 1)a2.
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Sin
e D2 < 0, D3 > 0 for a ∈ (0, 1/2), then it is 
lear that the polynomial p(t) has exa
tly
three distin
t real roots (ea
h of multipli
ity 3) for every su
h a. It follows from this fa
t that

there is no points of lo
al extrema of p(t) among the roots of p(t). ⊲
Further we need the 
urve Γ (see Fig. 4), whi
h 
an be obtained as a result of the

interse
tion Ω with the plane a3 = 1/2 for 0 < a1, a2 6 1/2. Re
all some properties of Γ (see

details in [2℄): Γ determined by the equality G(a1, a2) = 0, where

G(a1, a2) := 4(a1 + a2)(4a1a2 − 1)(4a1a2 − a1 − a2 + 1)(4a1a2 + a1 + a2 + 1)

+ (16a21a
2
2 + 1)(13a21 + 22a1a2 + 13a22)− 4(a21 + a22)(11a

2
1 + 18a1a2 + 11a22),

(7)

Γ is homeomorphi
 to the segment [0, 1] with the endpoints (
√
2/4, 1/2), (1/2,

√
2/4) and with

the unique singular point (a 
usp) at (a1, a2) = (ã, ã), where ã := (
√
5−1)/4 ≈ 0.3090169942.

It is easy to 
he
k that Γ separates K into disjoint 
onne
ted 
omponents K1 and K2


ontaining the points

(a′, b′) := (3/10, 3/10) and (a′′, b′′) := (31/100, 31/100)

respe
tively.

Fig. 4. The interse
tion Ω with the plane a3 = 1/2 for 0 < a1, a2 6 1/2.

Lemma 3. In the segment [0, 1], the polynomial p(t) has
(1) one root, if (a, b) ∈ K1;

(2) two distin
t roots, if (a, b) ∈ K2 ∪ Γ.

⊳ Let t∗ ∈ [0, 1] be a root of p(t) given by (4). We say that t∗ is a robust root of p(t)
in [0, 1], if small perturbations of the parameters a and b imply a small perturbation of t∗

keeping it in (t∗ − ε, t∗ + ε) ⊂ [0, 1] for some small ε > 0 (see e. g. [6℄ for more details on

singularities of 
urves and some related problems).

Now, assume that t∗ is a non-robust root of p(t). Then there exist exa
tly two possibility
(re
all that t∗ ∈ [0, 1]):

Case 1. t∗ = 0 or t∗ = 1;
Case 2. t∗ belongs to the interval (0, 1) and provides p(t) a lo
al extremum.
Now, we 
onsider these 
ases separately.
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Case 2. Assume that t∗ is a point of lo
al extremum of p(t). Then t∗ is a multiple root
of p(t). This 
ontradi
ts to Lemma 2, hen
e, the 
ase 2 is impossible.

Case 1. Sin
e p(0) = −1 then there exists no pair (a, b) su
h that t = 0 is a root of p(t).
Suppose that t = 1 is a root of p(t). Sin
e

p(1) = −4(a+ b)2G(a, b),

where G is given by (7), then the equality p(1) = 0 is possible if and only if G(a, b) = 0.
Re
all that the 
urve Γ is determined by G(a, b) = 0. Sin
e p(t) has only robust roots for

every pair (a, b) ∈ K1 ∪K2 by our 
onstru
tion, then the number of roots of p(t) in [0, 1] is

onstant both in K1 and in K2. Hen
e, it is su�
ient to 
al
ulate the number of su
h roots

only for the representative points (a′, b′) ∈ K1 and (a′′, b′′) ∈ K2.

(1) Suppose that (a, b) = (a′, b′) ∈ K1. Then (4) takes the following form

p(t) = − 1

9765625
(t+ 1)(16t2 − 16t+ 5)(144t3 − 275t+ 125)3.

Taking into a

ount Lemma 2, we 
on
lude that p(t) has three distin
t real roots of

multipli
ity 3 besides the root t = −1. Sin
e we does not need exa
t values of these roots

then their approximated values are:

−1.569348118, 0.5345099430, 1.034838175.

(2) Now, suppose that (a, b) = (a′′, b′′) ∈ K2. Then in (4) we obtain

p(t) = − 1

6103515625000000
(t+ 1)(81t2 − 81t+ 25)(77841t3 − 140000t + 62500)3 ,

with the following real roots (of multipli
ity 3):

−1.524828329 . . . , 0.5285082631 . . . , 0.9963200660 . . .

It is easy to see that for (a, b) ∈ Γ the polynomial (4) has two roots in [0, 1], one of whi
h
is 1 by the de�nition of Γ.

Hen
e, in the segment [0, 1], the polynomial (4) has one root for (a, b) ∈ K1 and two roots

for (a, b) ∈ K2 ∪ Γ. ⊲

⊳ Proof of Theorem 1 is based on Lemma 3 and Remark 2. Let (a, b) ∈ K. Then

the number of interse
tion points of Ω with the segment I equals to 1 or 2 depending on the
number of roots of the polynomial p(t) (see (4)) 
ontaining in [0, 1].

(1) Conne
tedness of the set (0, 1/2)3 ∩ Ω. Let t1, t2 be roots of p(t) su
h that 0 < t1 <
t2 6 1. Then, obviously, t1 and t2 
orrespond to the �lower� and �upper� (see Fig. 2) parts

of the surfa
e Ω ∩ (0, 1/2)3 respe
tively. These parts of Ω have a unique 
ommon point

(a1, a2, a3) = (1/4, 1/4, 1/4) (an ellipti
 umbili
 of Ω a

ording to [1℄).

(2) The number of the 
onne
ted 
omponents of the set (0, 1/2)3 \ Ω. Sin
e the maximal
number of roots of p(t) in [0, 1] is equal to 2 and Ω ∩ (0, 1/2)3 is the union of two surfa
es

with one 
ommon point, then the number of 
onne
ted 
omponents of (0, 1/2)3 \ Ω equals

to 3. Theorem 1 is proved. ⊲

In order to prove Corollary 1 we need the following

Lemma 4. Let b = 1/2. Then in the segment [0, 1], the polynomial p(t) has
(1) one root for a ∈

(
0,
√
2/4
)
;

(2) two roots for a ∈
[√

2/4, 1/2
)
;
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(3) one root (of multipli
ity 8) for a = 1/2.

⊳ (1), (2) At b = 1/2, a ∈ (0, 1/2) we have

p(t) = −(2ta+ 1) p2(t) p
3
3(t)

in (4), where

p2(t) := 4a(2a + 1)t2 − 2(1 + 2a)t+ 1,

p3(t) := 2(1 + 2a)t3 − 2(a+ 1)t+ 1.

For the dis
riminants D2 and D3 of the polynomials p2(t) and p3(t) we have

D2 := −4(2a− 1)(2a + 1) > 0,

D3 := 4(2a + 1)(2a− 1)(8a2 + 28a+ 11) < 0.

Sin
e the 
ubi
 polynomial p3(t) a
hieves a positive lo
al maximum at the point t =

− (6a+3)(a+1)
6a+3 < 0, then its unique real root must be a negative number. Therefore, the

required roots of p(t) 
an be provided only by p2(t), moreover, �rst of them belongs to [0, 1]
for all a ∈ (0, 1/2); the se
ond of them � only for a ∈

[√
2/4, 1/2

)
.

(3) The 
ase b = a = 1/2 leads (4) to the polynomial

p(t) = −(t+ 1)4(2t− 1)8

with the unique root t = 1/2 of multipli
ity 8 on [0, 1]. It should be noted that we get an

ellipti
 umbili
 (a1, a2, a3) = (1/4, 1/4, 1/4) of the surfa
e Ω in this 
ase. ⊲

⊳ Proof of Corollary 1. A

ording to Theorem 1 it is su�
ient to 
onsider the 
ase

when a = 1/2 or b = 1/2. Taking into a

ount Remark 1, assume without loss of generality
that b = 1/2. Then the proof of Corollary 1 follows from Lemma 4 and Remark 2. ⊲

Remark 3.When this paper had been written the author was informed about the re
ent

paper [5℄, where a more detailed des
ription of the surfa
e Ω was obtained without the

restri
tion (a1, a2, a3) ∈ (0, 1/2)3.

The author is indebted to Prof. Yu. G. Nikonorov and to Prof. A. Arvanitoyeorgos for helpful

dis
ussions 
on
erning this paper.
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Î ÒÎÏÎËÎ�È×ÅÑÊÎÉ ÑÒ�ÓÊÒÓ�Å ÍÅÊÎÒÎ�ÛÕ ÌÍÎÆÅÑÒÂ,

ÏÎËÓ×ÀÅÌÛÕ ÈÇ ÍÎ�ÌÀËÈÇÎÂÀÍÍÛÕ ÏÎÒÎÊÎÂ �È××È

ÍÀ ÎÁÎÁÙÅÍÍÛÕ Ï�ÎÑÒ�ÀÍÑÒÂÀÕ ÓÎËËÀÕÀ

Àáèåâ Í. À.

Â ðàáîòå èçó÷àåòñÿ òîïîëîãè÷åñêàÿ ñòðóêòóðà ìíîæåñòâ (0, 1/2)3 ∩ Ω è (0, 1/2)3 \ Ω, ãäå Ω � àëãåá-

ðàè÷åñêàÿ ïîâåðõíîñòü, îïðåäåëåííàÿ ñèììåòðè÷åñêèì ìíîãî÷ëåíîì ñòåïåíè 12. Ïîäîáíûå çàäà÷è
âîçíèêàþò ïðè èçó÷åíèè îáùèõ ñâîéñòâ âûðîæäåííûõ îñîáûõ òî÷åê äèíàìè÷åñêèõ ñèñòåì, ïîëó÷à-

åìûõ èç íîðìàëèçîâàííûõ ïîòîêîâ �è÷÷è íà îáîáùåííûõ ïðîñòðàíñòâàõ Óîëëàõà. Îñíîâíàÿ öåëü

ðàáîòû � äîêàçàòü ñâÿçíîñòü ìíîæåñòâà (0, 1/2)3 ∩ Ω è îïðåäåëèòü êîëè÷åñòâî ñâÿçíûõ êîìïîíåíò

ìíîæåñòâà (0, 1/2)3 \ Ω.

Êëþ÷åâûå ñëîâà: ðèìàíîâà ìåòðèêà, îáîáùåííîå ïðîñòðàíñòâî Óîëëàõà, íîðìàëèçîâàííûé ïîòîê

�è÷÷è, äèíàìè÷åñêàÿ ñèñòåìà, âûðîæäåííàÿ îñîáàÿ òî÷êà äèíàìè÷åñêîé ñèñòåìû, äåéñòâèòåëüíàÿ

àëãåáðàè÷åñêàÿ ïîâåðõíîñòü, îñîáàÿ òî÷êà äåéñòâèòåëüíîé àëãåáðàè÷åñêîé ïîâåðõíîñòè.
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ËÈÍÅÉÍÀß ÇÀÄÀ×À ÈÍÒÅ��ÀËÜÍÎÉ �ÅÎÌÅÒ�ÈÈ

Ñ �ËÀÄÊÈÌÈ ÂÅÑÎÂÛÌÈ ÔÓÍÊÖÈßÌÈ È ÂÎÇÌÓÙÅÍÈÅÌ

À. Õ. Áåãìàòîâ, �. Ì. Äæàéêîâ

Èçó÷àþòñÿ äâå çàäà÷è èíòåãðàëüíîé ãåîìåòðèè â ïîëîñå íà ñåìåéñòâå îòðåçêîâ ïðÿìûõ ñ çàäàííîé

âåñîâîé �óíêöèåé. Ïåðâàÿ çàäà÷à � âîññòàíîâëåíèå �óíêöèè â ïîëîñå, åñëè âñþäó â ýòîé ïîëî-

ñå èçâåñòíû èíòåãðàëû îò èñêîìîé �óíêöèè ñ ëèíåéíîé âåñîâîé �óíêöèåé íà ñåìåéñòâå îòðåçêîâ

ïðÿìûõ. Äîêàçàíû òåîðåìà åäèíñòâåííîñòè è òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è, ïîëó÷åíî

àíàëèòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ â êëàññå ãëàäêèõ �èíèòíûõ �óíêöèé. Ïðåäñòàâëåíà îöåíêà

ðåøåíèÿ çàäà÷è â ñîáîëåâñêèõ ïðîñòðàíñòâàõ, îòêóäà ñëåäóåò åå ñëàáàÿ íåêîððåêòíîñòü. Òåîðåìà

åäèíñòâåííîñòè è îöåíêà óñòîé÷èâîñòè ïîëó÷åíû è äëÿ çàäà÷è ñ âîçìóùåíèåì, âåñîâàÿ �óíêöèÿ

êîòîðîé èìååò äîñòàòî÷íî îáùèé âèä. Âòîðàÿ çàäà÷à � âîññòàíîâëåíèÿ �óíêöèè ïî èíòåãðàëüíûì

äàííûì íà ñåìåéñòâå îòðåçêîâ ïðÿìûõ ñ âåñîâîé �óíêöèåé ýêñïîíåíöèàëüíîãî âèäà. Äîêàçàíû òåî-

ðåìà åäèíñòâåííîñòè, òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ. Ïîñòðîåíî ïðîñòîå ïðåäñòàâëåíèå ðåøåíèÿ

ðàññìîòðåííîé çàäà÷è èíòåãðàëüíîé ãåîìåòðèè â êëàññå ãëàäêèõ �èíèòíûõ �óíêöèé. Ïîëó÷åíà

îöåíêà óñòîé÷èâîñòè ðåøåíèÿ çàäà÷è â ïðîñòðàíñòâàõ Ñîáîëåâà, òåì ñàìûì ïîêàçàíà ñëàáàÿ íåêîð-

ðåêòíîñòü çàäà÷è. Äàëåå ðàññìàòðèâàåòñÿ ñîîòâåòñòâóþùàÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè ñ âîç-

ìóùåíèåì. Ïîëó÷åíû òåîðåìà åäèíñòâåííîñòè åå ðåøåíèÿ â êëàññå ãëàäêèõ �èíèòíûõ �óíêöèé ñ

íîñèòåëåì â ïîëîñå è îöåíêà óñòîé÷èâîñòè ðåøåíèÿ â ñîáîëåâñêèõ ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: èíòåãðàëüíàÿ ãåîìåòðèÿ, ïðåîáðàçîâàíèå �àäîíà, ïðåîáðàçîâàíèå Ôóðüå, ïðå-

îáðàçîâàíèå Ëàïëàñà, �îðìóëà îáðàùåíèÿ, îöåíêè óñòîé÷èâîñòè, åäèíñòâåííîñòü ðåøåíèÿ, òåîðåìà

ñóùåñòâîâàíèÿ, ñëàáàÿ íåêîððåêòíîñòü, âîçìóùåíèå.

1. Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè, ïîëó÷åíèÿ îöå-

íîê óñòîé÷èâîñòè è àíàëèòè÷åñêèõ �îðìóë îáðàùåíèÿ äëÿ íîâûõ êëàññîâ çàäà÷ èíòå-

ãðàëüíîé ãåîìåòðèè â ïîëîñå. Äîêàçàíû òåîðåìû åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðå-

øåíèÿ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè íà ñåìåéñòâå îòðåçêîâ ïðÿìûõ â êëàññå ãëàäêèõ

�èíèòíûõ �óíêöèé ñ íîñèòåëåì â ïîëîñå. Ïîëó÷åíû ÿâíûå �îðìóëû îáðàùåíèÿ, èç

êîòîðûõ âûòåêàþò óòâåðæäåíèÿ î ñëàáîé íåêîððåêòíîñòè ðåøåíèÿ çàäà÷è. Äàëåå ðàñ-

ñìàòðèâàåòñÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè ñ âîçìóùåíèåì. Äîêàçàíû òåîðåìà åäèí-

ñòâåííîñòè è ïîëó÷åíû îöåíêè óñòîé÷èâîñòè åå ðåøåíèÿ â êëàññå ãëàäêèõ �èíèòíûõ

�óíêöèé ñ íîñèòåëåì â ïîëîñå.

Âîïðîñû åäèíñòâåííîñòè ðåøåíèÿ ïëîñêîé çàäà÷è èíòåãðàëüíîé ãåîìåòðèè íà ñåìåé-

ñòâå ïàðàáîë ñ âîçìóùåíèåì ðàññìàòðèâàëèñü â ñòàòüå [1℄. Â [2, 3℄ èçó÷åíû çàäà÷è èí-

òåãðàëüíîé ãåîìåòðèè â òðåõìåðíîì ñëîå íà ñåìåéñòâå ïàðàáîëîèäîâ ñ âîçìóùåíèåì.

Â [4℄ ðàññìîòðåíû çàäà÷è èíòåãðàëüíîé ãåîìåòðèè íà ïëîñêîñòè, êîòîðûå òåñíî ñâÿçàíû

ñ çàäà÷åé �àäîíà ñ âîçìóùåíèåì.
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Â [5℄ ïðèâîäèòñÿ òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è èíòåãðàëüíîé ãåîìåòðèè

íà êðèâûõ ýëëèïòè÷åñêîãî òèïà â êëàññå ãëàäêèõ �èíèòíûõ �óíêöèé ñ íîñèòåëåì â ïî-

ëîñå. Â ðàáîòå [5, 6℄ ïîëó÷åíî àíàëèòè÷åñêîå ïðåäñòàâëåíèå äëÿ îáðàçà Ôóðüå ïî ïåðâîé

ïåðåìåííîé îò èñêîìîé �óíêöèè, èç êîòîðîãî âûòåêàåò óòâåðæäåíèå î ñèëüíîé íåêîð-

ðåêòíîñòè ðåøåíèÿ çàäà÷è. Âàæíûå ðåçóëüòàòû ïî îáðàùåíèþ ïðåîáðàçîâàíèÿ �àäîíà

è ïðèëîæåíèÿì â ñåéñìè÷åñêîé è êîìïüþòåðíîé òîìîãðà�èè ïðåäñòàâëåíû â [7�9℄. Çà-

äà÷à âîññòàíîâëåíèÿ �óíêöèè ïî èçâåñòíûì èíòåãðàëàì îò íåå íà ñåìåéñòâå êîíóñîâ â

ñëó÷àå ïðîñòðàíñòâà ÷åòíîé ðàçìåðíîñòè èçó÷àëàñü â ñòàòüå [10℄. Â ðàáîòàõ [11, 12℄ ðàñ-

ñìàòðèâàëèñü íîâûå ïîñòàíîâêè ñëàáî íåêîððåêòíûõ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè íà

ïàðàáîëè÷åñêèõ êðèâûõ ñî ñïåöèàëüíûìè âåñîâûìè �óíêöèÿìè.

Îáîçíà÷èì Ω = {(x, y) : x ∈ R1, 0 6 y 6 H}. Äëÿ âñåõ (x, y), ëåæàùèõ â ïîëîñå Ω,
ðàññìîòðèì ñèñòåìó îòðåçêîâ {Υ(x, y)}:

Υ(x, y) = {(ξ, η) : x− ξ = y − η, 0 6 η 6 y 6 H} .

Îáîçíà÷èì ÷åðåç C2
0 (Ω) êëàññ �óíêöèé u (x, y), êîòîðûå èìåþò âñå íåïðåðûâíûå ÷àñòíûå

ïðîèçâîäíûå äî 2-ãî ïîðÿäêà âêëþ÷èòåëüíî è �èíèòíû ñ íîñèòåëåì â ïîëîñå Ω.

2. Çàäà÷à èíòåãðàëüíîé ãåîìåòðèè

Çàäà÷à 1. Âîññòàíîâèòü �óíêöèþ äâóõ ïåðåìåííûõ u(x, y) â ïîëîñå Ω, åñëè èçâåñò-
íû èíòåãðàëû îò íåå ïî îòðåçêàì ïðÿìûõ èç ñåìåéñòâà {Υ(x, y)} ñ âåñîâîé �óíêöèåé

g (x, y, ξ, η):

∫

Υ(x,y)

g (x, y, ξ, η) u (ξ, η) dξ = f (x, y).

Çàäà÷à ðåøåíèÿ ýòîãî óðàâíåíèÿ åñòü çàäà÷à èíòåãðàëüíîé ãåîìåòðèè âîëüòåððîâ-

ñêîãî òèïà (ñì. [13�15℄).

Òåîðåìà 1. Ïóñòü �óíêöèÿ f (x, y) èçâåñòíà âñþäó â ïîëîñå Ω, âåñîâàÿ �óíêöèÿ

g (x, y, ξ, η) èìååò âèä g1 (x, ξ) = x − ξ. Òîãäà ðåøåíèå çàäà÷è 1 â êëàññå C2
0 (Ω) åäèí-

ñòâåííî, èìååò ìåñòî ïðåäñòàâëåíèå

u (x, y) =

(
∂2

∂x2
+ 2

∂2

∂x∂y
+

∂2

∂y2

)
f (x, y) (1)

è âûïîëíÿåòñÿ íåðàâåíñòâî

‖u (x, y)‖L2
6 C1‖f (x, y)‖W 2, 2

2
, (2)

ãäå C1 � íåêîòîðàÿ êîíñòàíòà.

⊳ Çàïèøåì çàäà÷ó 1 äëÿ âåñîâîé �óíêöèè g1 (x, ξ) â ñëåäóþùåì âèäå:

y∫

0

u (x− h, η) (y − η) dη = f (x, y) , (3)

ãäå h = y − η.
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Ïðèìåíèì ê îáåèì ÷àñòÿì óðàâíåíèÿ (3) ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x:

f̂ (λ, y) =
1√
2π

+∞∫

−∞

eiλx
y∫

0

u (x− h, η) (y − η) dη dx

=
1√
2π

y∫

0

(y − η) eiλh
+∞∫

−∞

eiλ(x−h)u (x− h, η) dx dη,

y∫

0

û (λ, η) (y − η) eiλ(y−η) dη = f̂ (λ, y) . (4)

×åðåç û (λ, y), f̂ (λ, y) îáîçíà÷åíû ïðåîáðàçîâàíèÿ Ôóðüå ïî ïåðåìåííîé x îò �óíêöèé
u (x, y) è f (x, y) ñîîòâåòñòâåííî. Ïðèìåíèì ê ïîñëåäíåìó óðàâíåíèþ ïðåîáðàçîâàíèå

Ëàïëàñà ïî ïåðåìåííîé y:

˜̂
f (λ, p) =

+∞∫

0

e−py

y∫

0

û (λ, η) (y − η) eiλ(y−η) dη dy

=

+∞∫

0

τ · e−(p−iλ)τdτ ·
+∞∫

0

û (λ, η) e−pηdη = I (λ, p) · ˜̂u (λ, p) ,

I (λ, p) =

+∞∫

0

τ · e−(p−iλ)τ dτ =
1

(p− iλ)2
, Re p > 0. (5)

Îòñþäà ñëåäóåò âûðàæåíèå

˜̂u (λ, p) =
(
p2 − 2piλ− λ2

) ˜̂
f (λ, p) , (6)

ãäå

˜̂u (λ, p) è
˜̂
f (λ, p) � ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé y îò �óíêöèé û (λ, y) è

f̂ (λ, y) ñîîòâåòñòâåííî.

Ïðèìåíèâ ê îáåèì ÷àñòÿì (6) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé p,
ïîëó÷èì

û (λ, y) =

(
∂2

∂y2
− 2iλ

∂

∂y
− λ2

)
f̂ (λ, y) . (7)

Ïðèìåíèì ê (7) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïî λ. Èñõîäÿ èç èçâåñòíûõ ñâîéñòâ

ïðåîáðàçîâàíèé Ôóðüå, ïîëó÷èì

u (x, y) =
∂2

∂y2
f (x, y) + 2

∂2

∂y∂x
f (x, y) +

∂2

∂x2
f (x, y) . (8)

Äëÿ äîêàçàòåëüñòâà íåðàâåíñòâ (2) ïåðåïèøåì óðàâíåíèå (8) â âèäå (9):

‖u (x, y)‖L2
=

∥∥∥∥
∂2

∂y2
f (x, y) +

∂2

∂y∂x
f (x, y) +

∂2

∂x2
f (x, y)

∥∥∥∥
L2

. (9)
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Èñïîëüçóÿ ñâîéñòâà äè��åðåíöèðîâàíèÿ ïðåîáðàçîâàíèé Ôóðüå è Ëàïëàñà, íåðàâåí-

ñòâî òðåóãîëüíèêà äëÿ íîðì, à òàêæå ó÷èòûâàÿ (9) è óñëîâèÿ, íàëîæåííûå íà �óíêöèþ

u (x, y), ïîëó÷èì îöåíêó

‖u (x, y)‖L2
6 C1‖f (x, y)‖W 2, 2

2
. ✄

Òåîðåìà 2. Ïóñòü �óíêöèÿ f (x, y) èçâåñòíà âñþäó â ïîëîñå Ω, âåñîâàÿ �óíêöèÿ

g (x, y, ξ, η) èìååò âèä g2 (x, ξ) = e−(x−ξ). Òîãäà ðåøåíèå çàäà÷è 1 â êëàññå C1
0 (Ω) åäèí-

ñòâåííî, èìååò ìåñòî ïðåäñòàâëåíèå

u (x, y) =
∂

∂y
f (x, y) +

∂

∂x
f (x, y) + f (x, y) , (10)

è âûïîëíÿåòñÿ íåðàâåíñòâî

‖u (x, y)‖L2
6 C2‖f (x, y)‖W 1, 1

2
, (11)

ãäå C2 � íåêîòîðàÿ êîíñòàíòà.

⊳ Çàïèøåì çàäà÷ó 1 äëÿ âåñîâîé �óíêöèè g2 (x, ξ) â âèäå

y∫

0

u (x− h, η) e−(y−η)dη = f (x, y) . (12)

Ïðèìåíèâ ê (12) ïðåîáðàçîâàíèå Ôóðüå ïî x, ïîëó÷èì

f̂ (λ, y) =
1√
2π

+∞∫

−∞

eiλx
y∫

0

u (x− h, η) e−(y−η) dη dx,

y∫

0

û (λ, η) eiλ(y−η)−(y−η)dη = f̂ (λ, y) . (13)

Ïðèìåíèì òåïåðü ê óðàâíåíèþ (13) ïðåîáðàçîâàíèå Ëàïëàñà ïî y

˜̂
f (λ, p) =

+∞∫

0

e−py

y∫

0

û (λ, η) eiλ(y−η)−(y−η) dη dy

=

+∞∫

0

e−(p+1−iλ)τ dτ ·
+∞∫

0

û (λ, η) e−pη dη = I (λ, p) · ˜̂u (λ, p) ,

ãäå

I (λ, p) =

+∞∫

0

e−(p+1−iλ)τdτ =
1

p+ 1− iλ
, Re[p+ 1] > 0. (14)

Òàêèì îáðàçîì,

˜̂u (λ, p) = (p+ 1− iλ)
˜̂
f (λ, p) . (15)
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Ïðèìåíèì ê (15) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî p. Òîãäà óðàâíåíèå (15) ïðèìåò
âèä

û (λ, y) =

(
∂

∂y
+ 1− iλ

)
f̂ (λ, y) .

Ïðèìåíèì ê ýòîìó óðàâíåíèþ ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé λ:

u (x, y) =
∂

∂x
f (x, y) +

∂

∂y
f (x, y) + f (x, y) .

Íåðàâåíñòâî (11) âûòåêàåò èç óðàâíåíèé (15). ⊲

Òåîðåìà 3. Ïóñòü âåñîâàÿ �óíêöèÿ g1(x, ξ) = x− ξ, ïðàâàÿ ÷àñòü çàäà÷è 1 èçâåñòíà
âñþäó â ïîëîñå Ω è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1) f (x, y) �èíèòíà ïî x;
2) f (x, y) èìååò âñå íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå äî 2-ãî ïîðÿäêà âêëþ÷èòåëü-

íî;

3) f (x, y) îáðàùàåòñÿ â íóëü âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè äî 2-ãî ïî-

ðÿäêà âêëþ÷èòåëüíî íà ãðàíèöàõ ïîëîñû, ò. å. ïðè y = 0 è y = H.

Òîãäà ñóùåñòâóåò ðåøåíèå çàäà÷è 1 â êëàññå íåïðåðûâíûõ �óíêöèé, �èíèòíûõ ïî x,
îïðåäåëåííîå �îðìóëîé (1).

⊳ Äîîïðåäåëèì �óíêöèþ f (x, y) ïðè y > H, ïîëîæèâ f (x, y) = 0 äëÿ y > H. Ïðè
ýòîì �óíêöèÿ u (x, y) äîîïðåäåëÿåòñÿ ïðè y > H ïî �îðìóëå (1). Èç óñëîâèé, íàëîæåí-

íûõ íà �óíêöèè f (x, y) ÿñíî, ÷òî ê îáåèì ÷àñòÿì (1) ìîæíî ïðèìåíèòü ïðåîáðàçîâàíèå

Ôóðüå ïî ïåðåìåííîé x è ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé y. Èñïîëüçóÿ ñâîéñòâà
ïðåîáðàçîâàíèé Ôóðüå è Ëàïëàñà, ïîëó÷èì

˜̂
f (λ, p) =

1

(p− iλ)2
˜̂u (λ, p) .

Èñïîëüçóÿ �îðìóëó (5), ìîæíî ïîëó÷èòü

˜̂
f (λ, p) = I (λ, p) ˜̂u (λ, p) , (16)

I (λ, p) =

+∞∫

0

τ e−(p−iλ)τ dτ.

Ïðèìåíÿÿ ê (16) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé p, ïðèäåì ê ñëå-

äóþùåìó âûðàæåíèþ:

f̂ (λ, y) =

y∫

0

(y − η) eiλ(y−η) û (λ, η) dη.

Îòñþäà âûòåêàåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 3. ⊲

Òåîðåìà 4. Ïóñòü âåñîâàÿ �óíêöèÿ g2 (x, ξ) = e−(x−ξ)
, ïðàâàÿ ÷àñòü çàäà÷è 1 èçâåñò-

íà âñþäó â ïîëîñå Ω è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1) f (x, y) �èíèòíà ïî x;
2) f (x, y) íåïðåðûâíà âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè;

3) f (x, y) îáðàùàåòñÿ â íóëü âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè ïðè y = 0 è
y = H.
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Òîãäà ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ (12) â êëàññå íåïðåðûâíûõ �óíêöèé, �èíèòíûõ
ïî x, îïðåäåëåííîå �îðìóëîé (10).

⊳ Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 3 ïðèìåíèì ê (10) ïðåîáðàçîâàíèå Ôóðüå ïî

ïåðåìåííîé x è ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé y:

˜̂
f (λ, p) =

1

(p+ 1− iλ)
˜̂u (λ, p) .

Ñ ïîìîùüþ �îðìóëû (14), ïîëó÷èì

˜̂
f (λ, p) = I (λ, p) ˜̂u (λ, p) , (17)

ãäå

I (λ, p) =

+∞∫

0

e−(p+1−iλ)τ dτ .

Ïðèìåíÿÿ ê (17) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà è Ôóðüå ïî ïåðåìåííîé p è λ,
ïðèõîäèì ê ñëåäóþùåìó âûðàæåíèþ:

f (x, y) =

y∫

0

u (x− h, η) e−(y−η) dη.

Îòñþäà âûòåêàåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 4. ⊲

3. Çàäà÷à èíòåãðàëüíîé ãåîìåòðèè ñ âîçìóùåíèåì

Ïóñòü Γ (x, y) = {(ξ, η) : |x− ξ| = y − η, 0 6 η 6 y 6 H}, îáîçíà÷èì ÷åðåç G (x, y) îá-
ëàñòü, îãðàíè÷åííóþ ëèíèåé Γ (x, y) è îñüþ Ox.

Çàäà÷à 2. Âîññòàíîâèòü �óíêöèþ äâóõ ïåðåìåííûõ u (x, y) â ïîëîñå Ω, åñëè èç-

âåñòíû ñóììû èíòåãðàëîâ îò íåå ïî ëèíèÿì ñåìåéñòâà {Υ(x, y)} è îáëàñòÿì G(x, y) ñ
âåñîâûìè �óíêöèÿìè g (x, y, ξ, η) è K (x, y, ξ, η) ñîîòâåòñòâåííî:

∫

Υ(x,y)

g (x, y, ξ, η) u (ξ, η) dξ +

∫

G(x,y)

K (x, y, ξ, η) u (ξ, η) dξ = F (x, y) .

Òåîðåìà 5. Ïóñòü âåñîâàÿ �óíêöèÿ g (x, ξ) èìååò âèä g1 (x, ξ) = x − ξ, �óíêöèÿ
F (x, y) èçâåñòíà â ïîëîñå Ω, âåñîâàÿ �óíêöèÿ K (x, y, ξ, η) èìååò âñå íåïðåðûâíûå ïðî-
èçâîäíûå äî 2-ãî ïîðÿäêà âêëþ÷èòåëüíî è îáðàùàåòñÿ â íóëü âìåñòå ñî ñâîèìè ïðîèç-

âîäíûìè íà ãðàíèöå îáëàñòè G (x, y).

Òîãäà ðåøåíèå çàäà÷è 2 â êëàññå C2
0 (Ω) åäèíñòâåííî è èìååò ìåñòî îöåíêà

‖u (x, y)‖L2(Ω) 6 C3‖F (x, y)‖W 2, 2
2 (Ω),

ãäå C3 � íåêîòîðàÿ êîíñòàíòà.

⊳ �àññìîòðèì �óíêöèþ

f1 (x, y) = F (x, y)− f (x, y) ,
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ò. å. âòîðîå ñëàãàåìîå èç ëåâîé çàäà÷è 2

∫

G(x,y)

K (x, y, ξ, η) u (ξ, η) dξ = f0 (x, y) . (18)

Ó÷èòûâàÿ îãðàíè÷åíèÿ, íàëîæåííûå íà âåñîâóþ �óíêöèþ K (x, y, ξ, η) è èñïîëüçóÿ

âûðàæåíèÿ ñîîòâåòñòâóþùèõ ïðîèçâîäíûõ �óíêöèè f0 (x, y) äëÿ y < y0, ãäå y0 äîñòà-
òî÷íî ìàëî, ïîëó÷èì ñëåäóþùóþ îöåíêó:

‖f0 (x, y)‖W 2,2
2 (Ω) 6 ε‖u (x, y)‖L2(Ω), 0 < ε < 1, (19)

Au = f, (20)

Au+A1u = F. (21)

Èç �óíêöèîíàëüíîãî àíàëèçà [16℄ èçâåñòíî, ÷òî äëÿ îïåðàòîðà A èç (20) ñóùåñòâó-

åò ëåâûé îáðàòíûé îïåðàòîð A−1
. Ïîäåéñòâîâàâ ñëåâà îïåðàòîðîì A−1

íà îáå ÷àñòè

óðàâíåíèÿ (21), ïðèõîäèì ê ðàâåíñòâó

u+A−1A1u = A−1F. (22)

Èç îöåíîê, ïîëó÷åííûõ â òåîðåìå 1, è âûøåñêàçàííîãî ñëåäóåò, ÷òî îïåðàòîð A1

íåïðåðûâåí êàê îïåðàòîð, äåéñòâóþùèé èç ïðîñòðàíñòâà L2 (Ω) â ïðîñòðàíñòâî W
2,2
2 (Ω)

íà �óíêöèÿõ u (x, y); îïåðàòîð A−1
êàê îïåðàòîð, äåéñòâóþùèé èç ïðîñòðàíñòâàW 2,2

2 (Ω)
â ïðîñòðàíñòâî L2 (Ω), îãðàíè÷åí íà �óíêöèÿõ Au (ñëåäîâàòåëüíî, è íà �óíêöèÿõ A1u,
òàê êàê îïåðàòîð A1 èìååò ãëàäêîñòü áîëåå âûñîêîãî ïîðÿäêà, ÷åì îïåðàòîð A). Îòñþäà
ñëåäóåò, ÷òî îïåðàòîð A−1A1 èç óðàâíåíèÿ (22) íåïðåðûâåí íà �óíêöèÿõ u (x, y) êàê
îïåðàòîð, äåéñòâóþùèé èç L2 (Ω) â L2 (Ω).

Òàêèì îáðàçîì, ïðè äîñòàòî÷íî ìàëûõ y < y0 äëÿ îïåðàòîðà A−1A1 âûïîëíÿåòñÿ

íåðàâåíñòâî ∥∥A−1A1

∥∥ 6 ε < 1. (23)

Èç ïðèíöèïà ñæàòûõ îòîáðàæåíèé äëÿ îïåðàòîðà â ïðàâîé ÷àñòè çàäà÷è 2 ñëåäóåò

åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è 2 äëÿ äîñòàòî÷íî ìàëûõ y. À òàê êàê óðàâíåíèå (22)

åñòü óðàâíåíèå òèïà Âîëüòåððà â ñìûñëå îïðåäåëåíèÿ, äàííîãî â [14℄, òî åäèíñòâåííîñòü

áóäåò èìåòü ìåñòî íå òîëüêî äëÿ ìàëûõ y, íî è âî âñåì ïîëîñå Ω. Òàêèì îáðàçîì, èç

íåðàâåíñòâ (19), (23) è òåîðåìû 1 âûòåêàåò îöåíêà

‖u (x, y)‖L2(Ω) 6 C3‖F (x, y)‖W 2, 2
2 (Ω),

ãäå C3 � íåêîòîðàÿ ïîñòîÿííàÿ. ⊲

Òåîðåìà 6. Ïóñòü F (x, y) èçâåñòíà â ïîëîñå Ω è âåñîâàÿ �óíêöèÿ g2 (x, ξ) = e−(x−ξ)
.

Âåñîâàÿ �óíêöèÿ K (x, y, ξ, η) èìååò âñå íåïðåðûâíûå ïðîèçâîäíûå äî ïåðâîãî ïîðÿäêà
âêëþ÷èòåëüíî è îáðàùàåòñÿ â íóëü âìåñòå ñî ñâîèìè ïðîèçâîäíûìè íà ãðàíèöå îáëà-

ñòè G (x, y).

Òîãäà ðåøåíèå çàäà÷è 2 â êëàññå C1
0 (Ω) åäèíñòâåííî è èìååò ìåñòî îöåíêà

‖u (x, y)‖L2(Ω) 6 C4‖F (x, y)‖W 1, 1
2 (Ω),

ãäå C4 � íåêîòîðàÿ êîíñòàíòà.
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⊳ �àññìîòðèì �óíêöèþ

f1 (x, y) = F (x, y)− f (x, y) ,

∫

G(x,y)

K (x, y, ξ, η) u (ξ, η) dξ = f1 (x, y) . (24)

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 5 äëÿ y < y0, ãäå y0 äîñòàòî÷íî ìàëî, ïîëó÷èì
îöåíêó

‖f1 (x, y)‖W 1,1
2 (Ω) 6 ε‖u (x, y)‖L2(Ω), 0 < ε < 1. (25)

Èíòåãðàëüíûå îïåðàòîðû, ñòîÿùèå â ëåâûõ ÷àñòÿõ çàäà÷è 1 è óðàâíåíèÿ (24), îáî-

çíà÷èì ñîîòâåòñòâåííî ÷åðåç B è B1. Ñ ïîìîùüþ ýòè îáîçíà÷åíèÿ çàäà÷à 1 è çàäà÷à 2

ñîîòâåòñòâåííî ïåðåïèøóòñÿ ñëåäóþùèì îáðàçîì:

Bu = f, (26)

Bu+B1u = F. (27)

Èçâåñòíî, ÷òî äëÿ îïåðàòîðà B èç (26) ñóùåñòâóåò ëåâûé îáðàòíûé îïåðàòîð B−1
[16℄.

Ïîäåéñòâîâàâ ñëåâà îïåðàòîðîì B−1
íà îáå ÷àñòè óðàâíåíèÿ (27), ïðèõîäèì ê ðàâåíñòâó

u+B−1B1u = B−1F. (28)

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 5 ïîêàæåì, ÷òî îïåðàòîð B−1B1 èç óðàâíåíèÿ

(28) íåïðåðûâåí íà �óíêöèÿõ u (x, y) êàê îïåðàòîð, äåéñòâóþùèé èç L2 (Ω) â L2 (Ω).
Òàêèì îáðàçîì, ïðè äîñòàòî÷íî ìàëûõ y < y0 äëÿ îïåðàòîðà B−1B1 âûïîëíÿåòñÿ

íåðàâåíñòâî ∥∥B−1B1

∥∥ 6 ε < 1. (29)

Èç ïðèíöèïà ñæàòûõ îòîáðàæåíèé äëÿ îïåðàòîðà â ïðàâîé ÷àñòè çàäà÷è 2 ñëåäóåò

åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è 2 äëÿ äîñòàòî÷íî ìàëûõ y. À òàê êàê óðàâíåíèå (28)

åñòü óðàâíåíèå òèïà Âîëüòåððà â ñìûñëå îïðåäåëåíèÿ, äàííîãî â [14℄, òî åäèíñòâåííîñòü

áóäåò èìåòü ìåñòî íå òîëüêî äëÿ ìàëûõ y, íî è âî âñåé ïîëîñå Ω. Òàêèì îáðàçîì, èç

íåðàâåíñòâ (25), (29) è òåîðåìû 1 âûòåêàåò îöåíêà

‖u (x, y)‖L2(Ω) 6 C4‖F (x, y)‖
W 1, 1

2 (Ω)
,

ãäå C4 � íåêîòîðàÿ ïîñòîÿííàÿ. ⊲
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LINEAR PROBLEM OF INTEGRAL GEOMETRY

WITH SMOOTH WEIGHT FUNCTIONS AND PERTURBATION

Begmatov A. H. and Djaykov G. M.

We study two problems of integral geometry in a strip on a family of line segments with a given weight

fun
tion. In the �rst 
ase, we 
onsider the problem of re
onstru
tion a fun
tion in a strip, if we know the

integrals of the sought fun
tion on the family of line segments with a given weight fun
tion of a spe
ial

kind. An analyti
al representation of a solution in the 
lass of smooth �nite fun
tions is obtained and

the uniqueness and existen
e theorems for a solution of the problem are proved. A stability estimate

of solution in Sobolev spa
es is presented, whi
h implies its weakly ill-posedness. For the problem with

perturbation the uniqueness theorem and stability estimate of solution were obtained. In the se
ond


ase, we 
onsidered the problem of re
onstru
ting a fun
tion given by integral data on the family of line

segments with a weight fun
tion of exponential type. The uniqueness and existen
e theorems of a solution

are proved. A simple representation of a solution in the 
lass of smooth �nite fun
tions is 
onstru
ted.

Next, we 
onsider the 
orresponding problem of integral geometry with perturbation. The uniqueness

theorem in the 
lass of smooth �nite fun
tions in a strip is proved and a stability estimate of a solution

in Sobolev spa
es is re
eived.

Key words: problems of integral geometry, Radon transform, Fourier transform, Lapla
e transform

inversion formula, stability estimates, uniqueness of the solution, existen
e theorem, weakly Ill-posedness,

perturbation.
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A deterministic longest-prefix rewriting system is a rewriting system such that there are no rewriting
rules X→Y , X→Z with Y 6=Z, and only longest prefixes of words are subject to rewriting. Given such
a system, analogs are defined and examined of some concepts related to object-oriented data systems:
inheritance of classes and objects, instances of classes, class and instance attributes, conceptual dependence
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verification of various properties of the rewriting systems under consideration. In particular, algorithms
are presented for answering the following questions: Are all words finitely rewritable? Do there exist
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depend on Y ? Does the type of X coincide with that of Y ? Is the type of X a subtype of that of Y ?
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1. Introduction

The classical object-oriented approach to describing structured data employs the two
primary relations, has (or “has a”) and is (or “is a”).

The has relation links objects (and classes) with their attributes. By saying “X has a Y”
we mean that the object (or class) X possesses an attribute named Y, and we thus can speak
of “the Y of X” or “X’s Y” as a property of X conventionally denoted by X.Y. For instance,
if a web page has a submit button whose style assumes a border of a particular width, we can
speak of “the width of the border of the style of the submit button of the page” and thus
arrive at the object page.submitButton.style.border.width .

The is relation can be used for (1) instantiating objects from classes; (2) inheriting classes
from classes; and (3) assigning values to attributes. By saying “40 is an Integer” we associate
the object 40 with the class Integer and mean that 40 is an instance of Integer. The phrase
“Integer is Number” means that the class Integer inherits from the class Number. By
claiming that “John.age is 40” we assign the value 40 to the age attribute of John.

As is seen from the above examples, the wide interpretation of the is relation makes it
possible to eliminate the difference between objects and classes. A single data system can
syndicate the class declarations (“metadata”) and the object instantiations and initializations
(“data”). We do not assert that data and metadata are worth more combined than separated;
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nevertheless, this approach allows us to unify data analysis and develop a common tool for
verifying conceptual and semantical consistency.

The is and has relations are naturally connected. By interpreting “is” as “inherits,”
we assume that if “X is Y” then all the attributes of Y are inherited by X. In particular, if “X is Y”
and “Y has a Z” then “X has a Z .” Moreover, if “X is Y” is the only explicit information on X,
we can conclude that “X.Z is Y.Z .” (By the explicit information we mean the is rules which
form the data system under consideration.) In doing so, we derive an implicit information
on X and say that “X.Z is Y.Z implicitly.” Therefore, when evaluating the object X.Z , we
rewrite its prefix X with Y according to the explicit rule “X is Y .” The same is applicable
to objects of any length. For instance, if we know explicitly that “A.B is P.Q.R” then A.B.C.D
rewrites implicitly to P.Q.R.C.D.

It is clear that the explicit rules supersede any implicit derivatives; therefore, if “X is Y,”
“Y has a Z ,” and the data system contains the explicit rule “X.Z is A,” the latter wins over
the implicit “X.Z is Y.Z .” However, a conflict of another kind is possible in case several explicit
rules are simultaneously applicable. Consider the following fragment of a data system:

block.style.color is blue

header.style.color is red

button is block

button.style is header.style

Let us try to evaluate the button’s style color, i.e., button.style.color. Since button

is a block, we might conclude that button.style.color is block.style.color, which is
blue. On the other hand, button.style is header.style; therefore, button.style.color
is header.style.color, which is red. Intuitively, the latter evaluation should win, since
“ button.style is header.style” seems to take priority over “ button is block.” The rea-
son is not the fact that the former rule occurs next to the latter (we treat a data system as an
unordered set of is rules). The key point is that the rule “ button.style is header.style” is
more concrete as it evaluates a longer object, button.style rather than button. Therefore,
when evaluating an object, we should rewrite the longest prefix (i.e., use the most concrete
rule applicable).

We will now dwell on data consistency. Obviously, when designing a set of definitions,
conceptual cycles should be avoided. By saying “ man is man ” we define nothing, since
evaluation of man results in a dead cycle. However, conceptual consistency in no way outlaws
recursion. For instance, the rule “ man.son is man ” is quite legal. On the other hand, the
rule “ man is man.son” seems incorrect: we still do not know what man is unless man’s
son is defined, while the latter is senseless prior to defining man. Furthermore, the rules
“ man is Adam ” and “ Adam.rib is man.rib ” form an inconsistent pair, since Adam.rib is
man.rib, while the latter implicitly rewrites to Adam.rib. Such examples justify the need for
a formal definition of conceptual consistency and the search for the corresponding effective
verification. (This is similar to analyzing the ontology of a data system as a set of concept
definitions.)

It is clear that, prior to defining a set of concepts (classes or objects), we need at least
one concept which does not require definition. In general, there can be several primary
concepts; however, a single “generic object” is sufficient. We denote the latter by ω. Given
a data system and a word X of the form entity. attr1. attr2 . · · · . attrn, we rewrite X
by applying the most concrete is rule, thus obtaining a new word, and continue rewriting
the longest prefixes of the subsequent words until ω is reached. In this case we conclude
that the initial word X is an object (or a concept). Otherwise, if the rewriting process either
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(1) ends with a nonrewritable word other than ω or (2) never terminates, we claim that X
is senseless. The possibility of (2) makes the analysis nontrivial and justifies the search for
an effective verification if a given word makes sense. (This is close to analyzing the ontology
of a concept within a data system.)

Given an object X and a word δ of the form attr1. attr2 . · · · . attrn, say that δ is a detail
of X if X. δ makes sense. The set ‖X‖ of all details of X can be regarded as the type of X.
Whenever an algorithmic procedure assumes a formal argument A, the body of the procedure
contains A along with some words A.δi. For the procedure to operate correctly with X
substituted for A, it is necessary (and probably sufficient) that all the words X.δi make
sense. This results in the requirement that X be of an appropriate type. Therefore, we need
an algorithm for comparing object types: given two objects X and Y , we should be able to
effectively compare the types of X and Y , i.e., determine which of the relations ‖X‖ = ‖Y ‖,
‖X‖ ⊆ ‖Y ‖, ‖X‖ ⊇ ‖Y ‖ hold. The problem is not trivial if for no other reason than the fact
that the type of an object can be infinite. (For instance, given the rule “ man.son is man ,”
the type of man contains all the words son , son.son , son.son.son , . . . )

In what follows we give formal definitions for the notions under consideration, state some
results, and present algorithms for all the problems mentioned above. (The paper does not
contain proofs of the theorems and justifications of the algorithms. All the details, including
various examples, will be published elsewhere.)

To make notation less cumbersome, we treat the names of entities and attributes as single
symbols (letters) of some alphabet A and agree to write the property paths α1 .α2 . · · · .αn

as α1α2 . . . αn thus making them words over A. The explicit rules “X is Y ” will be written
as X→Y .

2. Definitions and Main Results

Throughout the paper, A is a finite alphabet and A∗ (resp. A+) is the set of all (all
nonempty) words over A. The elements of A are called letters. We conventionally identify
the letters with the corresponding single-letter words. Say that X is a prefix (resp. a proper
prefix ) of Y ∈ A+ and write X ⊑ Y or Y ⊒ X (X ⊏ Y or Y ⊐ X) if X ∈ A+ and Y = XS for
some S ∈ A∗ (S ∈ A+). The length of a word X is denoted by |X|. Given an integer n > 1
and a word X ∈ A+ such that |X| > n, define X↾n ∈ A+ so that X↾n ⊑ X and

∣∣X↾n
∣∣ = n.

For brevity, in the sequel we say “word” instead of “nonempty word over A.”
Given any binary relation  , we conventionally denote by

+
 the transitive closure of  

and by ∗ , the reflexive transitive closure of  .
Consider a finite binary relation → on A+ (i.e., a finite subset of A+ × A+) and a letter

ω ∈ A. Say that the pair 〈→, ω〉 is a deterministic longest-prefix rewriting system, or a system
for short, if → is nonempty and the following hold:

(a) X → Y and X → Z imply Y = Z;
(b) there are no S, Y ∈ A∗ such that ωS → Y .

Put E := {X : X → Y for some Y } and call the elements of E explicit words. Say that E
is an explicit prefix of X if E ∈ E and E ⊑ X. Say that a word X is rewritable if X has
an explicit prefix.

As is easily seen, condition (a) means that, for each E ∈ E, there is a unique word E′

such that E → E′, while condition (b) amounts to the fact that all words of the form ωS,
with S ∈ A∗, are not rewritable.

Given a rewritable wordX, consider the longest explicit prefixE ofX, determine the suffix
S ∈ A∗ so that X = ES, and put X ′ := E′S. We call X ′ the rewrite of X. Introduce
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the binary relation ⇒ on A+ by setting X ⇒ Y if and only if X is a rewritable word and
Y = X ′.

By way of recursion, put W0 := A+, X(0) := X for X ∈ W0 and, for each n > 1, put
Wn := {X ∈ Wn−1 : X(n−1) is rewritable} and X(n) := (X(n−1))′ for X ∈ Wn. The word
X(n) is called the nth rewrite of X. It is clear that, for each X ∈Wn, we have X = X(0) ⇒
X(1) ⇒ · · · ⇒ X(n), X

+⇒ X(n) for n > 0, and X ∗⇒ X(n) for n > 0.

The elements of
⋂∞

n=1Wn are called infinitely rewritable words. The other words are
finitely rewritable. Given a word X, call the maximal (finite or infinite) sequence of the form
〈X(0), X(1), X(2), . . . 〉 the rewriting sequence ofX. Therefore, a wordX is finitely (infinitely)
rewritable if and only if the rewriting sequence of X is finite (infinite).

Say that X ∈ A+ is an object if X ∗⇒ ω. Let O be the set of all objects. Note that
the rewriting sequence of every object X ∈ O\{ω} has the formX = X(0) ⇒ · · · ⇒ X(n) → ω,
where n > 0.

From the above notation and definitions it is clear that we treat a system 〈→, ω〉 as
a rewriting system and assume that only longest prefixes of words are subject to rewriting.
The system is then regarded as a recognition device, with O the accepted language (see [1]).
We have called such a system “deterministic,” since every rewritable word has a unique
rewrite.

We may regard the notion of an object as isolating “concepts” from “senseless words.”
An object is a word X possessing a “meaning,” the rewrite X ′ = X(1), which also possesses
a meaning, (X ′)′ = X(2), and so on up to the final rewrite, the “generic object” ω, whose
meaning is assumed predefined. The relation → is thus treated as conceptual definition, and
a ruleX → Y is regarded as a definition ofX via Y : “X is a Y.” Next, a ruleXα → Z is an at-
tribute definition, “the α ofX is a Z,” whileXαβ → Z means “the β of the α ofX is a Z,” etc.
In this respect, condition (a) imposed on the relation → amounts to conceptual unambiguity
(no concept can have several meanings).

We may also treat the relation → as object-oriented inheritance or instantiation and
regard a rule X → Y as an explicit indication of the fact that “class X directly inherits
class Y ” or “object X is an instance of class Y .” Next, a rule Xα → Z may be regarded
as an attribute declaration or property evaluation: “class X has attribute α of class Z” or
“the propertyXα has value Z” or “the property Xα is an instance of class Z.” In this respect,
having imposed condition (a) on the relation →, we thereby disallowed multiple inheritance
(therefore, no object can belong to several incomparable classes).

Introduce the binary relation ⇒w on A+ by setting X ⇒w Y if and only if X = ES and
Y = E′S for some E ∈ E, S ∈ A∗. Therefore, ⇒w is the rewriting corresponding to the system
〈→, ω〉 regarded as an ordinary prefix rewriting system rather than a longest-prefix rewriting
system. (It is clear that X → Y implies X ⇒ Y , and X ⇒ Y implies X ⇒w Y . We may thus
read the formulas X

+⇒ Y and X
+⇒w Y as “X rewrites to Y ” and “X weakly rewrites to Y.”

The formula X → Y can be read as “X explicitly rewrites to Y.”)

Introduce the binary relation֌ on A+ by setting X ֌ Y if and only if X ⊐ Y or X ⇒w Y .
As is easily seen, the transitive closure +

֌ is the least transitive relation on A+ possessing the
following three properties for all X,Y, S ∈ A+:

if X → Y then X +
֌ Y ; if X → Y then XS +

֌ Y S; XS +
֌ X.

In case X +
֌ Y we say that X depends on Y . A word X is well-defined if X does not

depend on X. Say that a system 〈→, ω〉 under consideration is conceptually consistent if all
words are well-defined, i.e., no word depends on itself. For brevity, introduce the following
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named condition:

The system is conceptually consistent. (Con)

The above terminology is justified by our informal treatment of a rewriting rule X → Y
as a definition of X via Y (“X is a Y ”) and regarding a rule XS → Z as a detail definition
(“the S of X is a Z ”). Therefore, informally, the relation X +

֌ Y can be understood as fol-
lows: the definition of X explicitly or implicitly employs Y ; in particular, when subsequently
describing a conceptual scheme, the concept Y should be introduced before X, otherwise X
becomes ill-defined.

If  is a binary relation on A+, put | | := {X ∈ A+ : E ∗ X for some E ∈ E} and
denote by [ ] the directed graph whose nodes are the words in | | and arcs are the pairs
〈X,Y 〉 such that X,Y ∈ | | and X  Y .

Given a system, we call [֌] the conceptual scheme and [⇒w] the weak rewriting scheme.
Since X ⇒w Y implies X ֌ Y , the weak rewriting scheme is a subgraph of the conceptual
scheme.

Proposition 1. Given X,Y ∈ A+, we have X +
֌ Y if and only if X ⊐ Y or X

+⇒w Y S for
some S ∈ A∗.

Say that a word X is weakly recurrent if X
+⇒w XS for some S ∈ A∗.

Corollary 2. A word is well-defined if and only if it is not weakly recurrent.

Theorem 3. The following properties of a system are equivalent:

(1) all words are well-defined, i.e., (Con) holds;
(2) each explicit word is well-defined;
(3) there are no weakly recurrent explicit words;
(4) there are no weakly recurrent words;
(5) the conceptual scheme is acyclic;
(6) the conceptual scheme is acyclic and finite;
(7) the weak rewriting scheme is acyclic and finite.

Say that a word X is recurrent if X
+⇒ XS for some S ∈ A∗. Introduce the following

named condition:

There are no recurrent words. (Rec)

Proposition 4. (Con) implies (Rec).

Put AE := min{A ⊆ A : E ⊆ A+}, i.e., AE is the explicit alphabet, the set of all letters
occurred in explicit words. In addition, put µ := max{|E| : E ∈ E}.

Theorem 5. If each word X ∈ A+

E with |X| 6 µ is not recurrent then all words are not
recurrent, i.e., (Rec) holds.

Remark 6. Let B(S ) be a set of words defined via a system S by some condition. Say
that B(S ) is a recurrence basis if, given an arbitrary system S , nonrecurrence of all words in
B(S ) implies nonrecurrence of all words. Theorem 5 states that the set {X ∈ A+

E : |X| 6 µ}
is a recurrence basis. Despite its finiteness, the set can be rather large. However, we are
not aware of conditions which determine considerably smaller recurrence bases. (There are
examples showing that neither the set E of explicit words, nor the set of all prefixes of
the explicit words can serve as a recurrence basis.)

Introduce the following named condition:

All words are finitely rewritable. (Fin)
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Theorem 7. If each explicit word is finitely rewritable then all words are finitely
rewritable, i.e., (Fin) holds.

Theorem 8. (Rec) implies (Fin).

Therefore, according to Proposition 4 and Theorem 8, we have the implications (Con) ⇒
(Rec) ⇒ (Fin). As examples show, the converse implications are not true in general.

Introduce the following two named conditions:

All explicit words are objects, i.e., E ⊆ O. (Obj)

If X ∈ A+
, α ∈ A, and Xα ∈ E then X ∈ O. (PreObj)

Proposition 9. (1) Let X,Y ∈ A+, X ∗⇒ Y . Then X ∈ O if and only if Y ∈ O.
(2) Assume (Obj). Then, given X ∈ A+, we have X ∈ O\{ω} if and only if X ∗⇒ E for

some E ∈ E.
(3) Assume (PreObj). If X,S ∈ A+ and XS ∈ O then X ∈ O.
Let X ∈ O and α ∈ A. Say that α is an attribute of X if Xα ∈ O. Denote by ‖X‖1

the set of all attributes of X. It is clear that ‖ω‖1 = ∅.
Say that α is an explicit attribute (resp. implicit attribute) ofX ifXα ∈ O∩E (Xα ∈ O\E).
Say that α is an overriding attribute (resp. added attribute) of X if Xα ∈ O ∩ E and,

in addition, X ′α ∈ O (X ′α /∈ O). If α is an overriding attribute of X, we say that Xα over-
rides X ′α.

Therefore, every attribute is either explicit or implicit, and every explicit attribute is
either overriding or added.

Proposition 10. For all X ∈ O\{ω} and α ∈ A the following hold:
(1) α is an implicit attribute of X if and only if Xα /∈ E and X ′α ∈ O;
(2) α is an added attribute of X if and only if Xα ∈ O and X ′α /∈ O.
Proposition 11. Assume (Obj). If X,Y ∈ A+, α ∈ A, X ∗⇒ Y , and Yα ∈ O then

Xα ∈ O.
Proposition 12. Assume (Obj). Consider the rewriting sequence X = X(0) ⇒ · · · ⇒

X(n) = ω of an object X. If α ∈ ‖X‖1 then there is a number 0 6 i 6 n such that
X(0)α, . . . ,X(i)α ∈ O, X(i+1)α, . . . ,X(n)α /∈ O, and α is an added attribute of X(i).

Corollary 13. Assume (Obj). A letter α is an attribute of an object X if and only if
there is a number n > 0 such that X(n)α ∈ E.

Given an object X, say that δ is a detail of X if δ ∈ A+ and Xδ ∈ O. Denote by ‖X‖
the set of all details of X and call ‖X‖ the type of X. (It is clear that ‖ω‖ = ∅.) Note that
the set O of all objects can be infinite and, moreover, some object types ‖X‖ can be infinite.
On the other hand, we will see that the set {‖X‖ : X ∈ O} of all object types is always finite
(see Theorem 27).

Proposition 14. For all objects X and Y we have
(1) if ‖X‖ = ‖Y ‖ then ‖Xδ‖ = ‖Yδ‖ for all δ ∈ ‖X‖;
(2) if ‖X‖ ⊆ ‖Y ‖ then ‖Xδ‖ ⊆ ‖Yδ‖ for all δ ∈ ‖X‖.
On assuming (PreObj), we also have
(3) ‖X‖ = ‖Y ‖ if and only if ‖Y ‖1 = ‖X‖1 and ‖Xα‖ = ‖Yα‖ for all α ∈ ‖X‖1;
(4) ‖X‖ ⊆ ‖Y ‖ if and only if ‖X‖1 ⊆ ‖Y ‖1 and ‖Xα‖ ⊆ ‖Yα‖ for all α ∈ ‖X‖1.
Proposition 15. If X,Y ∈ O, X ⇒ Y , XS /∈ E for all S ∈ A+ then ‖X‖ = ‖Y ‖.
If we informally interpret the relation X

+⇒ Y as “X inherits Y ” (or “X is a particular
case of Y ” or “X is a Y ”) and treat the objects Xα as “properties of X,” then in case X

+⇒ Y
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the object X should in a sense inherit the properties of Y and optionally make them more
concrete and enlarge their totality. Formally, this requirement amounts to the following:

if X,Y ∈ O and X
+⇒ Y then ‖X‖ ⊇ ‖Y ‖. (∗)

Introduce the following named condition:

If X,Y ∈ A+
, α ∈ A, Xα ∈ E, Yα ∈ O, and X ⇒ Y

then Xα ∈ O and ‖Xα‖ ⊇ ‖Yα‖. (CoInh)

Theorem 16. Assume (PreObj). The following are equivalent:
(1) condition (CoInh) is satisfied;

(2) if X,Y ∈ O\{ω} and X ⇒ Y then ‖X‖ ⊇ ‖Y ‖;
(3) if X,Y ∈ O and X ∗⇒ Y then ‖X‖ ⊇ ‖Y ‖.
Therefore, with (PreObj) satisfied, (∗) is equivalent to (CoInh).

Corollary 17. Assume (PreObj) and (CoInh). If X,Y, S ∈ A+, X ∗⇒ Y , and YS ∈ O
then XS ∈ O and ‖XS‖ ⊇ ‖YS‖. In particular, if Y ∈ O and X ∗⇒ Y then ‖Y ‖1 ⊇ ‖X‖1
and ‖Xα‖ ⊇ ‖Yα‖.

Object systems with attribute value typing usually satisfy the following (or analogous)
requirements: Suppose that a class Y has a declared attribute α with value type τ . If x
is an instance of Y then x has attribute α whose value type is equal to or more concrete
than τ . Similarly, if X is a class inherited from Y then X has the inherited attribute α
whose value type is equal to or more concrete than τ . If we interpret the relation X ⇒ Y as
“the object X is an instance of the class Y ” or “the class X directly inherits the class Y ” and
treat the relationXα→ V as “V is the explicit value of the propertyXα ” or “V is the declared
value class of the attribute α within the class X,” then the above requirements can be
formalized by the following named condition:

If X,Y ∈ A+
, α ∈ A, Yα ∈ O, Xα→ V , and X ⇒ Y

then V ∈ O and ‖V ‖ ⊇ ‖Yα‖.
(CoVal)

Theorem 18. Conditions (PreObj) and (CoVal) imply (CoInh).

The conceptual dependence was introduced above as a relation on the set of all words.
As soon as non-object words are regarded as “senseless,” it is reasonable to describe depen-
dence between objects involving objects only; namely, if a concept X depends on a concept Y ,
then there should be a chain of concepts (rather than arbitrary words) connecting X with Y .
This principle is justified by the following theorem (see also Corollary 20).

Theorem 19. Assume (Obj), (PreObj), and (CoInh). Given X,Y ∈ O, X depends on Y
if and only if there exist X1, . . . ,Xn ∈ O, n > 1, such that X ֌ X1֌ · · ·֌ Xn = Y .

Corollary 20. Assume (Obj), (PreObj), and (CoInh). The restriction of +
֌ onto O is

the least transitive relation on O possessing the following three properties for all X,Y ∈ O
and δ ∈ A+ :

if X → Y then X +
֌ Y ;

if X → Y and δ ∈ ‖X‖ ∩ ‖Y ‖ then Xδ +
֌ Yδ;

if δ ∈ ‖X‖ then Xδ +
֌ X.

The last assertion shows that, with (Obj), (PreObj), and (CoInh) satisfied, the conceptual
dependence relation between objects can be described in full conformity with the initial
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definition of this relation on the set of all words. The only distinction consists in the fact
that the latter description does not go beyond the set of objects.

Remark 21. In Theorem 19 and Corollary 20, none of the conditions (Obj), (PreObj),
or (CoInh) can be omitted.

3. Algorithmization

The rest of the paper is devoted to the effective verification of various properties of
rewriting systems under consideration, and the following theorem is the main step in this
direction.

Theorem 22. Given a system, put µ := max{|E| : E ∈ E}. A word X is infinitely
rewritable if and only if one of the following two (mutually exclusive) conditions holds:

(a) there are integers n > 0 and r > 0 such that X(n) = X(n+r);

(b) there are integers n > 0 and r > 0 such that

µ 6
∣∣X(n)

∣∣ 6
∣∣X(n+1)

∣∣, . . . ,
∣∣X(n+r)

∣∣ ,
X(n) 6= X(n+r), X(n)↾µ = X(n+r)↾µ .

In case (a) we have X ∗⇒ X(n) ⇒ · · · ⇒ X(n+r−1)
︸ ︷︷ ︸

period

⇒ X(n) ⇒ · · · . In case (b) put

Y = X(n)↾µ and let S ∈ A∗ be such that X(n) = Y S. Then there is a word R ∈ A+ such that

Y (r) = Y R and the rewriting sequence 〈X(0), X(1), . . . 〉 contains a subsequence constituted
by the words X(n+mr) = Y RmS, m > 0, each of which starts a regular “growth period” of
length r:

X ∗⇒ X(n) = Y S ⇒ Y (1)S ⇒ · · · ⇒ Y (r−1)S
⇒ X(n+r) = Y RS ⇒ Y (1)RS ⇒ · · · ⇒ Y (r−1)RS
⇒ X(n+2r) = Y R2S ⇒ Y (1)R2S ⇒ · · · ⇒ Y (r−1)R2S
⇒ · · ·
⇒ X(n+mr) = Y RmS ⇒ Y (1)RmS ⇒ · · · ⇒ Y (r−1)RmS
⇒ · · · .

In particular,
{
X(n), X(n+1), . . .

}
=
{
Y (j)RmS : 0 6 j < r, m > 0

}
.

Let P be an arbitrary set of “constructive entities” (i.e., a set whose elements can be
used as inputs for algorithms) and let C(Y, p) be a condition imposed on words Y ∈ A+ with
additional parameters in P. Formally we may assume that C is a subset of A+ ×P and, for
all Y ∈ A+, p ∈ P, the expression C(Y, p) means the containment 〈Y, p〉 ∈ C.

Given C(Y, p) as above, introduce the condition C ′(Y,R, S, p) for Y,R ∈ A+, S ∈ A∗,
p ∈ P as follows:

C ′(Y,R, S, p) if and only if there is an m > 1 such that C(Y RmS, p).

Say that C(Y, p) is cyclically decidable if the following two conditions hold:

(a) there is an algorithm verifying C(Y, p) for Y ∈ A+, p ∈ P;
(b) there is an algorithm verifying C ′(Y,R, S, p) for Y,R ∈ A+, S ∈ A∗, p ∈ P.

Note that (a) does not in general imply (b), which fact can be derived from existence of
a recursive set C ⊆ N2 such that the set {n ∈ N : (∃m ∈ N) 〈m,n〉 ∈ C} is not recursive
(see, for instance, [2, Chapter C.1, § 6]).
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Let C(Y, p) be a cyclically decidable condition. Theorem 22 justifies the following simple
algorithm which, given a system, a word X ∈ A+, and a parameter p, verifies existence of
a word Y ∈ A+ such that X ∗⇒ Y and C(Y, p).

Algorithm 23. [Is there a word Y such that X ∗⇒ Y and C(Y, p)?]

• If C(X, p), return Yes. If X is not rewritable, return No.

• Otherwise, subsequently calculate the rewrites X(1), . . . ,X(i), . . . and, at each step i > 1,
subsequently analyze the fragments 〈X(n), X(n+1), . . . , X(n+r)〉 for 0 6 n < n + r = i,
as follows:

◦ If C
(
X(n+r), p

)
, return Yes. If X(n) = X(n+r), return No.

◦ If 〈X(n), . . . , X(n+r)〉 satisfies condition (b) of Theorem 22,
put Y := X(n)↾µ ; let S ∈ A∗ be such that X(n) = YS;
let R ∈ A+ be such that Y (r) = YR (such an R exists by Theorem 22);
if C ′(Y,R, S, p), return Yes; otherwise return No.

◦ If X(n+r) is not rewritable, return No. Otherwise proceed to the next step, i+ 1.

By Theorem 22, the above procedure terminates for every input.

As is easily seen, given a system S , the condition C(Y,S ) = “Y is not rewritable within
S ” is cyclically decidable. Therefore, specialized with this condition, Algorithm 23 verifies
finite rewritability of a given word within a given system. A simplified version is presented
below.

Algorithm 24. [Is a word X finitely rewritable?] Start subsequent calculation of
the rewrites X(0), X(1), . . . . If a nonrewritable word X(i) occurs, return Yes. Otherwise,
according to Theorem 22, a fragment 〈X(n), X(n+1), . . . , X(n+r)〉 will occur which satis-
fies (a) or (b) of Theorem 22; in this case return No.

Since the set E of explicit words is finite, Theorem 7 implies that (Fin) is effectively
verifiable: it suffices to apply Algorithm 24 to all explicit words.

The specialization of Algorithm 23 with the condition C(Y ) = “Y =ω ” checks if a given
word is an object. (This can be also verified by a slight modification of Algorithm 24.) It is
now clear that (Obj) and (PreObj) are effectively verifiable.

Note that if (Fin) holds, the containment X ∈ O can be trivially verified: just check if
the (finite) rewriting sequence of X ends with ω. In addition, if (Obj) holds, we can stop
calculating the rewriting sequence of X if X(n) ∈ E at some step n > 0; furthermore, if
both (Obj ) and (PreObj) hold, the calculation can be terminated if some X(n) becomes
a prefix of any explicit word (see Proposition 9).

As is easily seen, the condition C(Y,X) = “Y ⊒ X ” is cyclically decidable. Therefore
a properly specialized version of Algorithm 23 checks if a given word X is recurrent. By
Theorem 5, we conclude that (Rec) is effectively verifiable: to check if all words are not
recurrent, it suffices to apply the algorithm to all words over AE of length at most µ. (However,
the resultant verification occurs exponential-time; see Remark 6.)

Another approach to verifying (Rec) can be based on Theorem 8 which states that (Rec)
implies (Fin). Check (Fin) first. If it fails then (Rec) also fails. If (Fin) holds true, condi-
tion (Rec) can be verified by processing all words X over AE of length at most µ and returning
Yes whenever an X occurs such that X ⊑ X(n) for some n > 1.

By Theorem 3, condition (Con) can be effectively verified by constructing the conceptual
scheme and checking (during the construction) if the scheme is acyclic. The algorithm de-
scribed below checks if a given system is conceptually consistent. If it is so, the algorithm
returns the conceptual scheme of the system; otherwise it returns an example of a cycle in
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the conceptual scheme. The algorithm uses a variable directed graph Γ = 〈ΓN,ΓA〉 (with ΓN

the nodes and ΓA the arcs) and a variable A whose values are finite subsets of A+ ×A+.

Algorithm 25. [Is a system conceptually consistent?]
(1) Put ΓN := E, ΓA := ∅.
(2) Put A := {〈X,Y 〉 : X is a sink of Γ and X ֌ Y }.
(3) If A = ∅, claim that the system is conceptually consistent and return Γ as
the conceptual scheme.
(4) Otherwise do the following for each pair 〈X,Y 〉 ∈ A :
if X = Y or Γ contains a path from Y to X,

claim that the system is conceptually inconsistent

and return a cycle: X֌X or Y ֌ · · · ֌X֌Y ;
otherwise put ΓN := ΓN ∪ {Y }, ΓA := ΓA ∪ {〈X,Y 〉}.
(5) Go to (2).

When applied to a conceptually inconsistent system, Algorithm 25 returns an example
of a cycle X0 ֌ X1 ֌ · · ·֌ Xm = X0 in the conceptual scheme, but it is not guaranteed
that all words Xi in the cycle are objects (even in case X0 is an object). On the other
hand, Theorem 19 implies that, with (Obj), (PreObj), and (CoInh) satisfied, every path
X0 ֌ X1 ֌ · · · ֌ Xm between objects X0,Xm can be transformed into a path of objects
Y0֌ Y1֌ · · ·֌ Yn, with Y0 = X0 and Yn = Xm. We note that such a transformation can
be performed effectively.

By slightly modifying Algorithm 25, we can obtain a procedure for constructing the weak
rewriting scheme rather than the conceptual scheme. The algorithm presented below checks
in an arbitrary system if there are weakly recurrent words, and either returns an example of
such a word or constructs the weak rewriting scheme of the system.

Algorithm 26. [Is there a weakly recurrent word?]
(1) Put ΓN := E, ΓA := ∅.
(2) Put A := {〈X,Y 〉 : X is a sink of Γ and X ⇒w Y }.
(3) If A = ∅, claim that there are no weakly recurrent words and return Γ as
the weak rewriting scheme.
(4) Otherwise do the following for each pair 〈X,Y 〉 ∈ A :

if X ⊑ Y or Γ contains a path from a prefix Y0 ⊑ Y to X,
return a weakly recurrent word:
X⇒wY ⊒ X or Y0 ⇒w · · · ⇒wX⇒wY ⊒Y0;

otherwise put ΓN := ΓN ∪ {Y }, ΓA := ΓA ∪ {〈X,Y 〉}.
(5) Go to (2).

According to Theorem 3, the weak rewriting scheme of a conceptually inconsistent system
includes a path X0

+⇒w Xn ⊒ X0 with X0 ∈ E. Given an inconsistent system, Algorithm 25
returns an example of a path Y0

+⇒w Yn ⊒ Y0, but the leading word Y0 need not be explicit.
In this connection it is worth noting that every path of the form Y0

+⇒w Yn ⊒ Y0 can be
effectively transformed into a path X0

+⇒w Xn ⊒ X0 (of the same length) with X0 ∈ E.
To the author’s opinion, the most convincing indication of conceptual inconsistency is

an example of some cycle X0 ֌ · · · ֌ Xn = X0 which is constituted by objects and starts
with an explicit word X0. We note that, if an inconsistent system satisfies (Obj), (PreObj),
and (CoInh), then a cycle of this kind can be found effectively.

We now turn to the effective analysis of object types.
Say that C ∈ O is a character if either C = ω or C ⊏ E for some E ∈ E. Let C be the set

of all characters. It is clear that C is finite.
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Given an object X, consider the rewriting sequence X(0) ⇒ · · · ⇒ X(n) = ω and denote
by ch(X) the first character in the sequence 〈X(0), . . . ,X(n)〉. Call ch(X) the character of X.

It is clear that ch(C) = C for all C ∈ C. Therefore, C = {ch(X) : X ∈ O}.
Theorem 27. For every object X we have ‖X‖ = ‖ch(X)‖. Consequently, {‖X‖ : X ∈

O} = {‖C‖ : C ∈ C}, and the set {‖X‖ : X ∈ O} is finite.

By the type comparison problem we mean the following: given two objects X and Y ,
effectively compare the types of X and Y , i.e., determine which of the relations ‖X‖ = ‖Y ‖,
‖X‖ ⊆ ‖Y ‖, ‖X‖ ⊇ ‖Y ‖ hold.

It is clear that the character of an object can be effectively determined. Therefore, due to
Theorem 27, the type comparison problem reduces to effective comparison of the character
types.

Given X ∈ C and α ∈ ‖X‖1, introduce the notation Xα := ch(Xα) and, given an
arbitrary function τ : C→ {1, . . . , N}, define the following equivalence relation on C:

X ∼
τ
Y if and only if ‖X‖1 = ‖Y ‖1 and τ(Xα) = τ(Yα) for all α ∈ ‖X‖1.

The following algorithm uses two variable functions τ, τ̃ : C → {1, 2, . . . } (each of which
can be encoded as an array of naturals indexed by the characters).

Algorithm 28. [Compute a character typing.]
(1) Define τ by putting τ(X) := 1 for all X ∈ C.
(2) If X ∼

τ
Y for all X,Y ∈ C such that τ(X) = τ(Y ), return τ .

(3) Assign τ̃ a copy of τ .
(4) For each k ∈

{
τ(X) : (∃Y ∈ C)

(
X ≁

τ
Y & τ(X) = τ(Y )

)}
do the following:

arbitrarily enumerate the set {X ∈ C : τ(X) = k} thus making it a sequence
〈X1, . . . ,Xn〉, n > 2, and, for each i = 2, . . . , n, do the following:

if Xi ∼τ Xj for some 1 6 j < i, reassign τ̃(Xi) := τ̃(Xj);
otherwise reassign τ̃(Xi) := max{τ̃ (X) : X ∈ C}+ 1.

(5) Assign τ := τ̃ and go to (2).

Theorem 29. Algorithm 28 halts for any system and, if the system meets (PreObj),
the resultant function τ : C→ {1, . . . , N} is such that τ(X) = τ(Y ) if and only if ‖X‖ = ‖Y ‖.

Remark 30. Algorithm 28 is analogous to Vizing’s algorithm of partitioning the vertex
set of a graph into classes of similar vertices (see [3]). The author is grateful to S. V. Av-
gustinovich for discovering the analogy.

The following algorithm uses two variable sets Σ,Σ0 ⊆ C2.

Algorithm 31. [Compute the character subtyping.]
(1) Put Σ := C2.
(2) Put Σ0 :=

{
〈X,Y 〉 ∈ Σ : ‖X‖1 ⊆ ‖Y ‖1 & (∀α ∈ ‖X‖1) 〈Xα, Yα〉 ∈ Σ

}
.

(3) If Σ0 = Σ, return Σ. Otherwise reassign Σ := Σ0 and go to (2).

Theorem 32. Given any system, Algorithm 31 always halts and, if the system meets
(PreObj), the resultant set Σ equals {〈X,Y 〉 ∈ C2 : ‖X‖ ⊆ ‖Y ‖}.

Therefore, given a system subject to (PreObj), we can effectively verify the relation
‖X‖ ⊆ ‖Y ‖ for X,Y ∈ O.

(
As is easily seen, this implies that (CoInh) and (CoVal) are

effectively verifiable.
)
However, the mere claim “‖X‖ * ‖Y ‖” is not always sufficient, and

one may require a particular reason why the inclusion fails. Within a bulky system, it may
occur nontrivial to find a particular detail δ ∈ ‖X‖\‖Y ‖, and a corresponding algorithm
would thus be a useful troubleshooting tool. Recall that, due to Theorem 27, it suffices to
automate the solution for characters only.
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The following algorithm uses a variable set ∆ ⊆ C2 and a variable function δ : ∆ → A+.

Algorithm 33. [Compute a diagnosis for subtyping failure.]
(1) Put ∆ := ∅ and n := 1.
(2) For all pairwise distinct X,Y ∈ C do the following:
if there is an α ∈ ‖X‖1\‖Y ‖1, add 〈X,Y 〉 to ∆ and assign δ(X,Y ) := α.
(3) For all pairwise distinct X,Y ∈ C such that 〈X,Y 〉 /∈ ∆ do the following:
if there is an α ∈ ‖X‖1 such that 〈Xα, Yα〉 ∈ ∆ and |δ(Xα, Yα)| = n,
add 〈X,Y 〉 to ∆ and assign δ(X,Y ) := α δ(Xα, Yα).

(4) If there were no assignments at step (3), return δ. Otherwise put n := n+1 and go
to (3).

Theorem 34. Given any system, Algorithm 33 always halts and, if the system meets
(PreObj), the resultant function δ : ∆ → A+ is such that

∆ = {〈X,Y 〉 ∈ C2 : ‖X‖ * ‖Y ‖},
δ(X,Y ) ∈ ‖X‖\‖Y ‖ for all 〈X,Y 〉 ∈ ∆,
|δ(X,Y )| = min{|δ′| : δ′ ∈ ‖X‖\‖Y ‖} for all 〈X,Y 〉 ∈ ∆.

Acknowledgments. The author is grateful to Sergei Vladimirovich Avgustinovich for fruitful
discussions.
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ÎÁÚÅÊÒÍÎ-Î�ÈÅÍÒÈ�ÎÂÀÍÍÛÅ ÄÀÍÍÛÅ

ÊÀÊ ÏÅ�ÅÇÀÏÈÑÛÂÀÞÙÈÅ ÑÈÑÒÅÌÛ

�óòìàí À. Å.

�àññìàòðèâàþòñÿ ïåðåçàïèñûâàþùèå ñèñòåìû, íå ñîäåðæàùèå ïàð ïðàâèë âèäà X→Y , X→Z,
ãäå Y 6=Z, â êîòîðûõ ïåðåçàïèñè ïîäëåæàò òîëüêî ñàìûå äëèííûå ïðå�èêñû. Â ðàìêàõ òà-

êèõ ñèñòåì îïðåäåëÿþòñÿ è èññëåäóþòñÿ àíàëîãè êîíöåïöèé, õàðàêòåðíûõ äëÿ ñèñòåì îáúåêòíî-

îðèåíòèðîâàííûõ äàííûõ: íàñëåäîâàíèå êëàññîâ è îáúåêòîâ, ýêçåìïëÿðû êëàññîâ, àòðèáóòû ýêçåì-

ïëÿðîâ è êëàññîâ, êîíöåïòóàëüíàÿ çàâèñèìîñòü è íåïðîòèâîðå÷èâîñòü, êîíöåïòóàëüíûå ñõåìû, òèïû,

ïîäòèïû è äð. Îñîáîå âíèìàíèå óäåëÿåòñÿ ý��åêòèâíîé ïðîâåðêå ðàçíîîáðàçíûõ ñâîéñòâ ðàññìàò-

ðèâàåìûõ ïåðåçàïèñûâàþùèõ ñèñòåì. Â ÷àñòíîñòè, ïðèâîäÿòñÿ àëãîðèòìû äëÿ îòâåòà íà ñëåäóþùèå

âîïðîñû: Âñå ëè ñëîâà êîíå÷íî ïåðåïèñûâàåìû? Ñóùåñòâóþò ëè ðåêóððåíòíûå ñëîâà? ßâëÿåòñÿ ëè

ñèñòåìà êîíöåïòóàëüíî íåïðîòèâîðå÷èâîé? Êîíöåïòóàëüíî çàâèñèò ëè äàííîå ñëîâî X îò ñëîâà Y ?
Ñîâïàäàþò ëè òèïû X è Y ? ßâëÿåòñÿ ëè òèï X ïîäòèïîì òèïà Y ?

Êëþ÷åâûå ñëîâà: ïðå�èêñíàÿ ïåðåçàïèñûâàþùàÿ ñèñòåìà, ïîëóòóýâñêàÿ ñèñòåìà, ñèñòåìà

îáúåêòíî-îðèåíòèðîâàííûõ äàííûõ, èí�îðìàöèîííàÿ ñèñòåìà, ïðîâåðêà íåïðîòèâîðå÷èâîñòè, îí-

òîëîãèÿ ìîäåëè äàííûõ.
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ÍÅÇÀÌÊÍÓÒÛÅ À�ÕÈÌÅÄÎÂÛ ÊÎÍÓÑÛ

Â ËÎÊÀËÜÍÎ ÂÛÏÓÊËÛÕ Ï�ÎÑÒ�ÀÍÑÒÂÀÕ

À. Å. �óòìàí, Ý. Þ. Åìåëüÿíîâ, À. Â. Ìàòþõèí

Ñåì�åíó Ñàìñîíîâè÷ó Êóòàòåëàäçå

â ñâÿçè ñ åãî 70-ëåòèåì

Ôîðìóëèðóåòñÿ çàäà÷à îá îïèñàíèè êëàññà ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâ, ñîäåðæàùèõ íåçàìêíó-

òûå àðõèìåäîâû êîíóñû. Èçëàãàþòñÿ ðåçóëüòàòû, ïîëó÷åííûå íà ïóòè ê ðåøåíèþ ýòîé çàäà÷è.

Êëþ÷åâûå ñëîâà: àðõèìåäîâî óïîðÿäî÷åííîå âåêòîðíîå ïðîñòðàíñòâî, ëîêàëüíî âûïóêëîå ïðî-

ñòðàíñòâî, ñëàáàÿ òîïîëîãèÿ, êîíóñ, êëèí.

1. Ââåäåíèå

Ïîäìíîæåñòâî K âåêòîðíîãî ïðîñòðàíñòâà íàä R íàçûâàåòñÿ êëèíîì, åñëè K 6= ∅,
K+K ⊂ K è λK ⊂ K äëÿ âñåõ 0 6 λ ∈ R. Êîíóñîì íàçûâàþò êëèíK, óäîâëåòâîðÿþùèé

óñëîâèþ K ∩ (−K) = {0}. Èíûìè ñëîâàìè, êëèí � ýòî íåïóñòîå ìíîæåñòâî, çàìêíóòîå

îòíîñèòåëüíî ëèíåéíûõ êîìáèíàöèé λ1x1 + · · · + λnxn ñ ïîëîæèòåëüíûìè êîý��èöèåí-

òàìè λ1, . . . , λn, à êîíóñ � ýòî êëèí, êîòîðûé ìîæåò ñîäåðæàòü âåêòîðû x è −x ëèøü

â ñëó÷àå x = 0.
Ïîíÿòèå êîíóñà òåñíî âçàèìîñâÿçàíî ñ ïîíÿòèåì óïîðÿäî÷åííîãî âåêòîðíîãî ïðî-

ñòðàíñòâà � âåùåñòâåííîãî âåêòîðíîãî ïðîñòðàíñòâà X, ñíàáæåííîãî òàêèì îòíîøå-

íèåì ïîðÿäêà 6, ÷òî äëÿ ëþáûõ x, y, z ∈ X è 0 6 λ ∈ R èç x 6 y ñëåäóåò x + z 6 y + z
è λx 6 λy. À èìåííî, åñëè (X,6) � óïîðÿäî÷åííîå âåêòîðíîå ïðîñòðàíñòâî, òî ìíî-

æåñòâî X+ := {x ∈ X : x > 0} ÿâëÿåòñÿ êîíóñîì; è íàîáîðîò: åñëè K ⊂ X � êîíóñ è

x 6K y ⇔ y − x ∈ K (x, y ∈ X), òî (X,6K) � óïîðÿäî÷åííîå âåêòîðíîå ïðîñòðàíñòâî

è X+ = K (ñì., íàïðèìåð, [1, 3.2; 2℄).

Óïîðÿäî÷åííîå âåêòîðíîå ïðîñòðàíñòâî (X,6) íàçûâàþò àðõèìåäîâûì ïðè âûïîë-

íåíèè ñëåäóþùåãî óñëîâèÿ:

åñëè x, y ∈ X, y > 0 è x 6 1
n y äëÿ âñåõ n ∈ N, òî x 6 0.

Ýòî óñëîâèå îáåñïå÷èâàåò äîïóñòèìîñòü ïåðåõîäà ê ïðåäåëó â ëèíåéíûõ íåðàâåíñòâàõ

ñ �èêñèðîâàííûìè âåêòîðàìè è ïåðåìåííûìè êîý��èöèåíòàìè (ñì. [2, 1.11�12℄). Â ÷àñò-

íîñòè, åñëè ïðîñòðàíñòâî X àðõèìåäîâî, x1, . . . , xn ∈ X+
, λ1mx1 + · · · + λnmxn > 0 äëÿ

âñåõ m ∈ N è äëÿ êàæäîãî èíäåêñà i ∈ {1, . . . , n} ñóùåñòâóåò ïðåäåë λi = lim
m→∞

λim ∈ R,
òî λ1x1 + · · ·+ λnxn > 0.


© 2015 �óòìàí À. Å., Åìåëüÿíîâ Ý. Þ., Ìàòþõèí À. Â.
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Êîíóñ K ⊂ X íàçûâàþò àðõèìåäîâûì, åñëè àðõèìåäîâî ñîîòâåòñòâóþùåå óïîðÿäî-

÷åííîå âåêòîðíîå ïðîñòðàíñòâî (X,6K). Êîíóñ çàâåäîìî àðõèìåäîâ, åñëè îí çàìêíóò

â êàêîé-ëèáî âåêòîðíîé òîïîëîãèè. (Â ýòîì ñëó÷àå ïåðåõîä ê ïðåäåëó â ëèíåéíûõ íåðà-

âåíñòâàõ äîïóñòèì áåç êàêèõ-ëèáî îãðàíè÷åíèé.) Îáðàòíîå óòâåðæäåíèå, âîîáùå ãîâîðÿ,

íåâåðíî: àðõèìåäîâ êîíóñ â òîïîëîãè÷åñêîì âåêòîðíîì ïðîñòðàíñòâå íå îáÿçàí áûòü çà-

ìêíóòûì. Ïðîñòûì ïðèìåðîì íåçàìêíóòîãî àðõèìåäîâà êîíóñà ñëóæèò ìíîæåñòâî

s+fin(N) = {x : N→ R+ : (∃m ∈ N)(∀n > m) x(n) = 0}

â ëþáîì èç êëàññè÷åñêèõ áàíàõîâûõ ïðîñòðàíñòâ ℓp(N), 1 6 p 6∞.

Èçâåñòíî, ÷òî â õàóñäîð�îâîì òîïîëîãè÷åñêîì âåêòîðíîì ïðîñòðàíñòâå âñÿêèé àðõè-

ìåäîâ êîíóñ, èìåþùèé íåïóñòóþ âíóòðåííîñòü, çàìêíóò (ñì. [2, 2.4℄). Êðîìå òîãî, àðõè-

ìåäîâîñòü êîíóñà è åãî çàìêíóòîñòü ðàâíîñèëüíû â êîíå÷íîìåðíîì ñëó÷àå (ñì. 3.1 (f)).

Äî íåäàâíåãî âðåìåíè ýòèì íàáëþäåíèåì �àêòè÷åñêè èñ÷åðïûâàëèñü ñâåäåíèÿ î êëàñ-

ñå ïðîñòðàíñòâ, â êîòîðûõ ñóùåñòâóþò íåçàìêíóòûå àðõèìåäîâû êîíóñû. Íà äàííûé

ìîìåíò âîïðîñ îá èñ÷åðïûâàþùåì îïèñàíèè òàêèõ ïðîñòðàíñòâ ïî-ïðåæíåìó îòêðûò.

Íèæå ìû ïðèâåäåì íåêîòîðûå èäåè è ðåçóëüòàòû, âîçíèêøèå íà ïóòè ê ðåøåíèþ ýòîé

çàäà÷è â êëàññå ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâ.

2. Òåðìèíû è îáîçíà÷åíèÿ

Ïóñòü X � âåùåñòâåííîå âåêòîðíîå ïðîñòðàíñòâî è S ⊂ X. Ñèìâîëîì coreS îáîçíà-

÷àåòñÿ ÿäðî ìíîæåñòâà S, à ñèìâîëàìè linS, coneS è aff S � ñîîòâåòñòâåííî ëèíåéíàÿ,

êîíè÷åñêàÿ è à��èííàÿ îáîëî÷êè S:

coreS =
{
x ∈ X : (∀ y ∈ X)(∃ ε > 0) x+ [0, ε]y ⊂ S

}
;

linS =

{
n∑

i=1

λixi : n ∈ N, x1, . . . , xn ∈ S, λ1, . . . , λn ∈ R
}

∪ {0};

coneS =

{
n∑

i=1

λixi : n ∈ N, x1, . . . , xn ∈ S, λ1, . . . , λn ∈ R+

}
∪ {0};

aff S =

{
n∑

i=1

λixi : n ∈ N, x1, . . . , xn ∈ S, λ1, . . . , λn ∈ R,
n∑

i=1

λi = 1

}
.

Çàìåòèì, ÷òî coneS � íàèìåíüøèé ïî âêëþ÷åíèþ êëèí â X, ñîäåðæàùèé S.

2.1. Ïóñòü B � âûïóêëîå ïîäìíîæåñòâî X. Òîãäà

(1) coneB = {λx : x ∈ B, λ > 0} ∪ {0};
(2) åñëè A � à��èííîå ïîäïðîñòðàíñòâî X, 0 /∈ A è B ⊂ A, òî A ∩ coneB = B;

â ÷àñòíîñòè, åñëè 0 /∈ aff B, òî aff B ∩ coneB = B;

(3) åñëè 0 /∈ B, òî êëèí coneB ÿâëÿåòñÿ êîíóñîì.

Òåðìèí ¾ïîäïðîñòðàíñòâî¿ ïî óìîë÷àíèþ îçíà÷àåò ¾âåêòîðíîå ïîäïðîñòðàíñòâî¿.

Ïðÿìûìè è ëó÷àìè íàçûâàþòñÿ ìíîæåñòâà âèäà x+ Ry è x+ R+y, ãäå y 6= 0.

Äëÿ ïðîèçâîëüíîãî ìíîæåñòâà I ñèìâîëîì s(I) îáîçíà÷àåòñÿ âåêòîðíîå ïðîñòðàíñòâî
âñåõ �óíêöèé x : I → R, à ñèìâîëîì sfin(I) � åãî âåêòîðíîå ïîäïðîñòðàíñòâî, ñîñòîÿùåå

èç �óíêöèé x ∈ s(I) ñ êîíå÷íûì íîñèòåëåì suppx := {i ∈ I : x(i) 6= 0}. Àðõèìåäîâû

êîíóñû {x ∈ s(I) : (∀ i ∈ I) x(i) > 0} è s+(I) ∩ sfin(I) îáîçíà÷àþòñÿ ñîîòâåòñòâóþùèìè

ñèìâîëàìè s+(I) è s+fin(I). Ìû òàêæå èñïîëüçóåì ñîêðàùåíèÿ: S := s(N) è Sfin := sfin(N).
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Ñèìâîëîì X#
îáîçíà÷àåòñÿ ïðîñòðàíñòâî âñåõ ëèíåéíûõ �óíêöèîíàëîâ íà âåêòîð-

íîì ïðîñòðàíñòâå X, à ñèìâîëîì X ′
� ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ ëèíåéíûõ �óíê-

öèîíàëîâ íà òîïîëîãè÷åñêîì âåêòîðíîì ïðîñòðàíñòâå X.
Âñÿêîå êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî ïî óìîë÷àíèþ íàäåëÿåòñÿ ñòàíäàðò-

íîé (åäèíñòâåííîé) õàóñäîð�îâîé âåêòîðíîé òîïîëîãèåé.

Ïîä ëîêàëüíî âûïóêëûì ïðîñòðàíñòâîì ïîíèìàåòñÿ âåùåñòâåííîå âåêòîðíîå ïðî-

ñòðàíñòâî, ñíàáæåííîå õàóñäîð�îâîé ëîêàëüíî âûïóêëîé âåêòîðíîé òîïîëîãèåé.

Ïîñêîëüêó â ðàññìàòðèâàåìîì êðóãå âîïðîñîâ âàæíàÿ ðîëü îòâîäèòñÿ ñèëüíåéøåé

ëîêàëüíî âûïóêëîé òîïîëîãèè, ìû íàïîìíèì íåñêîëüêî åå ýêâèâàëåíòíûõ îïèñàíèé

(ñì., íàïðèìåð, [1, 3℄).

2.2. Ñëåäóþùèå ñâîéñòâà òîïîëîãèè τ íà âåùåñòâåííîì âåêòîðíîì ïðîñòðàíñòâå X
ðàâíîñèëüíû:

(a) τ � ñèëüíåéøàÿ ëîêàëüíî âûïóêëàÿ òîïîëîãèÿ íà X;
(b) ìíîæåñòâî U ⊂ X ÿâëÿåòñÿ τ -îêðåñòíîñòüþ òî÷êè x ∈ X òîãäà è òîëüêî òîãäà,

êîãäà x ∈ coreC ⊂ U äëÿ íåêîòîðîãî âûïóêëîãî ìíîæåñòâà C;
(
) τ � ëîêàëüíî âûïóêëàÿ òîïîëîãèÿ, â êîòîðîé âíóòðåííîñòü ëþáîãî âûïóêëîãî

ìíîæåñòâà ñîâïàäàåò ñ åãî ÿäðîì;

(d) τ � ëîêàëüíî âûïóêëàÿ òîïîëîãèÿ, â êîòîðîé íåïðåðûâíû âñå ïîëóíîðìû;

(e) τ � òàêàÿ òîïîëîãèÿ Ìàêêè íà X, ÷òî (X, τ)′ = X#
.

3. Àðõèìåäîâû ìíîæåñòâà

Èç òåõíè÷åñêèõ ñîîáðàæåíèé óäîáíî îáîáùèòü ïîíÿòèå àðõèìåäîâà êîíóñà íà ñëó÷àé

ïðîèçâîëüíûõ âûïóêëûõ ìíîæåñòâ. Âûïóêëîå ïîäìíîæåñòâî C âåùåñòâåííîãî âåêòîð-

íîãî ïðîñòðàíñòâà X íàçîâåì àðõèìåäîâûì ïðè âûïîëíåíèè ñëåäóþùåãî óñëîâèÿ:

åñëè x, y ∈ X è x+ 1
n y ∈ C äëÿ âñåõ n ∈ N, òî x ∈ C.

Ñîãëàñíî [2, 1.11℄ â ñëó÷àå, êîãäà C ÿâëÿåòñÿ êîíóñîì, ïîñëåäíåå îïðåäåëåíèå ðàâíîñèëü-

íî ïðèâåäåííîìó â � 1.

3.1. Ñëåäóþùèå ñâîéñòâà âûïóêëîãî ìíîæåñòâà C ⊂ X ðàâíîñèëüíû:

(a) ìíîæåñòâî C àðõèìåäîâî;

(b) äëÿ ëþáûõ x, y ∈ X è ε > 0 èç x+ (0, ε] y ⊂ C ñëåäóåò x ∈ C;
(
) X \C = core(X \C);
(d) ïåðåñå÷åíèå C ñ ëþáîé ïðÿìîé â X çàìêíóòî;

(e) ïåðåñå÷åíèå C ñ ëþáûì ïîäïðîñòðàíñòâîì X ðàçìåðíîñòè 6 2 çàìêíóòî;
(f) ïåðåñå÷åíèå C ñ ëþáûì êîíå÷íîìåðíûì ïîäïðîñòðàíñòâîì X çàìêíóòî;

(g) C ñåêâåíöèàëüíî çàìêíóòî â íåêîòîðîé õàóñäîð�îâîé âåêòîðíîé òîïîëîãèè íà X;
(h) C ñåêâåíöèàëüíî çàìêíóòî â ñèëüíåéøåé ëîêàëüíî âûïóêëîé òîïîëîãèè íà X.

⊳ Èìïëèêàöèè (a)⇐(b)⇐(
)⇐(d)⇐(e)⇐(f)⇐(g)⇐(h) î÷åâèäíû.

×òîáû ïîêàçàòü (a)⇒(f), ðàññìîòðèì ïðîèçâîëüíîå êîíå÷íîìåðíîå ïîäïðîñòðàíñòâî

X0 ⊂ X è ïîëîæèì C0 := C ∩ X0. Ìîæíî ñ÷èòàòü, ÷òî 0 ∈ C0. Ïîñêîëüêó â ïîä-

ïðîñòðàíñòâå linC0 ⊂ X0 ìíîæåñòâî C0 èìååò íåïóñòóþ âíóòðåííîñòü, ê C0 ïðèìåíèìû

ðàññóæäåíèÿ, ïðèâåäåííûå â [2, 2.4℄, èç êîòîðûõ ñëåäóåò, ÷òî àðõèìåäîâî ìíîæåñòâî C0

çàìêíóòî â (êîíå÷íîìåðíîì) ïîäïðîñòðàíñòâå linC0, à çíà÷èò, è â X.
Ïîêàæåì, ÷òî (f)⇒(h). Ïóñòü τ � ñèëüíåéøàÿ ëîêàëüíî âûïóêëàÿ òîïîëîãèÿ íà X.

Áëàãîäàðÿ (f) äîñòàòî÷íî ïîêàçàòü, ÷òî ëèíåéíàÿ îáîëî÷êà ëþáîé ñõîäÿùåéñÿ â τ ïî-

ñëåäîâàòåëüíîñòè xn → x èìååò êîíå÷íóþ ðàçìåðíîñòü. Â ïðîòèâíîì ñëó÷àå èç (xn)n∈N
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ìîæíî áûëî áû èçâëå÷ü òàêóþ ïîäïîñëåäîâàòåëüíîñòü (yn)n∈N, ÷òî x /∈ lin{yn : n ∈ N},
è òîãäà ñõîäèìîñòü yn → x â τ ïðîòèâîðå÷èëà áû íàëè÷èþ íåïðåðûâíîãî (ñì. 2.2 (e))

ëèíåéíîãî �óíêöèîíàëà, ðàâíîãî 0 íà {yn : n ∈ N} è 1 â òî÷êå x. ⊲

Èç 3.1 ñ î÷åâèäíîñòüþ âûòåêàþò ñëåäóþùèå ñâîéñòâà àðõèìåäîâûõ ìíîæåñòâ.

3.2. (1) Åñëè C � âûïóêëîå ïîäìíîæåñòâî êàêîãî-ëèáî âåêòîðíîãî ïîäïðîñòðàíñòâà

X0 ⊂ X, òî àðõèìåäîâîñòü C â X0 ðàâíîñèëüíà àðõèìåäîâîñòè C â X.

(2) Åñëè X è Y � âåùåñòâåííûå âåêòîðíûå ïðîñòðàíñòâà, T : X → Y � ëèíåéíàÿ

èíúåêöèÿ, y ∈ Y è C � àðõèìåäîâî âûïóêëîå ïîäìíîæåñòâî X, òî T (C) + y ÿâëÿåòñÿ

àðõèìåäîâûì âûïóêëûì ïîäìíîæåñòâîì Y .
(3) Âñÿêîå à��èííîå ïîäïðîñòðàíñòâî àðõèìåäîâî.

(4) Ïåðåñå÷åíèå ëþáîãî ñåìåéñòâà àðõèìåäîâûõ ìíîæåñòâ àðõèìåäîâî.

3.3. Åñëè ìíîæåñòâî E ⊂ X ëèíåéíî íåçàâèñèìî, òî coneE � àðõèìåäîâ êîíóñ â X.

⊳ Äîñòàòî÷íî çàìåòèòü, ÷òî ñòàíäàðòíûé ëèíåéíûé èçîìîð�èçì sfin(E) ↔ linE îòîá-

ðàæàåò àðõèìåäîâ êîíóñ s+fin(E) íà coneE, è ïðèâëå÷ü 3.2 (1), (2). ⊲

3.4. Ïóñòü B � âûïóêëîå ïîäìíîæåñòâî X, 0 /∈ aff B. Ìíîæåñòâî coneB ÿâëÿåòñÿ

àðõèìåäîâûì êîíóñîì òîãäà è òîëüêî òîãäà, êîãäà B àðõèìåäîâî è íå ñîäåðæèò ëó÷åé.

⊳ Íåîáõîäèìîñòü. Èç àðõèìåäîâîñòè ìíîæåñòâ coneB è aff B (ñì. 3.2 (3)) âûòåêàåò

àðõèìåäîâîñòü èõ ïåðåñå÷åíèÿ B (ñì. 2.1 (2)). Äîïóñòèì, ÷òî B ñîäåðæèò êàêîé-ëèáî

ëó÷ x + R+y, ãäå y 6= 0. Òîãäà

1
nx + y = 1

n(x + ny) ∈ coneB äëÿ âñåõ n ∈ N, îòêóäà
â ñèëó àðõèìåäîâîñòè coneB ñëåäóåò y ∈ coneB. Ïîñêîëüêó y 6= 0, íàéäåòñÿ òàêîå

÷èñëî λ > 0, ÷òî λy ∈ B (ñì. 2.1 (1)). Òàêèì îáðàçîì, x, λy, x + λy ∈ B, à çíà÷èò,

0 = x+ λy − (x+ λy) ∈ aff B âîïðåêè óñëîâèþ.

Äîñòàòî÷íîñòü. Ñîãëàñíî 2.1 (3) êëèí K := coneB ÿâëÿåòñÿ êîíóñîì. Îñíîâûâàÿñü

íà 3.1 (f), ðàññìîòðèì ïðîèçâîëüíîå êîíå÷íîìåðíîå ïîäïðîñòðàíñòâî X0 ⊂ X è ïîêàæåì,

÷òî ïåðåñå÷åíèå K0 := K ∩ X0 çàìêíóòî â X0. Êàê ëåãêî âèäåòü, K0 = coneB0, ãäå

B0 := B ∩ X0. Ïîñêîëüêó â êîíå÷íîìåðíîì ïðîñòðàíñòâå X0 âûïóêëîå ìíîæåñòâî B0

àðõèìåäîâî è íå ñîäåðæèò ëó÷åé, îíî çàìêíóòî è îãðàíè÷åíî â X0. Êðîìå òîãî, 0 /∈ B0.

Èç [4, II.3.4℄ ñëåäóåò, ÷òî K0 = coneB0 � çàìêíóòûé êîíóñ â X0. ⊲

4. Íåçàìêíóòûå àðõèìåäîâû êîíóñû

Èçëîæåíèå èìåþùèõñÿ íà äàííûé ìîìåíò ñâåäåíèé î íåçàìêíóòûõ àðõèìåäîâûõ êî-

íóñàõ ìû ïðåäâàðèì óêàçàíèåì îäíîãî èç ïðîñòûõ ñïîñîáîâ èõ ïîñòðîåíèÿ.

4.1. Ïóñòü Y � ïîäïðîñòðàíñòâî òîïîëîãè÷åñêîãî âåêòîðíîãî ïðîñòðàíñòâà X,

C ⊂ Y � íåçàìêíóòîå â Y àðõèìåäîâî âûïóêëîå ìíîæåñòâî, íå ñîäåðæàùåå ëó÷åé,

è z ∈ X \Y . Òîãäà cone(C + z) � íåçàìêíóòûé àðõèìåäîâ êîíóñ â X.

⊳ Ïîëîæèì A := Y + z, B := C+ z. ßñíî, ÷òî B � àðõèìåäîâî âûïóêëîå ìíîæåñòâî,

íå ñîäåðæàùåå ëó÷åé, ïðè÷åì aff B ⊂ A è 0 /∈ A. Ñëåäîâàòåëüíî, coneB � àðõèìåäîâ

êîíóñ (ñì. 3.4). Êîíóñ coneB íå çàìêíóò â X, ïîñêîëüêó â ïðîòèâíîì ñëó÷àå ïåðåñå÷åíèå

A ∩ coneB = B (ñì. 2.1 (2)) áûëî áû çàìêíóòî â A, à òîãäà C áûëî áû çàìêíóòî â Y . ⊲

Èòàê, äëÿ òîãî, ÷òîáû ïîñòðîèòü íåçàìêíóòûé àðõèìåäîâ êîíóñ, äîñòàòî÷íî â êàêîì-

ëèáî ñîáñòâåííîì ïîäïðîñòðàíñòâå íàéòè íåçàìêíóòîå àðõèìåäîâî âûïóêëîå ìíîæåñòâî,

íå ñîäåðæàùåå ëó÷åé.

Êàê èçâåñòíî, ñèëüíåéøàÿ âåêòîðíàÿ òîïîëîãèÿ íà ïðîñòðàíñòâå X = sfin(I) íå ÿâ-
ëÿåòñÿ ëîêàëüíî âûïóêëîé â ñëó÷àå íåñ÷åòíîãî ìíîæåñòâà I. Ýòî ñëåäóåò, íàïðèìåð, èç
òîãî �àêòà, ÷òî ìíîæåñòâî V :=

{
x ∈ X :

∑
i∈I

√
|x(i)| < 1

}
íå ñîäåðæèò íè îäíîãî
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âûïóêëîãî ïîãëîùàþùåãî ïîäìíîæåñòâà (ñì., íàïðèìåð, [5, 6.I℄). Ïðè ýòîì äîïîëíåíèå

X \V ¾àðõèìåäîâî¿ (íàïðèìåð, â ñìûñëå óñëîâèÿ 3.1 (f)), íî íå çàìêíóòî íè â îäíîé

èç ëîêàëüíî âûïóêëûõ òîïîëîãèé íà X. �àçóìååòñÿ, ìíîæåñòâî X \V íå ÿâëÿåòñÿ âû-

ïóêëûì è ñîäåðæèò ëó÷è, íî èç íåãî óäàåòñÿ ¾âûðåçàòü¿ �ðàãìåíò, îáëàäàþùèé âñåìè

íóæíûìè íàì ñâîéñòâàìè.

4.2. Òåîðåìà. Â ëþáîì ëîêàëüíî âûïóêëîì ïðîñòðàíñòâå íåñ÷åòíîé ðàçìåðíîñòè

ñóùåñòâóåò âûïóêëîå ìíîæåñòâî, êîòîðîå íå ñîäåðæèò ëó÷åé è ÿâëÿåòñÿ àðõèìåäîâûì,

íî íå çàìêíóòûì.

⊳ Äîñòàòî÷íî �èêñèðîâàòü êàêîå-ëèáî íåñ÷åòíîå ìíîæåñòâî I, ðàññìîòðåòü ïðî-

ñòðàíñòâî X = sfin(I), ñíàáæåííîå ïðîèçâîëüíîé ëîêàëüíî âûïóêëîé òîïîëîãèåé, è íàé-

òè â íåì òàêîå àðõèìåäîâî âûïóêëîå ìíîæåñòâî C, íå ñîäåðæàùåå ëó÷åé, ÷òî 0 /∈ C è

0 ∈ clC. Ïîêàæåì, ÷òî òðåáóåìûìè ñâîéñòâàìè îáëàäàåò ìíîæåñòâî

C :=

{
x ∈ s+fin(I) :

∑

i∈I

x(i) 6 1,
∑

i∈I

√
x(i) > 1

}
.

Êàê ëåãêî âèäåòü, 0 /∈ C, ìíîæåñòâî C âûïóêëî è íå ñîäåðæèò ëó÷åé, à àðõèìåäîâîñòü C
âûòåêàåò èç î÷åâèäíîé çàìêíóòîñòè åãî ïåðåñå÷åíèé ñ êîíå÷íîìåðíûìè ïîäïðîñòðàí-

ñòâàìè âèäà {x ∈ X : suppx ⊂ J}, ãäå J � êîíå÷íîå ïîäìíîæåñòâî I.

Îñòàåòñÿ îáîñíîâàòü âêëþ÷åíèå 0 ∈ clC. Ñ ýòîé öåëüþ ðàññìîòðèì ïðîèçâîëüíóþ

âûïóêëóþ îêðåñòíîñòü íóëÿ U ⊂ X è ïîêàæåì, ÷òî U ∩ C 6= ∅. Äëÿ n ∈ N ïîëîæèì

In :=
{
i ∈ I : 1

nχ{i} ∈ U
}
. Ïîñêîëüêó 0 ∈ coreU , èìååò ìåñòî ðàâåíñòâî

⋃
n∈N In = I. Èñ-

ïîëüçóÿ íåñ÷åòíîñòü I, �èêñèðóåì êàêîå-ëèáî ÷èñëî n ∈ N, äëÿ êîòîðîãî ìíîæåñòâî In
áåñêîíå÷íî, è âûáåðåì ïðîèçâîëüíûå ïîïàðíî ðàçëè÷íûå i1, . . . , in ∈ In. Íåïîñðåäñòâåí-
íàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî âûïóêëàÿ êîìáèíàöèÿ

1
n

(
1
nχ{i1} + · · · + 1

nχ{in}

)
ýëåìåíòîâ

1
nχ{ik} ∈ U ïðèíàäëåæèò êàê U , òàê è C. ⊲

4.3. Ñëåäñòâèå. Â ëþáîì ëîêàëüíî âûïóêëîì ïðîñòðàíñòâå íåñ÷åòíîé ðàçìåðíîñòè

ñóùåñòâóåò íåçàìêíóòûé àðõèìåäîâ êîíóñ.

⊳ Ïóñòü Y � êàêîå-ëèáî íåñ÷åòíîìåðíîå ñîáñòâåííîå ïîäïðîñòðàíñòâî â ðàññìàòðè-

âàåìîì ïðîñòðàíñòâå X. Ñîãëàñíî 4.2 â Y èìååòñÿ íåçàìêíóòîå àðõèìåäîâî âûïóêëîå

ìíîæåñòâî C, íå ñîäåðæàùåå ëó÷åé. Âûáèðàÿ z ∈ X \ Y è èñïîëüçóÿ 4.1, çàêëþ÷àåì,

÷òî cone(C + z) � íåçàìêíóòûé àðõèìåäîâ êîíóñ â X. ⊲

Òàêèì îáðàçîì, â íåñ÷åòíîìåðíîì ñëó÷àå íåçàìêíóòûå àðõèìåäîâû êîíóñû ñóùå-

ñòâóþò äàæå â ñèëüíåéøåé ëîêàëüíî âûïóêëîé òîïîëîãèè. Ñ äðóãîé ñòîðîíû, â êîíå÷-

íîìåðíûõ ïðîñòðàíñòâàõ âñå àðõèìåäîâû êîíóñû çàìêíóòû. Â ñ÷åòíîìåðíîì æå ñëó÷àå

èíòåðåñóþùèé íàñ âîïðîñ îêàçûâàåòñÿ íàèáîëåå ñëîæíûì. Íà äàííûé ìîìåíò ìû íå

âëàäååì èñ÷åðïûâàþùèì îïèñàíèåì òîïîëîãèé, äîïóñêàþùèõ íàëè÷èå íåçàìêíóòûõ àð-

õèìåäîâûõ êîíóñîâ â ñ÷åòíîìåðíîì ïðîñòðàíñòâå. Îñòàâøàÿñÿ ÷àñòü çàìåòêè ïîñâÿùåíà

èçëîæåíèþ íåêîòîðûõ ðåçóëüòàòîâ, ïîëó÷åííûõ íà ïóòè ê ðåøåíèþ ýòîé çàäà÷è.

Êàê èçâåñòíî, âî âñåõ òîïîëîãèÿõ, ñîãëàñîâàííûõ ñ äàííîé äâîéñòâåííîñòüþ, çàìêíó-

òûå âûïóêëûå ìíîæåñòâà îäíè è òå æå (ñì., íàïðèìåð, [1, 10.4.9; 3, 8-3.6℄). Ñëåäîâàòåëü-

íî, èçó÷àåìîå íàìè ñâîéñòâî ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà X ïîëíîñòüþ îïðåäåëÿ-

åòñÿ åãî òîïîëîãè÷åñêè ñîïðÿæåííûì ïðîñòðàíñòâîì X ′
, à òî÷íåå, ðàñïîëîæåíèåì X ′

â X#
. Ïðè ýòîì ìîæíî ñ÷èòàòü, ÷òî ïðîñòðàíñòâî X ñíàáæåíî ñëàáîé òîïîëîãèåé, ñî-

ãëàñîâàííîé ñ äâîéñòâåííîñòüþ ìåæäó X è X ′
.

Èç ñêàçàííîãî âûøå ÿñíî, ÷òî ìû íå îãðàíè÷èì îáùíîñòü, ïåðåéäÿ ê ðàññìîòðåíèþ

ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâ âèäà Sfin |Y :=
(
Sfin, σ(Sfin |Y )

)
, ãäå Sfin := sfin(N), Y �
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âåêòîðíîå ïîäïðîñòðàíñòâî S := s(N), à σ(Sfin |Y ) � ñëàáàÿ òîïîëîãèÿ íà Sfin, íàâåäåí-
íàÿ Y ïîñðåäñòâîì äâîéñòâåííîñòè 〈x |y〉 =∑n∈N x(n)y(n).

Ïîñêîëüêó èñïîëüçóåìîå íàìè ïîíÿòèå ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà âêëþ÷àåò

òðåáîâàíèå õàóñäîð�îâîñòè, óìåñòíî ñðàçó îïèñàòü ïîäïðîñòðàíñòâà Y ⊂ S, íàâîäÿùèå
îòäåëèìóþ òîïîëîãèþ σ(Sfin |Y ).

4.4. Ñëåäóþùèå ñâîéñòâà âåêòîðíîãî ïîäïðîñòðàíñòâà Y ⊂ S ðàâíîñèëüíû:
(a) ñëàáàÿ òîïîëîãèÿ σ(Sfin |Y ) õàóñäîð�îâà;
(b) (∀x ∈ Sfin\{0})(∃ y ∈ Y ) 〈x |y〉 6= 0;
(
) Y ïëîòíî â S îòíîñèòåëüíî (òèõîíîâñêîé) òîïîëîãèè ïîòî÷å÷íîé ñõîäèìîñòè;

(d) (∀n ∈ N)(∀ z ∈ Rn)(∃ y ∈ Y ) y(1) = z(1), . . . , y(n) = z(n);
(e) (∀n ∈ N)(∃ y ∈ Y ) y(1) = · · · = y(n− 1) = 0, y(n) = 1.

Ïðîñòðàíñòâî Y , îáëàäàþùåå ëþáûì èç ðàâíîñèëüíûõ ñâîéñòâ 4.4 (a)�(e), áóäåì íà-

çûâàòü ïðåäñòàâèòåëüíûì.

Â ðàìêàõ ââåäåííûõ âûøå îáîçíà÷åíèé èìååò ìåñòî ðàâåíñòâî (Sfin |Y )′ = Ŷ , ãäå
Ŷ := {ŷ : y ∈ Y } � ïðîñòðàíñòâî êåò-�óíêöèîíàëîâ ŷ := 〈· |y〉 (ñì. [1, 10.3, 10.4℄).
Òàêèì îáðàçîì, ñ òî÷íîñòüþ äî èçîìîð�èçìà z 7→ ẑ ìåæäó S è S#fin ðàñïîëîæåíèå Y

â S ïîâòîðÿåò ðàñïîëîæåíèå (Sfin |Y )′ â S#fin, à èíòåðåñóþùèé íàñ âîïðîñ ïðèîáðåòàåò

ñëåäóþùóþ �îðìóëèðîâêó.

4.5. Çàäà÷à. Âûÿñíèòü, äëÿ êàêèõ ïðåäñòàâèòåëüíûõ âåêòîðíûõ ïîäïðîñòðàíñòâ

Y ⊂ S â ïðîñòðàíñòâå Sfin |Y ñóùåñòâóåò íåçàìêíóòûé àðõèìåäîâ êîíóñ.

Ïðîñòðàíñòâà Y , óäîâëåòâîðÿþùèå óñëîâèþ çàäà÷è 4.5, óñëîâèìñÿ äëÿ êðàòêîñòè

íàçûâàòü òîíêèìè.

Áåçóñëîâíî, ÷åì ìåíüøå ïðîñòðàíñòâî Y , òåì ñëàáåå òîïîëîãèÿ σ(Sfin |Y ) è òåì áîëü-

øå â ïðîñòðàíñòâå Sfin |Y íåçàìêíóòûõ êîíóñîâ. Ñëåäîâàòåëüíî, âñÿêîå (ïðåäñòàâèòåëü-

íîå) ïîäïðîñòðàíñòâî òîíêîãî ïðîñòðàíñòâà òàêæå ÿâëÿåòñÿ òîíêèì. Â ÷àñòíîñòè, åñëè

áû òîíêèì îêàçàëîñü âñå ïðîñòðàíñòâî S, çàäà÷à 4.5 áûëà áû òðèâèàëüíîé.

4.6. Ïðîñòðàíñòâî S íå ÿâëÿåòñÿ òîíêèì: â Sfin |S âñå àðõèìåäîâû âûïóêëûå ìíîæå-

ñòâà çàìêíóòû.

⊳ Êàê èçâåñòíî, íà Sfin ñèëüíåéøàÿ ëîêàëüíî âûïóêëàÿ òîïîëîãèÿ τ(Sfin |S) ÿâëÿåòñÿ
ñåêâåíöèàëüíîé (ñì. [3, 12-3.113℄). Ñ ó÷åòîì 3.1 (h) îòñþäà ñëåäóåò, ÷òî âñå àðõèìåäîâû

âûïóêëûå ìíîæåñòâà çàìêíóòû â τ(Sfin |S), à çíà÷èò, è â σ(Sfin |S). ⊲
Èòàê, ñàìî ïðîñòðàíñòâî S íå ÿâëÿåòñÿ òîíêèì. Ñ äðóãîé ñòîðîíû, êàê ïîêàçàíî

íèæå, â S èìåþòñÿ òîíêèå ïîäïðîñòðàíñòâà.

4.7. Åñëè â õàóñäîð�îâîì òîïîëîãè÷åñêîì âåêòîðíîì ïðîñòðàíñòâå X ñóùåñòâóåò

íåçàìêíóòîå ëèíåéíî íåçàâèñèìîå ìíîæåñòâî, òî â X ñóùåñòâóåò íåçàìêíóòûé àðõèìå-

äîâ êîíóñ.

⊳ Èñïîëüçóÿ ñ�îðìóëèðîâàííûå óñëîâèÿ, íåñëîæíî íàéòè ëèíåéíî íåçàâèñèìîå ìíî-

æåñòâî E ⊂ X è ýëåìåíò x ∈ X òàêèå, ÷òî x ∈ clE \ linE. Ñîãëàñíî 3.3 ìíî-

æåñòâî coneE ÿâëÿåòñÿ àðõèìåäîâûì êîíóñîì. Ýòîò êîíóñ íå çàìêíóò, ïîñêîëüêó

x ∈ clE \ linE ⊂ cl coneE \ coneE. ⊲
Êàê ëåãêî âèäåòü, óñëîâèþ 4.7 óäîâëåòâîðÿåò ëþáîå áåñêîíå÷íîìåðíîå íîðìèðîâàí-

íîå ïðîñòðàíñòâî X. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî ïðèìåðîì òîíêîãî ïðîñòðàíñòâà

ñëóæèò ℓ∞(N) (êàê è ëþáîå åãî ïðåäñòàâèòåëüíîå ïîäïðîñòðàíñòâî).
Åñòåñòâåííî âîçíèêàþùàÿ ãèïîòåçà î òîì, ÷òî â Sfin |Y âñå ëèíåéíî íåçàâèñèìûå

ìíîæåñòâà çàìêíóòû ëèøü â ñëó÷àå Y = S, îïðîâåðãàåòñÿ ñëåäóþùèì íåòðèâèàëüíûì

êëàññîì êîíòðïðèìåðîâ.
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4.8. Òåîðåìà. Ïóñòü Λ � ïðîèçâîëüíîå íåîãðàíè÷åííîå ïîäìíîæåñòâî R. Òîãäà

â ïðîñòðàíñòâå Sfin | lin ΛN âñå ëèíåéíî íåçàâèñèìûå ìíîæåñòâà çàìêíóòû.

⊳ Äîñòàòî÷íî ðàññìîòðåòü ïðîèçâîëüíîå ëèíåéíî íåçàâèñèìîå ìíîæåñòâî E ⊂ Sfin
è ïîêàçàòü, ÷òî 0 /∈ clE â òîïîëîãèè σ(Sfin | lin ΛN). Ñ ýòîé öåëüþ ìû ïîñòðîèì ïîñëå-

äîâàòåëüíîñòü y ∈ ΛN, óäîâëåòâîðÿþùóþ óñëîâèþ |〈e |y〉| > 1 äëÿ âñåõ e ∈ E. Èñêîìûå
÷èñëà y(n) ∈ Λ îïðåäåëèì ñëåäóþùåé ðåêóðñèåé ïî n ∈ N: åñëè y(1), . . . , y(n − 1) ∈ Λ
óæå îïðåäåëåíû, âûáåðåì y(n) ∈ Λ òàê, ÷òîáû

|y(n)| > 1

|e(n)|

(
1 +

∣∣∣∣
n−1∑

i=1

e(i)y(i)

∣∣∣∣
)

äëÿ âñåõ e ∈ En, ãäå En = {e ∈ E : e(n) 6= 0, (∀ i > n) e(i) = 0}. (Áëàãîäàðÿ ëèíåé-

íîé íåçàâèñèìîñòè ìíîæåñòâî En êîíå÷íî, è ïîýòîìó íóæíîå ÷èñëî y(n) ñóùåñòâóåò.)
Íåðàâåíñòâî |〈e |y〉| > 1 ñïðàâåäëèâî äëÿ âñåõ e ∈ E, òàê êàê ïðè e ∈ En ìû èìååì

|〈e |y〉| =
∣∣∣∣

n∑

i=1

e(i)y(i)

∣∣∣∣ > |e(n)y(n)| −
∣∣∣∣
n−1∑

i=1

e(i)y(i)

∣∣∣∣ > 1

è, êðîìå òîãî,

⋃
n∈NEn = E. ⊲

Çàìåòèì, ÷òî lin ΛN 6= S, íàïðèìåð, â ñëó÷àå Λ ⊂ Q. Äåéñòâèòåëüíî, R ïðåäñòàâëÿåò

ñîáîé áåñêîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì Q, â òî âðåìÿ êàê îáðàç

{y(n) : n ∈ N} ëþáîé ïîñëåäîâàòåëüíîñòè y ∈ linQN ñîäåðæèòñÿ â ïîäïðîñòðàíñòâå R,
èìåþùåì êîíå÷íóþ ðàçìåðíîñòü íàä Q.

Ïðèâåäåííûé ïðèìåð íå ñíèìàåò âîïðîñ î òîì, âñå ëè ïðîñòðàíñòâà, îòëè÷íûå îò S,
ÿâëÿþòñÿ òîíêèìè. Òåì íå ìåíåå èìåþòñÿ îïðåäåëåííûå àðãóìåíòû â ïîëüçó ñëåäóþùåãî

ïðåäïîëîæåíèÿ.

4.9. �èïîòåçà. Ïðîñòðàíñòâî linQN íå ÿâëÿåòñÿ òîíêèì, ò. å. âñå àðõèìåäîâû êîíóñû

â ïðîñòðàíñòâå Sfin çàìêíóòû îòíîñèòåëüíî ñëàáîé òîïîëîãèè σ(Sfin | linQN).
Ñòîèò îòìåòèòü, ÷òî çàäà÷à êàðäèíàëüíî óïðîùàåòñÿ ïðè çàìåíå êîíóñîâ êëèíüÿìè.

Ïîñêîëüêó âñÿêîå âåêòîðíîå ïîäïðîñòðàíñòâî ÿâëÿåòñÿ àðõèìåäîâûì êëèíîì, îïèñàòü

ñ÷åòíîìåðíûå ëîêàëüíî âûïóêëûå ïðîñòðàíñòâà, ñîäåðæàùèå íåçàìêíóòûé àðõèìåäîâ

êëèí, íå ñîñòàâëÿåò òðóäà: ýòî â òî÷íîñòè òå ïðîñòðàíñòâà X, äëÿ êîòîðûõ X ′ 6= X#
.

Àíàëîãè÷íàÿ çàäà÷à äëÿ ñëó÷àÿ êîíóñîâ îêàçûâàåòñÿ íåòðèâèàëüíîé.

Àâòîðû ïðèçíàòåëüíû Ê. Â. Ñòîðîæóêó çà ïëîäîòâîðíûå îáñóæäåíèÿ.
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1. Introduction

The aim of this note is to examine a Boolean valued interpretation of the concept of
atomic Banach lattice and to give a complete description of the corresponding class of injective
Banach lattices. Some representation and isometric classification results for general injective
Banach lattices were announced in [1, 2].

Section 2 collects some needed Boolean valued representation results following [3]. In
Section 3 we demonstrate that a Boolean valued interpretation of atomicity yields some
“module atomicity” over a certain f -subalgebra of the center. Section 4 deals with Boolean
valued Banach lattices of summable families, which turn out to be “building blocks” for
general module atomic injective Banach lattices. Section 5 exposes the main results on
representation and classification of injective Banach lattices with atomic Boolean valued
representation, i. e. those which are atomic with respect to their natural f -module structure.

The needed information on the theory of Banach lattices can be found in [1, 5]. Recall
some definitions and notation. A real Banach lattice X is said to be injective if, for every
Banach lattice Y , every closed vector sublattice Y0 ⊂ Y , and every positive linear operator
T0 : Y0 → X there exists a positive linear extension T : Y → X of T0 with ‖T0‖ = ‖T‖; see
[5, Definition 3.2.3]. Equivalently, X is an injective Banach lattice if, whenever X is lattice
isometrically imbedded into a Banach lattice Y , there exists a positive contractive projection
from Y onto X; one more equivalence definition states that each positive operator from X
to any Banach lattice admits a norm preserving positive extension to any Banach lattice
containing X as a vector sublattice, see [3, Theorem 5.10.6]. This concept was introduced
by Lotz [6]; a significant advance towards the structure theory of injectives was made by
Cartwright [7] and Haydon [8].
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In what follows X stands for a real Banach lattice. We denote by P(X) the Boolean
algebra of all band projections in X. A crucial role in the theory of injective Banach lattices
is played by the concept of M -projection. A band projection π in a Banach lattice X is
called an M -projection if ‖x‖ = max{‖πx‖, ‖π⊥x‖} for all x ∈ X, where π⊥ := IX − π. The
collection M(X) of all M -projections in X is a subalgebra of the Boolean algebra P(X).

Throughout the sequel B is a complete Boolean algebra with unit 1 and zero O, while
Λ := Λ(B) is a Dedekind complete unital AM -space such that B is isomorphic to P(Λ). The
unit of Λ is also denoted by 1. A partition of unity in B is a family (bξ)ξ∈Ξ ⊂ B such that∨

ξ∈Ξ bξ = 1 and bξ ∧ bη = O whenever ξ 6= η. We let := denote the assignment by definition,
while N, Q, and R symbolize the naturals, the rationals, and the reals.

2. Boolean Valued Representation

Boolean valued analysis is an useful tool in studying of injective Banach lattices [9]. We
need some Boolean valued representation results as presented in [3] and [25].

Applying the Transfer and Maximum Principles to the ZFC-theorem “There exists a field
of reals” we find an element R ∈ V(B) for which [[R is a field of reals ]] = 1. We call R

the reals within V(B). The following remarkable result due to Gordon [28] tells us that the
interpretation of the reals in V(B) is a universally complete vector lattice with the Boolean
algebra of band projections isomorphic to B.

Theorem 2.1. Let R be the reals within V(B). Then R↓ (with the descended operations
and order) is a universally complete vector lattice with a weak order unit 1 := 1∧. Moreover,
there exists a Boolean isomorphism χ of B onto P(R↓) such that the equivalences

χ(b)x = χ(b)y ⇐⇒ b 6 [[x = y ]],

χ(b)x 6 χ(b)y ⇐⇒ b 6 [[x 6 y ]]
(G)

hold for all x, y ∈ R↓ and b ∈ B.
⊳ See [3, Theorem 2.2.4] and [25, Theorem 10.3.4]. ⊲

Definition 2.2. A complete Boolean algebra of M -projections in X is an arbitrary order
complete and order closed subalgebra B ⊂ M(X). A Banach lattice X is said to be B-cyclic
whenever it is a B-cyclic Banach space with respect to a complete Boolean algebra B of M -
projections. If X has the Fatou and Levi properties (see [3, 5.7.2]), then M(X) itself is an
order closed subalgebra of the complete Boolean algebra P(X).

Definition 2.3. Let Λ = R⇓ be the bounded part of the universally complete vector
lattice R↓; i. e., Λ is the order-dense ideal in R↓ generated by the weak order unit 1 := 1∧ ∈
R ↓. Take a Banach space X within V(B) and put X ⇓ := {x ∈ X ↓ : x ∈ Λ}. Equip
X ⇓ with some mixed norm by putting ‖x‖ := ‖ x ‖∞ for all x ∈ X, where the order unit
norm ‖ · ‖∞ is defined as ‖λ‖∞ := inf{0 < α ∈ R : |λ| 6 α1} (λ ∈ Λ). In this situation,
(X ⇓, ‖ · ‖) is a Banach space called the bounded descent of X . The terms B-isomorphism
and B-isometry mean that isomorphism or isometry under consideration commutes with the
projections from B, see [3, 5.8.9].

Theorem 2.4. A bounded descent of a Banach lattice from the model V(B) is a B-cyc-
lic Banach lattice. Conversely, if X is a B-cyclic Banach lattice, then in the model V(B)

there exists up to the isometric isomorphism a unique Banach lattice X whose bounded
descent is isometrically B-isomorphic to X. Moreover, B = M(X) if and only if [[there is no
M -projection in X other than 0 and X ]] = 1.

⊳ See [3, Theorem 5.9.1]. ⊲
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Definition 2.5. The element X ∈ V(B) from Theorem 2.1 is said to be the Boolean-
valued representation of X.

Theorem 2.6. Let X be a Banach lattice with the complete Boolean algebra B =M(X)
of M -projections, Λ be a Dedekind complete unital AM -space such that P(Λ) is isomorphic
to B. Then the following assertions are equivalent:

(1) X is injective.

(2) X is lattice B-isometric to the bounded descent of some AL-space from V(B).

(3) There exists a strictly positive Maharam operator Φ : X → Λ with the Levi property
such that X = L1(Φ) and ‖x‖ = ‖Φ(|x|)‖∞ for all x ∈ X.

(4) There is a Λ-valued additive norm on X such that (X, · ) is a Banach–Kantorovich
lattice and ‖x‖ =

∥∥ x
∥∥
∞

for all x ∈ X.

⊳ See [3, Theorem 5.12.5]. ⊲

Theorem 2.7. Suppose that X is a Banach lattice and X is the completion of the metric
space X∧ within V(B). Then [[X is a Banach lattice ]] = 1 and X ⇓ is lattice B-isometric to
C#(Q,X) equipped with the norm ‖ϕ‖ = sup{‖ϕ(q)‖ : q ∈ dom(ϕ) ⊂ Q} (ϕ ∈ C#(Q,X)).

⊳ The proof is a due modification of [25, 11.3.8]. ⊲

3. Boolean Valued Atomicity

In this section we present Boolean valued interpretation of atomicity.

Definition 3.1. A positive element x of a B-cyclic Banach lattice X is said to be B-
indecomposable or a B-atom if for any pair of disjoint elements y, z ∈ X+ with y + z 6 x
there exists a projection π ∈ B such that πy = 0 and π⊥z = 0, while X is called B-atomic if
the only element of X disjoint from every B-atom is the zero element.

Denote by at(X ) and B-at(X) the sets of atoms in X and B-atoms in X, respectively.
Let at1(X ) := {x ∈ at(X ) : ‖x‖ = 1}, while B-at1(X) consists of all x ∈ B-at(X) with
‖πx‖ = 1 for all π ∈ B. It is easy to see that B-at1(X) = {x ∈ B-at(X) : x = 1}.

Proposition 3.2. Let X be a B-cyclic Banach lattice identified with the bounded descent
X ⇓ of a Banach lattice X , its Boolean valued representation X ∈V(B). Then the following
assertions hold:

(1) B-at(X) = at(X )⇓.
(2) B-at1(X) = at1(X )⇓.
(3) X is B-atomic if and only if [[X is atomic]] = 1.

⊳ (1) Observe that x ∈ at(X ) if and only if x ∈ X+ and for any two positive disjoint
elements x1, x2 ∈ X with x1 + x2 6 x we have x1 = 0 or x2 = 0. Now, given x ∈ at(X )⇓
with y + z 6 x for some disjoint y, z ∈ X+, we put b := [[y = 0]] and π := χ(b). Since
[[y 6= 0 → z = 0]] = 1, we have [[y 6= 0]] 6 [[z = 0]] and thus b∗ = [[y 6= 0]] 6 [[z = 0]]. By (G) we
have πy = 0 and π⊥z = χ(b∗)z = 0. Thus, at(X )⇓ ⊂ B-at(X) and for the converse inclusion
the argument is similar.

(2) Taking into account the representation B-at1(X) = {x ∈ B-at(X) : x = 1} the claim
follows easily from the following chain of equivalences:

x ∈ at1(X )⇓ ⇐⇒ [[x ∈ at1(X )]] = 1 ⇐⇒ [[x ∈ at(X )]] = [[‖x‖X = 1]] = 1

⇐⇒ x ∈ B- at(X ) ∧ x = 1 ⇐⇒ x ∈ B- at1(X).
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(3) Let for a while ⊥, ⊥⊥, and ⊥⊥⊥ stand for disjoint complements in X , X = X ⇓, and X ↓,
respectively. The third claim is immediate from the first one, since the disjoint complement
and the descent commute: (A⊥)↓ = (A↓)⊥⊥⊥, see [3, 1.5.3]. Indeed,

(A⊥)⇓ = (A⊥)↓ ∩X = (A↓)⊥⊥⊥ ∩X = (A↓ ∩X)⊥⊥⊥ ∩X = (A⇓)⊥⊥,

hence putting A := at(X ) and making use of (1) we deduce that at(X )⊥ = {0} within V(B)

if and only if (B-at(X))⊥⊥ = {0}. ⊲
Corollary 3.3. Let B, X, and X be the same as in Proposition 3.2 and Λ = Λ(B). Then

the following assertions hold:

(1) x ∈ X+ is a B-atom if and only if for each 0 6 y 6 x there exists λ ∈ Λ+ with y = λx.

(2) If x and y are B-atoms in X+ then there exist a pair of disjoint projections π, ρ ∈ B
such that πx ⊥ πy, ρx = λu and ρy = µu for some µ, λ ∈ Λ+ and u = x+ y.

⊳ Interpreting in the model V(B) the well-known claims corresponding to that particular
case when B = {0, IX} (see [13, Theorem 26.4.]) and using Proposition 3.2 yields the required
properties. ⊲

Definition 3.4. Given a cardinal γ, say that a B-cyclic Banach lattice X is purely (B, γ)-
atomic if X = D⊥⊥

0 for some subset D0 ⊂ B-at1(X) of cardinality γ and for every nonzero
projection π ∈ B and every subset D ⊂ B-at1(πX) with πX = D⊥⊥ we have card(D) > γ.
Evidently, X is purely ({0, IX}, γ)-atomic if and only if X is atomic and the cardinality of
at1(X) is γ or, equivalently, X is atomic and the cardinality of the set of atoms in B(X)
equals γ. In this case we say also that X is γ-atomic.

Proposition 3.5. A B-cyclic Banach lattice X is purely (B, γ)-atomic for some cardinal γ
if and only if [[ γ∧ is a cardinal and X is γ∧-atomic ]] = 1.

⊳ Sufficiency. Assume that γ∧ is a cardinal and X is γ∧-atomic within V(B). The latter
means that X is atomic and card(at1(X )) = γ∧ within V(B). If ∆ := at1(X ) then there
exists φ ∈ V(B) such that [[φ : γ∧ → ∆ is a bijection]] = 1. Note that φ↓ embeds γ into ∆↓
by [3, 1.5.8] and ∆↓ = B-at1(X) by Proposition 3.1. It follows that the set D := φ↓(γ) of
cardinality γ is contained in B-at1(X) and X = D⊥⊥, since ∆ = D↑ and X = ∆⊥⊥. Take
b ∈ B and a set D ′ of cardinality β which is contained in B-at1(X) and generates bX, i. e.
bX = (D ′)⊥⊥. Then D ′↑ is of cardinality card(β∧) and X = (D ′↑)⊥⊥ within the relative
universe V([O,b]). By [3, 1.3.7] [[γ∧ = card(γ∧) 6 card(β∧) 6 β∧]] = 1 and so γ 6 β.

Necessity. Assume now that X is purely (B, γ)-atomic and X = D⊥⊥ for some D ⊂ B-
at1(X) of cardinality γ. Then within V(B) we have ∆ := D↑ ⊂ at1(X ), X = ∆⊥⊥ and and
the cardinalities of ∆ and γ∧ coincide, i. e. card(∆) = card(γ∧). By [3, 1.9.11] the cardinal
card(γ∧) has the representation card(γ∧) = mixα6γ bαα

∧, where (bα)α6γ is a partition of
unity in B. It follows that bα 6 [[∆⊥⊥ = X and ∆ is of cardinality α∧]] = 1. If bα 6= O

then (bα ∧∆)⊥⊥ = bα ∧ X and bα ∧∆ is of cardinality card(γ∧) = α∧ 6 γ∧ in the relative
universe V[O,bα]. (Concerning bα ∧ ∆ and bα ∧ X and their properties see [3, 1.3.7].) It is
easy that bα ∧∆ = (bαD)↑ and so (bαD)⊥⊥ = bX. By hypothesis X is purely (B, γ)-atomic,
consequently, α > card(bαD) > γ, so that α = γ, since α 6 γ if and only if α∧ 6 γ∧. Thus,
card(γ∧) = γ∧ whenever bα 6= O and γ∧ is a cardinal within V(B). ⊲

Definition 3.6. Let γ is a cardinal. A complete Boolean algebra B (as well as its Stone
representation space) is said to be γ-stable whenever V(B) |= γ∧ = card(γ∧), i. e. [[γ∧ is a
cardinal ]] = 1. An element b ∈ B is called γ-stable if the relative Boolean algebra [O, b] is
γ-stable, see [25, Definition 12.3.7]. Finally, say that a partition of unity (πγ)γ∈Γ in B with Γ
a set of cardinals is stable if πγ is γ-stable for all γ ∈ Γ.
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Theorem 3.7. Let X be a B-atomic B-cyclic Banach lattice. There exist a set of
cardinals Γ and a partition of unity (πγ)γ∈Γ such that Bγ := [O, πγ ] is γ-stable and πγX is
purely (Bγ , γ)-atomic for all γ ∈ Γ.

⊳ If a B-cyclic Banach lattice X is B-atomic then its Boolean valued representation X

is atomic within V(B) according to Proposition 3.1. Denote γ0 := card(at1(X )). By [3,
1.9.11] γ0 is a mixture of some set of relatively standard cardinals. More precisely, there are
nonempty set of cardinals Γ and a partition of unity (bγ)γ∈Γ in B such that x = mixγ∈Γ bγγ

∧

and V(Bγ) |= γ∧ = card(γ∧) with Bγ := [O, bγ ] for all γ ∈ Γ. It follows that bγ ∧ X

is atomic Banach lattice and γ∧ = card(at1(bγ ∧ X )) within V(Bγ). It remains to apply
Proposition 3.5. ⊲

4. The Banach Lattices l1(Γ,Λ) and C#(Q, l
1(Γ))

We now consider some special injective Banach lattices that are building blocks for the
class of all B-atomic injective Banach lattices. Recall that Λ = Λ(B).

Given a non-empty set Γ, denote by l1(Γ∧) ∈ V(B) the internal Banach lattice of all
summable families x := (xγ)γ∈Γ∧ in R with the norm ‖x‖1 :=

∑
γ∈Γ∧ |xγ |.

Let l1(Γ,Λ) stand for the vector space of all order summable families in Λ, i.e.

l1(Γ,Λ):=
{
x : Γ → Λ : x 1 := o-

∑
γ∈Γ

|x(γ)| ∈ Λ
}
.

The order on l1(Γ,Λ) is defined by letting x 6 y if and only if x(γ) 6 y(γ) for all γ ∈ Γ.
Evidently, l1(Γ,Λ) is an order ideal of the Dedekind complete vector lattice ΛΓ, hence so
is l1(Γ,Λ). Moreover, l1(Γ,Λ) equipped with the norm ‖x‖ := ‖ x 1‖∞ (x ∈ l1(Γ,Λ)) is a
B-cyclic Banach lattice, since B = B(Λ).

Proposition 4.1. l1(Γ∧) is a Boolean valued representation of l1(Γ,Λ) and thus l1(Γ,Λ)
and l1(Γ∧)⇓ are lattice B-isometric.

⊳ Straightforward verification shows that l1(Γ,Λ) is a Banach f -module over Λ, see [3,
Definitions 2.11.1 and 5.7.1]. The modified ascent mapping x 7→ x↑ is a bijection from (R↓)Γ
onto (RΓ∧

)↓, see [3, 1.5.9]. It follows from [3, 2.4.7] that · 1 is the bounded descent of
‖ · ‖1 and hence x ∈ l1(Γ,Λ) if and only if [[x↑ ∈ l1(Γ∧)]] = 1. Moreover, in this event
[[ x 1 = ‖x↑‖1]] = 1 so that the modified descent induces an isometric bijection between
l1(Γ,Λ) and (l1Γ∧)⇓. Making use of the definition of modified descent it can be easily checked
that this bijection is Λ-linear and order preserving. ⊲

Proposition 4.2. The Banach lattice l1(Γ,Λ) is B-atomic and injective with M(X) iso-
morphic to B. Moreover, l1(Γ,Λ) is purely (B, γ)-atomic if and only if [[γ∧ = card(Γ∧)]] = 1.

⊳ By Theorem 2.6 (2) and Propositions 3.2 and 4.1 X is injective with M(X) ≃ B and
B-atomic. The second part follows from Propositions 3.5 and 4.1, since l1(Γ∧) is card(Γ∧)-
atomic within V(B). ⊲

Proposition 4.3. The norm completion of R∧-normed space l1(Γ)∧ within V(B) is a Ba-
nach lattice which is lattice isometric to the internal Banach lattice l1(Γ∧).

⊳ Denote by L1 the completion of l1(Γ)∧ inside V(B). Let A be the set of all norm-one
atoms in l1(Γ) which is of course bijective with Γ. Then A∧ and Γ∧ are also bijective and
A∧ can be considered as the set of all norm-one atoms in l1(Γ∧). Denote by Q-lin(A) the
set of all linear combinations of the members of A with rational coefficients. Then by [12,
8.4.10] we have (Q-lin(A))∧ = Q∧-lin(A∧). Clearly, Q∧-lin(A∧) is a dense sublattice in l1(Γ∧),
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while (Q-lin(A))∧ is a dense sublattice in l1(Γ)∧ and thus in L1, since Q-lin(A) is dense in
l1(Γ). Moreover, the norms induced in (Q-lin(A))∧ by l1(Γ∧) and l1(Γ)∧ coincide. Indeed, if
x ∈ (Q-lin(A))∧ is of the form

∑
k∈n r(k)u(k) whith n ∈ N, r : n → Q, and u : n → A, then

r∧ : n∧ → Q∧, u∧ : n∧ → A∧ and x∧ =
∑

k∈n∧ r∧(k)u∧(k); therefore,

‖x‖l1(Γ)∧ = ‖x‖∧ =
(∑

k∈n
|r(k)|

)
∧

=
∑

k∈n∧
|r∧(k)| = ‖x‖l1(Γ∧).

It follows that L1 and l1(Γ∧) are lattice isometric. ⊲

Corollary 4.4. Let Q be the Stone representation space of B = P(Λ). Then the injective
Banach lattices l1(Γ,Λ) and C#(Q, l

1(Γ)) are lattice B-isometric.

⊳ This is immediate from Theorem 2.7 and Proposition 4.3. ⊲

Corollary 4.5. Given an arbitrary infinite cardinals γ1 and γ2, we may find a Boolean
algebra B such that the injective Banach lattices l1(γ1,Λ) and l

1(γ2,Λ) are lattice B-isometric
provided that Λ = Λ(B). If Q is the Stone representation space of B then the injective Banach
lattices C#(Q, l

1(γ1) and C#(Q, l
1(γ2)) are also lattice B-isometric.

⊳ The claim follows from Proposition 4.3 and Corollary 4.4 making use of the cardinal
collapsing phenomena: There exists a complete Boolean algebra B such that the ordinals γ∧

1

and γ∧

2 have the same cardinality within V(B), see [3, 1.13.9]. ⊲

Definition 4.6. A B-cyclic Banach lattice X is called B-separable, if there is a sequence
(xn) ⊂ X such that the norm closed B-cyclic subspace, generated by the set {bxn : n ∈ N, b ∈
B}, coincides with X. In more detail, X is called B-separable whenever for every x ∈ X and
0 < ε ∈ R there exist an element xε ∈ X and a partition of unity (πn)n∈N in B such that
‖x−xε‖ 6 ε and πnx = πnxn for all n ∈ N. It can be easily seen that X is B-separable if and
only if its Boolean valued representation is separable within V(B). Denote by ω the countable
cardinal and put l1 := l1(ω).

Corollary 4.7. For every infinite cardinal γ, there exists a Stonean space Q such that the
injective Banach lattice C#(Q, l

1(γ)) is B-separable, with B standing for the Boolean algebra
of the characteristic functions of clopen subsets of Q.

⊳ Apply Corollary 4.5 with γ1 := γ and γ2 := ω, where ω is the countable cardinal.
It follows that C#(Q, l

1(γ) and C#(Q, l
1(ω)) are lattice B-isometric. Moreover, [[l1(ω∧) is

separable ]] = 1 by transfer principle. Taking into account Proposition 4.1 it remains to
observe that [[X is separable ]] = 1 if and only if X ⇓ is B-separable. ⊲

5. The Main Results

Now we are able to state and prove the main representation and classification results for
B-atomic injective Banach spaces.

Definition 5.1. Let X be an injective Banach lattice. Say that X is centrally atomic
if X is B-atomic with B =M(X). According to corollary 3.3 this amounts to saying that there
is no nonzero element in X disjoint from all Λ-atom, while a Λ-atom is any element x ∈ X+

such that the principal ideal generated by x is equal to Λx := {λx : λ ∈ Λ}. Given a family of
Banach lattices (Xγ , ‖·‖γ)γ∈Γ, denote by

(∑⊕
γ∈Γ bγX

)
l∞

the l∞-sum, the Banach lattice of all

families x :=
(
x(γ)

)
γ∈Γ

with x(γ) ∈ Xγ for all γ ∈ Γ and ‖x‖ := sup{‖x(γ)‖γ : γ ∈ Γ} <∞.

Lemma 5.2. For a centrally atomic injective Banach lattice X there exist a set of cardi-
nals Γ and a stable partition of unity (πγ)γ∈Γ inM(X) such that πγX is purely (γ,Bγ)-atomic
with Bγ := [O, πγ ] for all γ ∈ Γ and injective and the representation holds:

X ≃B
(∑⊕

γ∈Γ
bγX

)
l∞
.
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⊳ This is immediate from Proposition 3.7. ⊲

Lemma 5.3. Suppose that the injective Banach lattices C#(Q, l
1(γ)) and C#(Q, l

1(δ))
are lattice B-isometric, where Q is the Stone space of B, while γ and δ are infinite cardinals.
If B is γ-stable and δ-stable then γ = δ.

⊳ If C#(Q, l
1(Γ)) and C#(Q, l

1(∆)) are lattice B-isometric then V(B) |=“l1(γ∧) and l1(δ∧)
are lattice isometric” and thus V(B) |= card(γ∧) = card(δ∧). It remains to observe that B is
γ-stable (δ-stable) if and only if V(B) |= card(γ∧) = γ∧ (respectively card(δ∧) = δ∧). ⊲

Theorem 5.4. Let X be a centrally atomic injective Banach lattice. Then there is a set
of cardinals Γ and a stable partition of unity (πγ)γ∈Γ in B = M(X) such that the following
lattice B-isometry holds:

X ≃B
(∑⊕

γ∈Γ
l1
(
γ,Λγ

))
l∞
,

where Λγ = πγΛ (γ ∈ Γ). If a partition of unity (ρδ)δ∈∆ in B satisfies the same conditions as
(πγ)γ∈Γ, then Γ = ∆, and πγ = ργ for all γ ∈ Γ.

⊳ The required representation follows from Proposition 4.2 and Lemma 5.2.
Assume now that a partition of unity (ρδ)δ∈∆ in B satisfies the same conditions as (πγ)γ∈Γ.

Fix δ ∈ ∆ and put σγδ := πγρδ for arbitrary γ ∈ Γ. If σγδ 6= 0, then the injective Banach
lattices l1(γ, σγδΛ) and l

1(δ, σγδΛ) are lattice [O, σδγ ]-isometric to the same band σδγX. By
Lemma 5.3 γ = δ and thus ∆ ⊂ Γ and ρδ 6 πγ for all δ ∈ ∆. Similarly, Γ ⊂ ∆ and ρδ > πγ
for all γ ∈ Γ. ⊲

Remark 5.5. Let Q be the Stone representation space of B. Corollary 4.4 enables us to
replace l1

(
γ,Λγ

)
by C#(Qγ , l

1(γ)) in Theorem 5.4 with a stable partition of unity (Qγ)γ∈Γ
in he Boolean algebra of clopen subsets of Q. Moreover, if some partition of unity (Pδ)δ∈∆
satisfies the same conditions, then Γ = ∆, and Pγ = Qγ for all γ ∈ Γ.

Corollary 5.6. LetX be an injective Banach lattice and Q the Stone representation space
of B =M(X). If X is B-separable, then X is lattice B-isometric to C#(Q, l

1), l1 = l1(ω).

⊳ In Theorem 5.4 each component l1
(
γ,Λγ

)
is Bγ-separable and hence its Boolean valued

representation is a separable Banach lattice which is lattice isometric to the internal Banach
lattice l1(ω∧). It follows that l1

(
γ,Λγ

)
is lattice Bγ-isometric to C#(Qγ , l

1) for all γ ∈ Γ
by Proposition 4.1 and Corollary 4.4. From this it is obvious that X is B-isometric to
C#(Q, l

1). ⊲

Proposition 5.7. A B-cyclic Banach lattice is atomic if and only if it is B-atomic and
the Boolean algebra B is atomic.

⊳ The complete Boolean algebra B is atomic if and only if B = P(A) for some set A
and then X is the l∞-sum of a family of Banach lattices (Xa)a∈A. This l

∞-sum is evidently
atomic if and only if Xa is atomic for all a ∈ A. ⊲

The following corollary should be compared with [7, Theorem 5.6].

Corollary 5.8. An injective Banach lattice X is atomic if and only if there is a set of
cardinals Γ such that the following lattice isometry holds:

X ≃
(∑⊕

γ∈Γ
l1(γ)

))
l∞
.

⊳ In Remark 5.5 each Qγ is a one-point space by Proposition 5.8 and hence C#

(
Qγ , l

1(γ))
is lattice isometric to l1(γ). ⊲

Definition 5.9. The partition of unity (πγ)γ∈Γ in B = M(X) satisfying the claim of
Theorem 5.4 is called the decomposition series of X and is denoted by d(X). Say that
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the decomposition series d(X) = (πγ)γ∈Γ and d(Y ) = (ργ)γ∈Γ of centrally atomic injective
Banach lattices X and Y are congruent if there exists a Boolean isomorphism τ from M(X)
onto M(Y ) such that τ(πγ) = ργ for all γ ∈ Γ.

Theorem 5.10. Centrally atomic injective Banach lattices X and Y are lattice isometric
if and only if the Boolean algebras M(X) and M(Y ) are isomorphic and the decomposition
series d(X) and d(Y ) are congruent.

⊳ Sufficiency. Let X and Y be centrally atomic injective Banach lattices with d(X) =
(πγ)γ∈Γ and d(Y ) = (ργ)γ∈Γ and let X and Y be their respective Boolean valued repre-
sentations. We identify X and Y with X ⇓ and Y ⇓, respectively. Denote B := M(X) and
D := M(Y ) and assume that there exists a Boolean isomorphism τ from B onto D such that
τ(πγ) = ργ for all γ ∈ Γ. Recall that there is a bijective mapping τ∗ : V(B) → V(D) such that
a ZFC-formula ϕ(x1, . . . , xn) is true within V(B) if and only if ϕ(τ∗x1, . . . , τ

∗xn) is true within
V(D) for all x1, . . . , xn ∈ V(B), see [3, 1.3.1, 1.3.2, and 1.3.5 (2)]. It follows that τ∗(X ) is an
atomic injective Banach lattice within V(D). Moreover, the mapping x 7→ τ∗(x) (x ∈ X ⇓) ia
a lattice isometry from X ⇓ onto τ∗(X )⇓. If α = card(at1(X )) and β = card(at1(Y )), then
τ∗(α) = mixγ∈Γ τ(πγ)γ

∧ and β = mixγ∈Γ ργ
∧, so that β = τ∗(α). By [3, 1.3.5 (2)] we have

τ∗(α) = card(at1(τ
∗(X ))) and card(at1(Y )) = card(at1(τ

∗(X ))). It follows that τ∗(X )
and Y are lattice isometric and hence τ∗(X )⇓ and Y ⇓ are lattice B-isometric.

Necessity. Suppose that h is a lattice isomorphism from X onto Y . Then the map-
ping τ from B onto D defined by τ(π) = h ◦ τ ◦ h−1 is a Boolean isomorphism. Moreover,
h(B-at1(πX)) = B-at1(τ(π)Y ). Now it can be easily verified that πX is ([O, π], γ)-atomic if
and only if τ(π)Y is ([O, τ(π)], γ)-atomic. It follows that d(X) and d(Y ) are congruent. ⊲

Corollary 5.11. Let X be a centrally atomic injective Banach lattice. Then there is
a family of Stonean spaces (Qγ)γ∈Γ, with Γ a set of cardinals, such that Qγ is γ-stable for all
γ ∈ Γ and the following lattice B-isometry holds:

X ≃B
(∑⊕

γ∈Γ
C#

(
Qγ , l

1(γ)
))

l∞
.

If some family (Pδ)δ∈∆ of Stonean spaces satisfies the above conditions, then Γ = ∆, and Pγ

is homeomorphic with Qγ for all γ ∈ Γ.

⊳ This is immediate from Theorem 5.10 and since Corollary 4.4 (see Remark 5.5). ⊲

Definition 5.12. The second B-dual of a B-cyclic Banach space is defined by X## :=
(X#)# := LB(X

#,Λ). A B-cyclic Banach space is said to be B-reflexive if the image of X
under the canonical embedding X → X## coincide with X##, see [3, p. 316].

Theorem 5.13. Let X be a B-reflexive injective Banach lattice with B = M(X). Then
there are a sequence of Stonean spaces (Qk)k∈N, and an increasing sequence of naturals (nk)
such that the following lattice B-isometry holds:

X ≃
(∑⊕

k∈N
C#

(
Qk, l

1(nk)
))

l∞
.

If some family (Pk)k∈N of Stonean spaces satisfies the above conditions, then Qk and Pk are
homeomorphic for all k ∈ N.
⊳ Again identify X with X ⇓, where X is an AL-space in V(B). It follows from Theorem

[3, Theorem 5.8.12] that X ∗⇓ = X ⇓# and X ∗∗⇓ = X ⇓##. Therefore, X is B-reflexive if
and only if [[X is reflexive ]] = 1. Since a reflexive AL-space is finite-dimensional, we have

1 = [[(∃n ∈ N∧) dim(X ) = n]] =
∨

n∈N
[[dim(X ) = n∧]].
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This relation enables us to choose a countable partition of unity (bn) in B such that bn 6 [[X
is a n∧-dimensional AL-space]]. Pick the sequence (nk) of indices of nonzero projections in
(bn) and denote by Qk the Stonean space of a Boolean algebra Bk := [O, bnk

]. Now, by the
Transfer Principle we conclude that V(Bk) |= “ bnk

∧ X is lattice isometric to l1(n∧

k)”. The
proof is concluded with the help of Theorem 5.10 taking into consideration that for each finite
cardinal γ every complete Boolean algebra is γ-stable and γ∧ is a finite cardinal within V(B). ⊲
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êè è äàòü ïîëíîå îïèñàíèå ñîîòâåòñòâóþùåãî êëàññà èíúåêòèâíûõ áàíàõîâûõ ðåøåòîê.
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Â ðàáîòå äîêàçàíî, ÷òî ëþáîé àáñîëþòíî ñõîäÿùèéñÿ ðÿä â ïðîñòðàíñòâå ðîñòêîâ âñåõ àíàëèòè÷å-

ñêèõ íà ïðîèçâîëüíîì ìíîæåñòâå M ⊂ CN
�óíêöèé, íàäåëåííîì òîïîëîãèåé ïðîåêòèâíîãî ïðåäåëà,

ñõîäèòñÿ àáñîëþòíî â ïðîñòðàíñòâå Ôðåøå âñåõ �óíêöèé, àíàëèòè÷åñêèõ â íåêîòîðîé îòêðûòîé

îêðåñòíîñòè ìíîæåñòâà M . Ýòî ïîçâîëÿåò, â ÷àñòíîñòè, îñâîáîäèòüñÿ îò ïðåäïîëîæåíèé î ðîñòå

ïîêàçàòåëåé ðÿäîâ ýêñïîíåíò, äåëàâøèõñÿ â íåêîòîðûõ óòâåðæäåíèÿõ ðàíåå.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâî ðîñòêîâ àíàëèòè÷åñêèõ �óíêöèé, àáñîëþòíî ñõîäÿùèåñÿ ðÿäû,

âûïóêëîå ëîêàëüíî çàìêíóòîå ìíîæåñòâî.

Äëÿ µ, z ∈ CN
ïîëîæèì

〈µ, z〉 :=
N∑

j=1

µjzj , eµ(z) := exp〈µ, z〉, |µ| :=




N∑

j=1

|µj |2



1/2

.

Â ðàáîòå [2℄ áûëè èññëåäîâàíû àáñîëþòíî ïðåäñòàâëÿþùèå ñèñòåìû ýêñïîíåíò

(
eλk

)
k∈M

(M � áåñêîíå÷íîå ïîäìíîæåñòâî NN
) â ïðîñòðàíñòâå A(Q) ðîñòêîâ âñåõ �óíêöèé, àíàëè-

òè÷åñêèõ íà âûïóêëîì ëîêàëüíî çàìêíóòîì ìíîæåñòâå Q â CN
. Íåêîòîðûå óòâåðæäåíèÿ

â [2℄ áûëè óñòàíîâëåíû ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè

lim
|k|→∞

log|k|
|λk|

= 0. (1)

Â ýòîé ñòàòüå äîêàçûâàåòñÿ îäíî ñâîéñòâî àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ â ïðîñòðàíñòâå

ðîñòêîâ àíàëèòè÷åñêèõ �óíêöèé (òåîðåìà 1), êîòîðîå ïîçâîëÿåò, â ÷àñòíîñòè, îò óñëî-

âèÿ (1) îñâîáîäèòüñÿ.

Ïðèâåäåì íåêîòîðûå ñâåäåíèÿ î ïðîñòðàíñòâàõ ðîñòêîâ àíàëèòè÷åñêèõ �óíêöèé [4℄.

Åñëè Ω ⊂ CN
îòêðûòî, òî A(Ω) � ïðîñòðàíñòâî âñåõ àíàëèòè÷åñêèõ â Ω �óíêöèé ñ òî-

ïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà ñåìåéñòâå âñåõ êîìïàêòíûõ ïîäìíîæåñòâ Ω. Åñëè
K � êîìïàêò â CN

, òî A(K)� ïðîñòðàíñòâî ðîñòêîâ âñåõ �óíêöèé, àíàëèòè÷åñêèõ íàK,

ò. å. â íåêîòîðîé îòêðûòîé îêðåñòíîñòè K. Â ýòîì ñëó÷àå A(K) íàäåëÿåòñÿ òîïîëîãè-

åé èíäóêòèâíîãî ïðåäåëà ïðîñòðàíñòâ A(Ω), ãäå Ω ïðîáåãàåò ñåìåéñòâî âñåõ îòêðûòûõ

îêðåñòíîñòåé K. Ïóñòü òåïåðü M � ïðîèçâîëüíîå ïîäìíîæåñòâî CN
. ×åðåç A(M) îáî-

çíà÷èì ïðîñòðàíñòâî ðîñòêîâ âñåõ �óíêöèé, àíàëèòè÷åñêèõ íà M , ò. å. â íåêîòîðîé
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îòêðûòîé îêðåñòíîñòè M . Â îáùåì ñëó÷àå â A(M) ìîæíî ââîäèòü äâå åñòåñòâåííûå

òîïîëîãèè. Òîïîëîãèÿ pr â A(M) � òîïîëîãèÿ ïðîåêòèâíîãî ïðåäåëà ïðîñòðàíñòâ A(K),
ãäå K ïðîáåãàåò ñåìåéñòâî âñåõ êîìïàêòíûõ ïîäìíîæåñòâ M . Òîïîëîãèÿ in â A(M) �
òîïîëîãèÿ èíäóêòèâíîãî ïðåäåëà ïðîñòðàíñòâ A(Ω), ãäå Ω ïðîáåãàåò ñåìåéñòâî âñåõ îò-

êðûòûõ îêðåñòíîñòåé M . Òîïîëîãèÿ in âñåãäà íå ñëàáåå òîïîëîãèè pr. Ñîãëàñíî [4, äî-
êàçàòåëüñòâî óòâåðæäåíèÿ 1.2℄ âñÿêîå îãðàíè÷åííîå â (A(M),pr) ìíîæåñòâî ñîäåðæèòñÿ
è îãðàíè÷åíî â A(Ω) äëÿ íåêîòîðîé îòêðûòîé îêðåñòíîñòè Ω ìíîæåñòâà M . Îòñþäà,

â ÷àñòíîñòè, ñëåäóåò, ÷òî îãðàíè÷åííûå â (A(M),pr) è â (A(M), in) ìíîæåñòâà � îäíè è

òå æå. Îêàçûâàåòñÿ, àíàëîãè÷íûé �àêò èìååò ìåñòî è äëÿ àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ.

Äëÿ ìíîæåñòâà S ⊆ CN
, �óíêöèè f : S → C ïîëîæèì pS(f) := supz∈S |f(z)|. Äàëåå,

M � ïîäìíîæåñòâî CN
.

Òåîðåìà 1. Ïóñòü ðÿä

∑∞
n=1 fn ñõîäèòñÿ àáñîëþòíî â (A(M),pr). Òîãäà ñóùåñòâóåò

îòêðûòàÿ îêðåñòíîñòü Ω ìíîæåñòâà M òàêàÿ, ÷òî âñå �óíêöèè fn, n ∈ N, àíàëèòè÷åñêè
ïðîäîëæàþòñÿ â Ω è ðÿä

∑∞
n=1 fn ñõîäèòñÿ àáñîëþòíî â A(Ω).

⊳ Ìíîæåñòâî {fn : n ∈ N} îãðàíè÷åíî â (A(M),pr). Ïî äîêàçàòåëüñòâó ïðåäëîæå-

íèÿ 1.2 (ñì. [4℄) ñóùåñòâóåò îòêðûòàÿ îêðåñòíîñòü ω ìíîæåñòâà M òàêàÿ, ÷òî êàæäàÿ

�óíêöèÿ fn, n ∈ N, (îäíîçíà÷íî) àíàëèòè÷åñêè ïðîäîëæàåòñÿ â ω. Ïóñòü K � êîìïàêò

âM . Òàê êàê ðÿä

∑∞
n=1 fn ñõîäèòñÿ àáñîëþòíî â ïðîñòðàíñòâå A(K) è (LB)-ïðîñòðàíñòâî

A(K) ðåãóëÿðíî (ñì., íàïðèìåð, [1℄), òî ñóùåñòâóåò îòêðûòàÿ îêðåñòíîñòü ΩK ⊂ ω ìíî-

æåñòâà K òàêàÿ, ÷òî fn ∈ A(ΩK), n ∈ N, è ∑∞
n=1 pΩK

(fn) < +∞. Ïóñòü Ω :=
⋃

K ΩK

(K ïðîáåãàåò ñåìåéñòâî âñåõ êîìïàêòíûõ ïîäìíîæåñòâ Ω). Òîãäà Ω � îòêðûòàÿ îêðåñò-

íîñòü M , â êîòîðóþ àíàëèòè÷åñêè ïðîäîëæàþòñÿ âñå �óíêöèè fn, n ∈ N. Âîçüìåì

êîìïàêò R â Ω. Íàéäåòñÿ êîíå÷íîå ñåìåéñòâî êîìïàêòîâ Kj , 1 6 j 6 J , â M , äëÿ

êîòîðûõ R ⊆ ⋃J
j=1ΩKj . Çíà÷èò,

∞∑

n=1

pR(fn) 6

∞∑

n=1

max
16j6J

pΩKj
(fn) 6

J∑

j=1

(
∞∑

n=1

pΩKj
(fn)

)
< +∞.

Ñëåäîâàòåëüíî, ðÿä

∑∞
n=1 fn ñõîäèòñÿ àáñîëþòíî â A(Ω). ⊲

Ñëåäñòâèå 2. Àáñîëþòíî ñõîäÿùèåñÿ ðÿäû â (A(M),pr) è â (A(M), in) � îäíè è òå

æå.

Èç òåîðåìû 1 âûòåêàåò, ÷òî çàìå÷àíèå 7 (á), òåîðåìà 8, ñëåäñòâèÿ 9 è 10, òåîðåìà 14

ñòàòüè [2℄ ñïðàâåäëèâû áåç ïðåäïîëîæåíèÿ (1). Â ÷àñòíîñòè, èìåþò ìåñòî ñëåäóþùèå

óòâåðæäåíèÿ. Â íèõ Q � âûïóêëîå ëîêàëüíî çàìêíóòîå ìíîæåñòâî â CN
, ò. å. âûïóêëîå

ìíîæåñòâî, îáëàäàþùåå �óíäàìåíòàëüíîé ïîñëåäîâàòåëüíîñòüþ êîìïàêòíûõ ïîäìíî-

æåñòâ (ñì. [2, � 1℄).

Ñëåäñòâèå 3. Ïóñòü Q îáëàäàåò áàçèñîì îêðåñòíîñòåé, ñîñòîÿùèì èç îáëàñòåé ãîëî-

ìîð�íîñòè. Åñëè â (A(Q),pr) ñóùåñòâóåò àáñîëþòíî ïðåäñòàâëÿþùàÿ ñèñòåìà
(
eµn

)
n∈N,

òî ïåðåñå÷åíèå Q ñ ëþáîé îïîðíîé ãèïåðïëîñêîñòüþ ê Q êîìïàêòíî.

⊳ Âîçüìåì f ∈ A(Q). Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü cn ∈ C, n ∈ N, òàêàÿ, ÷òî
f =

∑∞
n=1 cneµn , è ïîñëåäíèé ðÿä àáñîëþòíî ñõîäèòñÿ â (A(Q),pr) (ê f ). Ïî òåîðåìå

1 íàéäåòñÿ îòêðûòàÿ îêðåñòíîñòü Ω ìíîæåñòâà Q, äëÿ êîòîðîé ðÿä

∑∞
n=1 cneµn ñõîäèò-

ñÿ àáñîëþòíî â A(Ω). Òîãäà îí ñõîäèòñÿ àáñîëþòíî â A(conv Ω) (ñì. äîêàçàòåëüñòâî

òåîðåìû 8 â [2℄); conv Ω îáîçíà÷àåò âûïóêëóþ îáîëî÷êó Ω. Ïîýòîìó f àíàëèòè÷åñêè

ïðîäîëæàåòñÿ â conv Ω. Ñëåäîâàòåëüíî, Q îáëàäàåò áàçèñîì îêðåñòíîñòåé, ñîñòîÿùèì

èç âûïóêëûõ îáëàñòåé. Çíà÷èò [2, ëåììà 3℄, ïåðåñå÷åíèå Q ñ ëþáîé îïîðíîé ãèïåðïëîñ-

êîñòüþ ê Q êîìïàêòíî. ⊲
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Çàìå÷àíèå 4. Q îáëàäàåò áàçèñîì îêðåñòíîñòåé, ñîñòîÿùèì èç îáëàñòåé ãîëîìîð�-

íîñòè, íàïðèìåð, åñëè 1) Q ⊆ C; 2) ïåðåñå÷åíèå Q ñ ëþáîé êîìïëåêñíîé îïîðíîé ãèïåð-

ïëîñêîñòüþ ê Q êîìïàêòíî; 3) Q ⊆ RN
[3, çàìå÷àíèå 3.12℄.

Ñëåäñòâèå 5. Ïóñòü Q îáëàäàåò áàçèñîì îêðåñòíîñòåé, ñîñòîÿùèì èç îáëàñòåé ãî-

ëîìîð�íîñòè, è ñóùåñòâóåò îïîðíàÿ ãèïåðïëîñêîñòü ê Q, ïåðåñå÷åíèå êîòîðîé ñ Q íå

ÿâëÿåòñÿ êîìïàêòíûì. Òîãäà â A(Q) íå ñóùåñòâóåò íè îäíîé àáñîëþòíî ïðåäñòàâëÿþ-

ùåé ñèñòåìû

(
eµn

)
n∈N. Â ÷àñòíîñòè, ýòî òàê, åñëè Q ⊂ RN

è Q íåêîìïàêòíî.
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A REMARK ON ABSOLUTELY CONVERGENT SERIES

IN SPACES OF GERMS OF ANALYTIC FUNCTIONS

Melikhov S. N.

It is proved that ea
h absolutely 
onvergent series in the spa
e of germs of all analyti
 fun
tions on a some

set M ⊂ CN
endowed with the proje
tive topology 
onverges absolutely in the Fr�e
het spa
e of analyti


fun
tions on an open neighborhood of M . In parti
ular, this allows us to remove the assumptions about

the growth of exponents of exponential series, posed in some previous statements.

Key words: spa
e of germs of analyti
 fun
tions, absolutely 
onvergent series, 
onvex lo
ally 
losed set.
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ÀÏÏ�ÎÊÑÈÌÀÒÈÂÍÛÅ ÑÂÎÉÑÒÂÀ

ÂÅÉÂËÅÒ-�ßÄÎÂ ×ÅÁÛØÅÂÀ ÂÒÎ�Î�Î �ÎÄÀ

Ì. Ñ. Ñóëòàíàõìåäîâ

Â ðàáîòå ââîäÿòñÿ âåéâëåòû è ìàñøòàáèðóþùèå �óíêöèè, îñíîâàííûå íà ïîëèíîìàõ ×åáûøåâà

âòîðîãî ðîäà, äîêàçûâàåòñÿ èõ îðòîãîíàëüíîñòü. Íà èõ îñíîâå ïîñòðîåí îðòîíîðìèðîâàííûé áàçèñ

â ïðîñòðàíñòâå �óíêöèé, èíòåãðèðóåìûõ ñ êâàäðàòîì. Èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà

÷àñòè÷íûõ ñóìì ñîîòâåòñòâóþùèõ âåéâëåò-ðÿäîâ.

Êëþ÷åâûå ñëîâà: ïîëèíîìèàëüíûå âåéâëåòû, ïîëèíîìû ×åáûøåâà âòîðîãî ðîäà, îðòîãîíàëüíîñòü,

�îðìóëà Êðèñòî��åëÿ � Äàðáó, àïïðîêñèìàöèÿ �óíêöèé, âåéâëåò-ðÿäû.

1. Ââåäåíèå

Â ïîñëåäíèå ãîäû èíòåíñèâíîå ðàçâèòèå ïîëó÷èëà òåîðèÿ âåéâëåòîâ, îñíîâàííûõ íà

òðèãîíîìåòðè÷åñêèõ �óíêöèÿõ è àëãåáðàè÷åñêèõ ïîëèíîìàõ. Òàê, â [1℄ âïåðâûå ââåäå-

íû â ðàññìîòðåíèå âåéâëåòû íà îñíîâå òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ. Ïîçäíåå, â [2℄

âìåñòî òðèãîíîìåòðè÷åñêèõ áûëè èñïîëüçîâàíû àëãåáðàè÷åñêèå ïîëèíîìû, äîêàçàíà îð-

òîãîíàëüíîñòü â ñìûñëå ÷åáûøåâñêîãî âåñà ïåðâîãî ðîäà ìåæäó âåéâëåòàìè è ñîîòâåò-

ñòâóþùèìè ìàñøòàáèðóþùèìè �óíêöèÿìè. Â [3℄ è [4℄ ðàçðàáîòàíà îáîáùåííàÿ òåîðèÿ

êîíñòðóèðîâàíèÿ ïîëèíîìèàëüíûõ âåéâëåòîâ. Â äàëüíåéøåì òåõíèêà ðàçëîæåíèÿ �óíê-

öèé â ðÿäû ïî ïîëèíîìèàëüíûì âåéâëåòàì ïîëó÷èëà ðàçâèòèå â ðàáîòàõ ìíîãèõ àâòîðîâ

(ñì., íàïðèìåð, [5�7℄). Â íåäàâíåé ðàáîòå [8℄ ïðåäñòàâëåí íîâûé, îòëè÷íûé îò îïèñàí-

íûõ ðàíåå, ñïîñîá ïîñòðîåíèÿ îðòîãîíàëüíûõ âåéâëåòîâ ñ èñïîëüçîâàíèåì ïîëèíîìîâ

×åáûøåâà ïåðâîãî ðîäà.

Â äàííîé ñòàòüå êîíñòðóèðóþòñÿ âåéâëåòû íà îñíîâå ïîëèíîìîâ ×åáûøåâà âòîðîãî

ðîäà è èõ íóëåé. Èñïîëüçóÿ ñâîéñòâà ñàìèõ ïîëèíîìîâ ×åáûøåâà, òàêèå êàê îðòîãî-

íàëüíîñòü è �îðìóëà Êðèñòî��åëÿ � Äàðáó, äîêàçàíà îðòîãîíàëüíîñòü âåéâëåòîâ è

ñîîòâåòñòâóþùèõ ìàñøòàáèðóþùèõ �óíêöèé. Íà èõ îñíîâå ïîñòðîåíà ñèñòåìà �óíê-

öèé, îáðàçóþùàÿ îðòîíîðìèðîâàííûé áàçèñ â ïðîñòðàíñòâå �óíêöèé, èíòåãðèðóåìûõ

ñ êâàäðàòîì, ïîëó÷åíî íåðàâåíñòâî Ëåáåãà äëÿ íåå.

Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ íåêîòîðûå ñâîéñòâà ïîëèíîìîâ ×åáûøåâà âòîðîãî

ðîäà, êîòîðûå ìû ñîáåðåì â ñëåäóþùåì ðàçäåëå (ñì., íàïðèìåð, [9℄).


© 2015 Ñóëòàíàõìåäîâ Ì. Ñ.
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2. Íåêîòîðûå ñâåäåíèÿ î ïîëèíîìàõ ×åáûøåâà âòîðîãî ðîäà

×åðåç L2,w([−1; 1]), ãäå w(x) =
√
1− x2, îáîçíà÷èì åâêëèäîâî ïðîñòðàíñòâî èíòåãðè-

ðóåìûõ �óíêöèé f(x) òàêèõ, ÷òî
∫ 1
−1 f

2(x)w(x) dx < ∞. Ñêàëÿðíîå ïðîèçâåäåíèå â íåì

îïðåäåëèì ñ ïîìîùüþ ðàâåíñòâà

〈f, g〉 =
1∫

−1

f(x)g(x)w(x) dx. (1)

Õîðîøî èçâåñòíî, ÷òî ïîëèíîìû ×åáûøåâà âòîðîãî ðîäà

Un(x) =
sin((n+ 1) arccos x)√

1− x2
, n = 0, 1, 2, . . . ,

îáðàçóþò îðòîãîíàëüíûé áàçèñ â L2,w([−1; 1]), à èìåííî

〈Un, Um〉 = π

2
δnm =

{
π
2 , n = m;

0, n 6= m,
(2)

ãäå δnm � ñèìâîë Êðîíåêåðà. Äëÿ ïîëèíîìîâ Uk(x), k = 0, 1, . . . , èìååò ìåñòî �îðìóëà
Êðèñòî��åëÿ � Äàðáó

Kn(x, y) =

n∑

m=0

Um(x)Um(y) =
1

2

[
Un+1(x)Un(y)− Un+1(y)Un(x)

x− y

]
. (3)

Óçëû

ξ
(n)
k = cos θ

(n)
k = cos

π(k + 1)

n+ 1
, k = 0, . . . , n− 1,

ÿâëÿþòñÿ íóëÿìè ïîëèíîìà Un(x), ò. å. Un

(
ξ
(n)
k

)
= 0, k = 0, . . . , n− 1.

3. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Â äàííîì ðàçäåëå óñòàíîâèì íåêîòîðûå óòâåðæäåíèÿ, êîòîðûå áóäóò èñïîëüçîâàíû

ïðè äîêàçàòåëüñòâå îñíîâíûõ ðåçóëüòàòîâ.

Ëåììà 3.1. Äëÿ ëþáûõ ξ
(n)
k è m 6 n ñïðàâåäëèâî ðàâåíñòâî

Un+m

(
ξ
(n)
k

)
= −Un−m

(
ξ
(n)
k

)
.

⊳ Âîñïîëüçîâàâøèñü �îðìóëîé ïðîèçâåäåíèÿ ñèíóñà è êîñèíóñà, óïðîñòèì âûðàæå-

íèå

2 sin
(
(n+ 1)θ

(n)
k

)
· cosmθ(n)k = sin

(
(n + 1 +m) θ

(n)
k

)
+ sin

(
(n+ 1−m)θ

(n)
k

)
.

�àçäåëèâ îáå ÷àñòè íà sin θ
(n)
k , ïîëó÷èì

Un

(
ξ
(n)
k

)
· cosmθ(n)k = Un+m

(
ξ
(n)
k

)
+ Un−m

(
ξ
(n)
k

)
,

îòêóäà, ñ ó÷åòîì òîãî, ÷òî Un

(
ξ
(n)
k

)
= 0, ïðèõîäèì ê òðåáóåìîìó ðàâåíñòâó. ⊲
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Ñëåäñòâèå 3.1. Åñëè m 6 n, òî èìååò ìåñòî ðàâåíñòâî

Un+m

(
ξ
(n)
k

)
Un+m

(
ξ
(n)
l

)
= Un−m

(
ξ
(n)
k

)
Un−m

(
ξ
(n)
l

)
.

Èç ñëåäñòâèÿ 3.1 íåïîñðåäñòâåííî âûòåêàåò

Ëåììà 3.2. Äëÿ ëþáûõ äâóõ íóëåé ξ
(n)
k è ξ

(n)
l ïîëèíîìà Un(x) ñïðàâåäëèâî

2n∑

i=n+1

Ui

(
ξ
(n)
k

)
Ui

(
ξ
(n)
l

)
=

n−1∑

j=0

Uj

(
ξ
(n)
k

)
Uj

(
ξ
(n)
l

)
.

Ëåììà 3.3. Äëÿ ëþáûõ ξ
(n)
k è ξ

(n)
l èìååò ìåñòî ðàâåíñòâî

Kn

(
ξ
(n)
k , ξ

(n)
l

)
=

n∑

m=0

Ui

(
ξ
(n)
k

)
Ui

(
ξ
(n)
l

)
=

n+ 1

2 sin2 π(k+1)
n+1

δkl.

⊳ Ïóñòü ñíà÷àëà k 6= l. Òîãäà

Kn

(
ξ
(n)
k , ξ

(n)
l

)
=

n∑

m=0

Ui

(
ξ
(n)
k

)
Ui

(
ξ
(n)
l

)
=

1

2

[
Un+1

(
ξ
(n)
k

)
0− Un+1

(
ξ
(n)
l

)
0

ξ
(n)
k − ξ

(n)
l

]
= 0. (4)

Åñëè æå k = l, òî

Kn

(
ξ
(n)
k , ξ

(n)
k

)
=

n∑

m=0

U2
i

(
ξ
(n)
k

)
=

n∑

m=0

U2
i

(
cos θ

(n)
k

)
=

n∑

j=0

sin2
(
(j + 1)θ

(n)
k

)

sin2 θ
(n)
k

=
1

2 sin2 θ
(n)
k

n∑

j=0

[
1− cos

(
(j + 1)2θ

(n)
k

)]
=

1

2 sin2 θ
(n)
k


n+ 1−

n+1∑

j=1

cos
(
j2θ

(n)
k

)

 .

(5)

Äàëåå,

n+1∑

j=1

cos
(
j2θ

(n)
k

)
= 1 +

n∑

j=1

cos
(
j2θ

(n)
k

)
=

1

2
+

sin
((
n+ 1

2

)
2θ

(n)
k

)

2 sin θ
(n)
k

=
1

2
+

sin
(
2π(k + 1)− π(k+1)

n+1

)

2 sin π(k+1)
n+1

=
1

2
− 1

2

sin π(k+1)
n+1

sin π(k+1)
n+1

= 0.

(6)

Èç (5) è (6) èìååì

Kn

(
ξ
(n)
k , ξ

(n)
k

)
=

n+ 1

2 sin2 π(k+1)
n+1

. (7)

Óòâåðæäåíèå ëåììû âûòåêàåò èç (4) è (7). ⊲

Ëåììà 3.4. Äëÿ ëþáûõ 0 6 k, l 6 n ñïðàâåäëèâî ðàâåíñòâî

Kn

(
ξ
(n+1)
k , ξ

(n+1)
l

)
=

n+ 2

2 sin2 π(k+1)
n+2

δkl.

⊳ Ïðåîáðàçóåì �îðìóëó Êðèñòî��åëÿ � Äàðáó ê ñëåäóþùåìó âèäó

Kn

(
ξ
(n+1)
k , ξ

(n+1)
l

)
=

n∑

m=0

Ui

(
ξ
(n+1)
k

)
Ui

(
ξ
(n+1)
l

)

=
n+1∑

m=0

Ui

(
ξ
(n+1)
k

)
Ui

(
ξ
(n+1)
l

)
− Un+1

(
ξ
(n+1)
k

)
Un+1

(
ξ
(n+1)
l

)
.
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Îòñþäà, âîñïîëüçîâàâøèñü òåì, ÷òî Un+1

(
ξ
(n+1)
k

)
Un+1

(
ξ
(n+1)
l

)
= 0, íàõîäèì

Kn

(
ξ
(n+1)
k , ξ

(n+1)
l

)
= Kn+1

(
ξ
(n+1)
k , ξ

(n+1)
l

)
.

Ïðèìåíÿÿ òåïåðü ëåììó 3.3, ïðèõîäèì ê òðåáóåìîìó óòâåðæäåíèþ. ⊲

4. Êîíñòðóèðîâàíèå ìàñøòàáèðóþùèõ è âåéâëåò-�óíêöèé

Îïðåäåëåíèå 4.1. Ìàñøòàáèðóþùåé �óíêöèåé ×åáûøåâà âòîðîãî ðîäà íàçîâåì

ïîëèíîì âèäà

φn,k(x) =

n∑

j=0

Uj(x)Uj

(
ξ
(n+1)
k

)
,

ãäå n = 1, 2, . . . è k = 0, 1, . . . , n.

Òåîðåìà 4.1. Ñèñòåìà ìàñøòàáèðóþùèõ �óíêöèé {φn,k(x)}nk=0 ÿâëÿåòñÿ îðòîãîíàëü-

íîé â L2,w([−1; 1]). Ïðè ýòîì èìååò ìåñòî ðàâåíñòâî

〈φn,k, φn,l〉 =
π(n+ 2)

4 sin2 π(k+1)
n+2

δkl.

⊳ Âîñïîëüçîâàâøèñü ñâîéñòâîì îðòîãîíàëüíîñòè (2), èìååì

〈φn,k, φn,l〉 =
1∫

−1

[
n∑

i=0

Ui(x)Ui

(
ξ
(n+1)
k

)
][

n∑

j=0

Uj(x)Uj

(
ξ
(n+1)
l

)
]
w(x) dx

=

1∫

−1

w(x)

n∑

i=0

n∑

j=0

Ui(x)Ui

(
ξ
(n+1)
k

)
Uj(x)Uj

(
ξ
(n+1)
l

)
dx

=
n∑

i=0

n∑

j=0

Ui

(
ξ
(n+1)
k

)
Uj

(
ξ
(n+1)
l

)
1∫

−1

Ui(x)Uj(x)w(x) dx =
π

2

n∑

j=0

Uj

(
ξ
(n+1)
k

)
Uj

(
ξ
(n+1)
l

)
.

Îòñþäà, ïðèìåíÿÿ ëåììó 3.4, ïðèõîäèì ê òðåáóåìîìó ðàâåíñòâó. ⊲

Îïðåäåëåíèå 4.2. Íàçîâåì âåéâëåò-�óíêöèåé ×åáûøåâà âòîðîãî ðîäà ïîëèíîì

ψn,k(x) =

2n∑

j=n+1

Uj(x)Uj

(
ξ
(n)
k

)

äëÿ ëþáûõ n = 1, 2, . . . è k = 0, 1, . . . , n− 1.

Òåîðåìà 4.2. Ñèñòåìà âåéâëåò-�óíêöèé {ψn,k(x)}n−1
k=0 ÿâëÿåòñÿ îðòîãîíàëüíîé

â L2,w([−1; 1]). Ïðè ýòîì èìååò ìåñòî ðàâåíñòâî

〈ψn,k, ψn,l〉 =
π(n+ 1)

4 sin2 π(k+1)
n+1

δkl.

⊳ Èñïîëüçóÿ ðàññóæäåíèÿ, àíàëîãè÷íûå òåì, êîòîðûå ïðèìåíÿëèñü ïðè äîêàçàòåëü-

ñòâå òåîðåìû 4.1, ëåãêî çàìåòèòü, ÷òî

〈ψn,k, ψn,l〉 =
π

2

2n∑

i=n+1

Ui

(
ξ
(n)
k

)
Ui

(
ξ
(n)
l

)
.
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Îáðàòèìñÿ òåïåðü ê ëåììå 3.2, òîãäà ïðàâóþ ÷àñòü ïîñëåäíåãî ðàâåíñòâà ìîæíî ïåðåïè-

ñàòü ñëåäóþùèì îáðàçîì:

〈ψn,k, ψn,l〉 =
π

2

n−1∑

j=0

Uj

(
ξ
(n)
k

)
Uj

(
ξ
(n)
l

)
.

×òîáû óáåäèòüñÿ â ñïðàâåäëèâîñòè òåîðåìû, îñòàåòñÿ âîñïîëüçîâàòüñÿ ëåììîé 3.4. ⊲

Òåîðåìà 4.3. Ïðè êàæäîì �èêñèðîâàííîì n �óíêöèè φn,k(x) è ψn,l(x) îðòîãîíàëüíû
â L2,w([−1; 1]), ò. å. 〈φn,k, ψn,l〉 = 0.

⊳ Äëÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ èìååì

〈φn,k, ψn,l〉 =
1∫

−1

[ n∑

i=0

Ui(x)Ui

(
ξ
(n+1)
k

)][ 2n∑

j=n+1

Uj(x)Uj

(
ξ
(n)
l

)]
w(x) dx

=

n∑

i=0

2n∑

j=n+1

Ui

(
ξ
(n+1)
k

)
Uj

(
ξ
(n)
l

)
1∫

−1

Ui(x)Uj(x)w(x) dx

=

n∑

i=0

2n∑

j=n+1

δijUi

(
ξ
(n+1)
k

)
Uj

(
ξ
(n)
l

)
= 0. ✄

Î÷åâèäíûì ñëåäñòâèåì òåîðåìû 4.3 ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå

Ñëåäñòâèå 4.1. Äëÿ ëþáûõ n = 1, 2, . . . è k = 0, 1, . . . , n− 1, âåéâëåò ψn,k(x) îðòîãî-
íàëåí ê φ1,0(x) è φ1,1(x), ò. å. 〈φ0,1, ψn,l〉 = 0 è 〈φ1,1, ψn,l〉 = 0.

5. Âåéâëåò-ðÿä ×åáûøåâà âòîðîãî ðîäà

Ïîëîæèì

φ̂m,k(x) =
φ2m,k(x)√

〈φ2m,k, φ2m,k〉
= φ2m,k(x)

2
∣∣∣sin π(k+1)

2m+2

∣∣∣
√
π(2m + 2)

,

ψ̂m,k(x) =
ψ2m,k(x)√

〈ψ2m,k, ψ2m,k〉
= ψ2m,k(x)

2
∣∣∣sin π(k+1)

2m+1

∣∣∣
√
π(2m + 1)

è ââåäåì îáîçíà÷åíèÿ

Φ0 =
{
φ̂0,0(x), φ̂0,1(x)

}
, Ψ1 =

{
ψ̂0,0(x)

}
, Ψ2 =

{
ψ̂1,0(x), ψ̂1,1(x)

}
, . . . ,

Ψm =
{
ψ̂m−1,0(x), ψ̂m−1,1(x), . . . , ψ̂m−1,2m−1−1(x)

}
,

Ψm+1 =

{
ψ̂m,0(x), ψ̂m,1(x), . . . , ψ̂m,2m−1(x)

}
, . . . ,

Pm =

{
Φ0,Ψ1,Ψ2, . . . ,Ψm

}
=

{
φ̂0,0(x), φ̂0,1(x), ψ̂0,0(x), ψ̂1,0(x), ψ̂1,1(x), . . . ,

ψ̂m−1,0(x), ψ̂m−1,1(x), . . . , ψ̂m−1,2m−1−1(x)

}
.
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Êàê îòìå÷åíî âûøå (ñëåäñòâèå 4.1), ìàñøòàáèðóþùèå �óíêöèè èç Φ0 îðòîãîíàëüíû

êî âñåì âåéâëåòàì {ψ̂n,k(x), k = 0, 1, . . . , n − 1}∞n=1. Ñ äðóãîé ñòîðîíû, ñïðàâåäëèâà

ñëåäóþùàÿ

Òåîðåìà 5.4. Åñëè m 6= s, òî âåéâëåòû ψ̂m,k(x) ∈ Ψm è ψ̂s,l(x) ∈ Ψs îðòîãîíàëüíû

â L2,w([−1; 1]).

⊳ Ñ ó÷åòîì òîãî �àêòà, ÷òî {2m + 1, 2m + 2, . . . , 2m+1}
⋂
{2s + 1, 2s + 2, . . . , 2s+1} = ∅

â ñëó÷àå m 6= s, èìååì

〈
ψ̂m,k(x), ψ̂s,l(x)

〉
=

1∫

−1

[
2m+1∑

i=2m+1

Ui(x)Ui

(
ξ
(2m)
k

)
][

2s+1∑

j=2s+1

Uj(x)Uj

(
ξ
(2s)
l

)
]
w(x) dx

=

2m+1∑

i=2m+1

2s+1∑

j=2s+1

Ui

(
ξ
(2m)
k

)
Ui

(
ξ
(2s)
l

)
1∫

−1

Ui(x)Uj(x)w(x) dx

=
2m+1∑

i=2m+1

2s+1∑

j=2s+1

δijUi

(
ξ
(2m)
k

)
Ui

(
ξ
(2s)
l

)
= 0. ✄

Äàëåå, ïóñòü H2m,w([−1; 1]) � ïîäïðîñòðàíñòâî â L2,w([−1; 1]), ñîñòîÿùåå èç àëãåáðà-
è÷åñêèõ ïîëèíîìîâ ñòåïåíè íå âûøå 2m. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 5.5. Ñèñòåìà �óíêöèé Pm îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ

â H2m,w([−1; 1]), ò. å. ëþáîé ïîëèíîì Pn(x) ∈ H2m,w([−1; 1]) ñòåïåíè n 6 2m ïðåäñòà-

âèì â âèäå ëèíåéíîé êîìáèíàöèè

Pn(x) = a0φ̂0,0(x) + a1φ̂0,1(x) +
m−1∑

j=0

2j−1∑

k=0

bj,kψ̂j,k(x).

⊳ Ïî ïîñòðîåíèþ âèäíî, ÷òî ñèñòåìà Pm ñîñòîèò èç 2m + 1 ðàçëè÷íûõ îðòîíîðìè-

ðîâàííûõ ïîëèíîìîâ, êàæäûé èç êîòîðûõ èìååò ñòåïåíü, íå ïðåâîñõîäÿùóþ 2m. Ñëå-

äîâàòåëüíî, Pm ïðåäñòàâëÿåò ñîáîé ëèíåéíî-íåçàâèñèìóþ ñèñòåìó ïîëèíîìîâ èç ïîä-

ïðîñòðàíñòâà H2m,w([−1; 1]), ðàçìåðíîñòü êîòîðîãî ðàâíà 2m + 1, èç ÷åãî è âûòåêàåò

ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 5.5. ⊲

Òåîðåìà 5.6. Ñèñòåìà �óíêöèé

P =
{
Φ0,Ψ1,Ψ2, . . . ,Ψm, . . .

}
=
{
φ̂0,0(x), φ̂0,1(x), ψ̂0,0(x), ψ̂1,0(x), ψ̂1,1(x), . . . ,

ψ̂m−1,0(x), ψ̂m−1,1(x), . . . , ψ̂m−1,2m−1−1(x), . . .
}

îáðàçóåò â L2,w([−1; 1]) îðòîíîðìèðîâàííûé áàçèñ.

⊳ Ïîñêîëüêó ìíîæåñòâî âñåõ àëãåáðàè÷åñêèõ ïîëèíîìîâ âñþäó ïëîòíî â L2,w([−1; 1]),
òî ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 5.6 âûòåêàåò èç òåîðåìû 5.5. ⊲

Èç òåîðåìû 5.6 ñëåäóåò, ÷òî ïðîèçâîëüíàÿ �óíêöèÿ f(x) ∈ L2,w([−1; 1]) ìîæåò áûòü
ïðåäñòàâëåíà â âèäå ñõîäÿùåãîñÿ â L2,w([−1; 1]) ðÿäà

f(x) = â0φ̂0,0(x) + â1φ̂0,1(x) +
∞∑

j=0

2j−1∑

k=0

b̂j,kψ̂j,k(x), (8)
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ãäå

â0 =

1∫

−1

f(t)φ̂0,0(t)w(t) dt, â1 =

1∫

−1

f(t)φ̂0,1(t)w(t) dt,

b̂j,k =

1∫

−1

f(t)ψ̂j,k(t)w(t) dt, j = 0, 1, . . . ,m; k = 0, 1, . . . , 2j − 1.

×åðåç V2m(f, x) îáîçíà÷èì ÷àñòè÷íóþ ñóììó ðÿäà (8) ñëåäóþùåãî âèäà:

V2m(f, x) = â0φ̂0,0(x) + â1φ̂0,1(x) +

m−1∑

j=0

2j−1∑

k=0

b̂j,kψ̂j,k(x). (9)

6. Àïïðîêñèìàòèâíûå ñâîéñòâà ÷àñòè÷íûõ ñóìì V2m(f, x)

Êàê îòìå÷àëîñü âûøå, ñèñòåìà {Un(x)}∞n=0 îáðàçóåò â L2,w([−1; 1]) îðòîãîíàëüíûé
áàçèñ, ñëåäîâàòåëüíî, ëþáàÿ �óíêöèÿ f(x) ∈ L2,w([−1; 1]) ïðåäñòàâèìà â âèäå ðÿäà Ôóðüå
ïî íåé:

f(x) = Sn(f)(x) +Rn(f)(x) =

n∑

k=0

fkUk(x) +

∞∑

k=n+1

fkUk(x),

ãäå fk = 2
π

∫ 1
−1 f(t)Uk(t)w(t) dt. Â ÷àñòíîñòè,

f(x) = S2m(f)(x) +R2m(f)(x).

Ñ äðóãîé ñòîðîíû, ïîñêîëüêó V2m(f, x), â ñèëó òåîðåìû 5.5, ïðåäñòàâëÿåò ñîáîé ëè-

íåéíûé îïåðàòîð, ïðîåêòèðóþùèé ïðîñòðàíñòâî L2,w([−1; 1]) íà H2m,w([−1; 1]), ïðè÷åì
òàêîé, ÷òî V2m(Uk, x) = 0 (k > 2m + 1), òî

V2m(f, x) = V2m
(
S2m(f), x

)
+V2m

(
R2m(f), x

)
= S2m(f)(x).

Òàêèì îáðàçîì, âîïðîñ îá àïïðîêñèìàòèâíûõ ñâîéñòâàõ ÷àñòè÷íûõ ñóìì (9) ðÿäà (8)

ñâîäèòñÿ ê àíàëîãè÷íîé çàäà÷å äëÿ ÷àñòè÷íûõ ñóìì S2m(f)(x) ðÿäà Ôóðüå ïî ïîëèíîìàì
×åáûøåâà âòîðîãî ðîäà:

f(x)−V2m(f, x) = f(x)− S2m(f)(x). (10)

Õîðîøî èçâåñòíî, ÷òî îòêëîíåíèå ÷àñòè÷íîé ñóììû S2m(f)(x) îò �óíêöèè f(x) ìîæåò
áûòü îöåíåíî ñ ïîìîùüþ íåðàâåíñòâà Ëåáåãà

|f(x)− S2m(f)(x)| 6 E2m(f) (1 + L2m(x)) ,

ãäå E2m(f) � ïîãðåøíîñòü íàèëó÷øåãî ðàâíîìåðíîãî íà [−1, 1] ïðèáëèæåíèÿ �óíê-

öèè f(x) àëãåáðàè÷åñêèì ïîëèíîìîì ñòåïåíè íå âûøå 2m, L2m(x) � �óíêöèÿ Ëåáåãà

ðÿäà Ôóðüå ïî ïîëèíîìàì ×åáûøåâà âòîðîãî ðîäà, ò. å.

L2m(x) =

1∫

−1

∣∣∣∣∣

2m∑

k=0

Ûk(x)Ûk(t)

∣∣∣∣∣w(t) dt.
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Äëÿ êëàññà íåïðåðûâíûõ �óíêöèé f ∈ C[−1, 1] èç ðåçóëüòàòîâ [10℄ ñëåäóåò àñèìïòî-
òè÷åñêàÿ îöåíêà �óíêöèè Ëåáåãà

L2m(x) =

{
4 ln 2
π2 m+O(1), x ∈ [−1 + ε, 1− ε],

O(2m), x ∈ [−1,−1 + ε) ∪ (1− ε, 1],

ãäå ε � ïðîèçâîëüíî ìàëîå ÷èñëî, óäîâëåòâîðÿþùåå óñëîâèþ 0 < ε < 1.
Àñèìïòîòè÷åñêîå ïîâåäåíèå âåðõíåé ãðàíè îòêëîíåíèÿ ÷àñòè÷íûõ ñóìì Sn(f)(x) îò

�óíêöèé f(x) èç êëàññà Ëèïøèöà Lipα (0 < α 6 1) èññëåäîâàíî â ðàáîòå [11℄. Èç

ïîëó÷åííûõ òàì ðåçóëüòàòîâ âûòåêàåò ðàâåíñòâî

sup
f∈Lipα

|f(x)− S2m(f)(x)| = 2−αm

[
2α+1

(√
1− x2

)α ln 2
π

m

π/2∫

0

tα sin t dt

= O

(
sin 2m arccos x√

1− x2
+ 1

)]
,

êîòîðîå äëÿ 0 < α < 1 âûïîëíÿåòñÿ ðàâíîìåðíî îòíîñèòåëüíî x ∈ [−1 + ε, 1 − ε]
(0 < ε < 1), à äëÿ α = 1 � ðàâíîìåðíî íà âñåì ñåãìåíòå [−1, 1].

Â êà÷åñòâå ñëåäñòâèÿ óêàçàííûõ îöåíîê ìû îòìå÷àåì äëÿ x ∈ [−1 + ε, 1− ε]

|f(x)−V2m(f, x)| 6 E2m(f)

(
4 ln 2

π2
m+O(1)

)
, f ∈ C[−1, 1],

sup
f∈Lipα,
0<α<1

|f(x)−V2m(f, x)|

= 2−αm

[
2α+1

(√
1− x2

)α ln 2

π
m

π/2∫

0

tα sin t dt+O

(
sin 2m arccos x√

1− x2
+ 1

)]
.

Êðîìå òîãî, äëÿ x ∈ [−1, 1] èìååì

sup
f∈Lip 1

|f(x)−V2m(f, x)|

= 2−m

[
4 ln 2

π
m
√

1− x2

π/2∫

0

t sin t dt+O

(
sin 2m arccos x√

1− x2
+ 1

)]
.

Â òî æå âðåìÿ ñëåäóåò îòìåòèòü, ÷òî, êàê ïîêàçàíî â [12℄, äëÿ �óíêöèè f(x) =∑∞
k=1

cos (k4 arccos x)
k2

, ïðèíàäëåæàùåé êëàññó Ëèïøèöà Lip 1
8 , ïðåäåë ïîñëåäîâàòåëüíîñòè

÷àñòè÷íûõ ñóìì Sn(f)(x) íà êîíöàõ îòðåçêà [−1; 1] íå ñóùåñòâóåò.

Àâòîð áëàãîäàðèò ä.�.-ì.í. È.È. Øàðàïóäèíîâà çà ïîñòàíîâêó çàäà÷è è öåííûå ñîâåòû ïðè

åå ðåøåíèè.
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APPROXIMATIVE PROPERTIES

OF THE CHEBYSHEV WAVELET SERIES OF THE SECOND KIND

Sultanakhmedov M. S.

The wavelets and s
aling fun
tions based on Chebyshev polynomials and their zeros are introdu
ed. The


onstru
ted system of fun
tions is proved to be orthogonal. Using this system, an orthonormal basis in the

spa
e of square-integrable fun
tions is built. Approximative properties of partial sums of 
orresponding

wavelet series are investigated.
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ÎÖÅÍÊÈ ÍÀ ÌÎÄÓËÈ ÑÅÌÅÉÑÒÂ Ê�ÈÂÛÕ ÄËß ÎÒÎÁ�ÀÆÅÍÈÉ

Ñ ÂÅÑÎÂÛÌ Î��ÀÍÈ×ÅÍÍÛÌ (p, q)-ÈÑÊÀÆÅÍÈÅÌ

Ì. Â. Òðÿìêèí

Ñåì¼íó Ñàìñîíîâè÷ó Êóòàòåëàäçå

ê 70-ëåòíåìó þáèëåþ

Ìû �îðìóëèðóåì àíàëîãè íåðàâåíñòâ Ïîëåöêîãî è Âÿéñÿëÿ äëÿ îòîáðàæåíèé ñ (θ, 1)-âåñîâûì îãðà-

íè÷åííûì (p, q)-èñêàæåíèåì áåç äîïîëíèòåëüíîãî ïðåäïîëîæåíèÿ îá N -ñâîéñòâå Ëóçèíà.

Êëþ÷åâûå ñëîâà: îòîáðàæåíèå ñ îãðàíè÷åííûì âåñîâûì (p, q)-èñêàæåíèåì, ìîäóëü ñåìåéñòâà êðè-
âûõ, �óíêöèÿ Ïîëåöêîãî.

1. Ââåäåíèå

Ïîíÿòèå ìîäóëÿ ñåìåéñòâà êðèâûõ íà ïëîñêîñòè áûëî ââåäåíî â 1950 ã. Ë. Àëü�îðñîì

è À. Áüåðëèíãîì [1℄, à çàòåì ðàñïðîñòðàíåíî íà ìíîãîìåðíûå ïðîñòðàíñòâà Á. Ôóãëåäå [2℄

è Á. Â. Øàáàòîì [3℄. Íà ÿçûêå ýòîãî ïîíÿòèÿ áûëî ñ�îðìóëèðîâàíî îäíî èç ýêâèâàëåíò-

íûõ îïèñàíèé êâàçèêîí�îðìíûõ îòîáðàæåíèé, â ñâÿçè ñ ÷åì ìåòîä ìîäóëåé ïðèîáðåë

âàæíîå çíà÷åíèå â ðàáîòå ñ ýòèì êëàññîì îòîáðàæåíèé, ïîçâîëèâ íàéòè àëüòåðíàòèâ-

íûé ïîäõîä ê èõ èçó÷åíèþ. Íåîáõîäèìîñòü â òàêîì ïîäõîäå áûëà âûçâàíà îòñóòñòâèåì

â ìíîãîìåðíûõ ïðîñòðàíñòâàõ òåîðåìû �èìàíà.

Â 60-å ãîäû ïðîøëîãî âåêà Þ. �. �åøåòíÿê íà÷àë ñèñòåìàòè÷åñêîå èññëåäîâà-

íèå îòîáðàæåíèé ñ îãðàíè÷åííûì èñêàæåíèåì, ïðåäñòàâëÿþùèõ ñîáîé íåîäíîëèñòíûé

àíàëîã êâàçèêîí�îðìíûõ îòîáðàæåíèé (ïîäðîáíîå èçëîæåíèå ñîäåðæèòñÿ â ìîíîãðà-

�èè [4℄). Ïóñòü Ω � îáëàñòü â åâêëèäîâîì ïðîñòðàíñòâå Rn
, n > 2. Îòîáðàæå-

íèå f = (f1, . . . , fn) : Ω → Rn
êëàññà Ñîáîëåâà W 1

n,loc(Ω) íàçûâàåòñÿ îòîáðàæåíèåì

ñ îãðàíè÷åííûì èñêàæåíèåì, åñëè äëÿ ïî÷òè âñåõ x ∈ Ω âûïîëíÿåòñÿ íåðàâåíñòâî

|Df(x)|n 6 KJ(x, f), ãäå K ∈ [1,∞) � ïîñòîÿííàÿ, Df(x) =
(

∂fi
∂xj

(x)
)
i,j=1,...,n

� ìàò-

ðèöà ßêîáè, |Df(x)| è J(x, f) � åå îïåðàòîðíàÿ íîðìà è îïðåäåëèòåëü ñîîòâåòñòâåííî.

Îñíîâîïîëàãàþùèé òîïîëîãè÷åñêèé ðåçóëüòàò Þ. �. �åøåòíÿêà çàêëþ÷àåòñÿ â òîì,

÷òî âñÿêîå íåïîñòîÿííîå îòîáðàæåíèå ñ îãðàíè÷åííûì èñêàæåíèåì íåïðåðûâíî, îòêðûòî

è äèñêðåòíî (ñì. [4, ãë. 2, � 6℄).

Âïåðâûå ìåòîä ìîäóëåé ê èññëåäîâàíèþ îòîáðàæåíèé ñ îãðàíè÷åííûì èñêàæåíèåì

ïðèìåíèë Å. À. Ïîëåöêèé â 1970 ã. [5℄. Îïèðàÿñü íà óïîìÿíóòûå òîïîëîãè÷åñêèå õàðàê-

òåðèñòèêè, Å. À. Ïîëåöêèé ñ ïîìîùüþ ïðîöåäóðû ïîäíÿòèÿ ïóòåé óñòàíîâèë ñâîéñòâà
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íåêîòîðîãî ñïåöèàëüíîãî îòîáðàæåíèÿ, èçâåñòíîãî ñåãîäíÿ êàê �óíêöèÿ Ïîëåöêîãî. Ýòî

ïîçâîëèëî ïîêàçàòü, ÷òî äëÿ îòîáðàæåíèé ñ îãðàíè÷åííûì èñêàæåíèåì ìîäóëü îáðàçà ñå-

ìåéñòâà êðèâûõ íå ïðåâîñõîäèò ìîäóëÿ ïðîîáðàçà [5, òåîðåìà 1℄. Ïîñëåäíåå óòâåðæäåíèå

â íàøè äíè íàçûâàåòñÿ íåðàâåíñòâîì Ïîëåöêîãî. Â òîé æå ðàáîòå [5℄ ïîëó÷åíî íåêîòî-

ðîå óëó÷øåíèå ýòîãî íåðàâåíñòâà â íîðìàëüíûõ îáëàñòÿõ (ñì. [5, òåîðåìà 2℄). Ïîëåçíàÿ

èíòåðïðåòàöèÿ ïîñëåäíåãî áûëà ïîëó÷åíà Þ. Âÿéñÿëÿ [6, 3.1℄ è íàçûâàåòñÿ â ëèòåðàòó-

ðå íåðàâåíñòâîì Âÿéñÿëÿ. Íåìíîãèì ðàíåå áûëè óñòàíîâëåíû àíàëîãè÷íûå îöåíêè äëÿ

åìêîñòè (ñì. [7, 8℄). Îòìåòèì, îäíàêî, ÷òî ìîäóëüíûå íåðàâåíñòâà ñóòü áîëåå îáùèå, ÷åì

ñîîòâåòñòâóþùèå åìêîñòíûå (ñì., íàïðèìåð, [9, ïðèìåð 1℄).

Îöåíêè äëÿ ìîäóëÿ è åìêîñòè èãðàþò êëþ÷åâóþ ðîëü â èññëåäîâàíèè ïîâåäåíèÿ îòîá-

ðàæåíèÿ íà ãðàíèöå, â òåîðèè ðàñïðåäåëåíèÿ çíà÷åíèé â äóõå Íåâàíëèííû (òåîðåìû òèïà

Ëèóâèëëÿ è Ïèêàðà, óñòðàíåíèå îñîáåííîñòåé) (ñì. [10℄), ñâÿçè äèëàòàöèè ñ ìèíèìàëü-

íîé êðàòíîñòüþ âåòâëåíèÿ è äð. Êðîìå òîãî, ìîäóëüíàÿ òåõíèêà íàøëà ïðèìåíåíèå â

ìåòðè÷åñêèõ ïðîñòðàíñòâàõ ñ ìåðîé, ÷òî ïðèâåëî ê ðàññìîòðåíèþ òàê íàçûâàåìûõ ïðî-

ñòðàíñòâ Ëåâíåðà (ñì., íàïðèìåð, [11℄).

Ìåòîä ìîäóëåé, êàê ïîêàçûâàåò ðÿä íåäàâíî âûøåäøèõ ðàáîò (ñì., íàïðèìåð, ìîíî-

ãðà�èþ [12℄), à òàêæå ñòàòüè [13�17℄, ïðîäîëæàåò îñòàâàòüñÿ îñíîâíûì èíñòðóìåíòîì â

èçó÷åíèè ðàçëè÷íûõ îáîáùåíèé îòîáðàæåíèé ñ îãðàíè÷åííûì èñêàæåíèåì. Â êíèãå [12℄

ðàññìàòðèâàþòñÿ Q-ãîìåîìîð�èçìû ñ �óíêöèåé Q èç ðàçëè÷íûõ êëàññîâ (èíòåãðèðóå-

ìûå, ñ îãðàíè÷åííûì ñðåäíèì è ñ îãðàíè÷åííûì êîíå÷íûì êîëåáàíèåì), îòîáðàæåíèÿ

ñ êîíå÷íûì èñêàæåíèåì äëèíû è ñ êîíå÷íûì èñêàæåíèåì ïëîùàäè, è äëÿ íèõ óñòàíàâëè-

âàþòñÿ ðåçóëüòàòû î äè��åðåíöèðóåìîñòè, ïîâåäåíèè íà ãðàíèöå, óñòðàíåíèè îñîáåííî-

ñòåé, íîðìàëüíûõ ñåìåéñòâàõ è ïð. Â ñòàòüÿõ [13, 14℄ åìêîñòíûå îöåíêè óñòàíîâëåíû äëÿ

íåêîòîðûõ îáîáùåíèé îòîáðàæåíèé ñ îãðàíè÷åííûì èñêàæåíèåì (â ÷àñòíîñòè, íà ãðóï-

ïàõ Êàðíî) ñ òðåáîâàíèåì N -ñâîéñòâà Ëóçèíà. Â ðàáîòå [15℄ óñòàíîâëåíû ìîäóëüíûå

è åìêîñòíûå íåðàâåíñòâà äëÿ îòîáðàæåíèé ñ êîíå÷íûì èñêàæåíèåì ïðè ìèíèìàëüíûõ

óñëîâèÿõ ðåãóëÿðíîñòè â ïðåäïîëîæåíèè î òîì, ÷òî èñõîäíîå îòîáðàæåíèå òàêæå óäîâëå-

òâîðÿåò N -ñâîéñòâó. Â ñòàòüå [16℄ àíàëîãè÷íûå íåðàâåíñòâà ïîëó÷åíû äëÿ îòîáðàæåíèé

ñ êîíå÷íûì (p, q)-èñêàæåíèåì äëèíû. Â [17℄ îöåíêà íà ìîäóëü äîêàçàíà äëÿ íåêîòîðîãî

ñïåöèàëüíîãî êëàññà îòîáðàæåíèé, îáëàäàþùèõ ñëåäóþùèìè ñâîéñòâàìè: îòêðûòîñòü,

äèñêðåòíîñòü, äè��åðåíöèðóåìîñòü ïî÷òè âñþäó, N - è N −1
-ñâîéñòâî Ëóçèíà, è òàê

íàçûâàåìîå ñâîéñòâî àáñîëþòíîé íåïðåðûâíîñòè â îáðàòíîì íàïðàâëåíèè.

Çàäà÷à íàøåé ðàáîòû � óñòàíîâèòü ìîäóëüíûå íåðàâåíñòâà äëÿ åñòåñòâåííîãî îáîá-

ùåíèÿ êëàññà îòîáðàæåíèé ñ îãðàíè÷åííûì èñêàæåíèåì áåç íåêîòîðûõ àíàëèòè÷åñêèõ

ïðåäïîëîæåíèé, õàðàêòåðíûõ äëÿ âûâîäà ðåçóëüòàòîâ óïîìÿíóòûõ âûøå ðàáîò. Â íà-

ñòîÿùåé ñòàòüå îñíîâíûì ÿâëÿåòñÿ ñëåäóþùåå

Îïðåäåëåíèå 1 [18℄. Ïóñòü θ, σ : Rn → [0,∞] � ëîêàëüíî ñóììèðóåìûå �óíêöèè

(íàçûâàåìûå âåñîâûìè) òàêèå, ÷òî θ > 0 è σ > 0 ïî÷òè âñþäó. Îòîáðàæåíèå f : Ω → Rn

íàçûâàåòñÿ îòîáðàæåíèåì ñ (θ, σ)-âåñîâûì îãðàíè÷åííûì (p, q)-èñêàæåíèåì, n − 1 <
q 6 p <∞, åñëè:

1) f íåïðåðûâíî, îòêðûòî è äèñêðåòíî;

2) f ïðèíàäëåæèò êëàññó Ñîáîëåâà W 1
q,loc(Ω);

3) J(x, f) > 0 äëÿ ïî÷òè âñåõ x ∈ Ω;

4) îòîáðàæåíèå f èìååò êîíå÷íîå èñêàæåíèå:

äëÿ ïî÷òè âñåõ x ∈ Ω ðàâåíñòâî J(x, f) = 0 âëå÷åò Df(x) = 0;
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5) �óíêöèÿ ëîêàëüíîãî (θ, σ)-âåñîâîãî q-èñêàæåíèÿ

Ω ∋ x 7→ Kθ,σ
q (x, f) =





θ
1
q (x)|Df(x)|

σ
1
p (f(x))J(x,f)

1
p
, åñëè J(x, f) 6= 0;

0, åñëè J(x, f) = 0,

ïðèíàäëåæèò êëàññó Lκ(Ω), ãäå κ íàõîäèòñÿ èç óñëîâèÿ

1
κ = 1

q − 1
p (κ = ∞ ïðè q = p).

×åðåç Kθ,σ
q,p (f ; Ω) îáîçíà÷èì âåëè÷èíó ‖Kθ,σ

q (·, f) | Lκ(Ω)‖.
Â ýòîì îïðåäåëåíèè íàëè÷èå ïóíêòà 1) ñâÿçàíî ñ òåì, ÷òî ïðè q ∈ (n − 1, n) îòîá-

ðàæåíèå ìîæåò è íå îáëàäàòü òðåáóåìûìè òîïîëîãè÷åñêèìè ñâîéñòâàìè. Îòìåòèì, ÷òî

ïðè θ = σ ≡ 1 è p = q = n ìû ïîëó÷àåì îòîáðàæåíèÿ, ââåäåííûå Þ. �. �åøåòíÿêîì.

Â ðàáîòå [18℄ ïîëó÷åíû åìêîñòíûå íåðàâåíñòâà äëÿ ââåäåííîãî êëàññà îòîáðàæåíèé

áåç òðåáîâàíèÿ N -ñâîéñòâà Ëóçèíà. Ïîä÷åðêíåì, ÷òî ðàíåå ìîäóëüíûå è åìêîñòíûå

íåðàâåíñòâà óñòàíàâëèâàëèñü â ïðåäïîëîæåíèè, ÷òî îòîáðàæåíèå îáëàäàåò N -ñâîéñòâîì

Ëóçèíà, êîòîðîå çàêëþ÷àåòñÿ â òîì, ÷òî îáðàç ìíîæåñòâà ìåðû íóëü òàêæå èìååò ìåðó

íóëü. Ýòî òðåáîâàíèå íåîáõîäèìî áûëî äëÿ òîãî, ÷òîáû îáðàç ìíîæåñòâà òî÷åê âåòâëå-

íèÿ èìåë íóëåâóþ ìåðó. Â íàñòîÿùåé ñòàòüå ìû äîêàçûâàåì ìîäóëüíûå íåðàâåíñòâà áåç

äîïîëíèòåëüíîãî ïðåäïîëîæåíèÿ îá N -ñâîéñòâå Ëóçèíà. Ýòî îêàçûâàåòñÿ âîçìîæíûì

áëàãîäàðÿ ñëåäóþùåìó çàìå÷àòåëüíîìó �àêòó, óñòàíîâëåííîìó â ñòàòüå [19℄ (ñì. òàê-

æå [18�22℄): ÷àñòíûå ïðîèçâîäíûå �óíêöèè Ïîëåöêîãî îáðàùàþòñÿ â íóëü ïî÷òè âñþ-

äó íà îáðàçå ìíîæåñòâà òî÷åê âåòâëåíèÿ. Â � 3 ìû ñêàæåì îá ýòîì ïîäðîáíåå. Ýòîò

�àêò èñïîëüçîâàëñÿ â ðàáîòå [18℄ äëÿ ïîëó÷åíèÿ îöåíîê íà åìêîñòè. Îòìåòèì, ÷òî ïðè

q ∈ (n − 1, n) îòîáðàæåíèå f íå îáÿçàòåëüíî îáëàäàåò N -ñâîéñòâîì Ëóçèíà, ÷òî ïðîäå-

ìîíñòðèðîâàíî â [23℄.

Âî âñåõ íàøèõ ïîñëåäóþùèõ ðàññìîòðåíèÿõ îòîáðàæåíèå f èìååò (θ, 1)-âåñîâîå îãðà-
íè÷åííîå (p, q)-èñêàæåíèå, ò. å. σ ≡ 1.

Ïîëíûé âàðèàíò ýòîé çàìåòêè ñ ïîäðîáíûì èçëîæåíèåì äîêàçàòåëüñòâ áóäåò îïóá-

ëèêîâàí â [24℄.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

2.1. Âñþäó â òåêñòå ñèìâîë Ω îáîçíà÷àåò îáëàñòü (ò. å. îòêðûòîå ñâÿçíîå ìíîæåñòâî)

â ïðîñòðàíñòâå Rn
, ñèìâîëmn � n-ìåðíóþ ìåðó Ëåáåãà â Rn

. Äëÿ îáëàñòè U ⊂ Rn
çàïèñü

U ⋐ Ω îçíà÷àåò, ÷òî ìíîæåñòâî U îãðàíè÷åíî è U ⊂ Ω.
Ïóñòü f : Ω → Rn

� íåïðåðûâíîå îòîáðàæåíèå, U ⋐ Ω, y /∈ f(∂U). Ñèìâîëîì

µ(y, f, U) ìû áóäåì îáîçíà÷àòü ñòåïåíü îòîáðàæåíèÿ f â òî÷êå y. Ïîäðîáíóþ èí�îð-

ìàöèþ îá ýòîì ïîíÿòèè ìîæíî íàéòè, íàïðèìåð, â [4, 2.1℄ è [10, I.4℄. Åñëè µ(y, f, U) > 0
äëÿ ëþáîé îáëàñòè U ⋐ Ω è ëþáîé òî÷êè y ∈ f(U)\f(∂U), òî ãîâîðÿò, ÷òî îòîáðàæåíèå f
ñîõðàíÿåò îðèåíòàöèþ.

�àññìîòðèì íåïðåðûâíîå îòêðûòîå è äèñêðåòíîå îòîáðàæåíèå f : Ω → Rn
è òî÷êó

x ∈ Ω. Òîãäà ñóùåñòâóåò îáëàñòü V ⋐ Ω òàêàÿ, ÷òî x ∈ V è V ∩ f−1(f(x)) = {x}. Åñëè
V ′ ⋐ Ω � äðóãàÿ îáëàñòü ñ òàêèì ñâîéñòâîì, òî ìîæíî ïîêàçàòü (ñì. [10, 
. 18℄), ÷òî

µ(f(x), f, V ) = µ(f(x), f, V ′). Ïîýòîìó ðàâåíñòâî i(x, f) = µ(f(x), x, U) êîððåêòíî îïðå-
äåëÿåò âåëè÷èíó i(x, f), íàçûâàåìóþ ëîêàëüíûì èíäåêñîì îòîáðàæåíèÿ f â òî÷êå x.

Îáëàñòü D ⋐ Ω íàçûâàåòñÿ íîðìàëüíîé äëÿ íåïðåðûâíîãî îòêðûòîãî è äèñêðåòíîãî

îòîáðàæåíèÿ f : Ω → Rn
, åñëè f(∂D) = ∂f(D). Åñëè x ∈ Ω è D � íîðìàëüíàÿ îáëàñòü

òàêàÿ, ÷òî D ∩ f−1(f(x)) = {x}, òî D íàçûâàåòñÿ íîðìàëüíîé îêðåñòíîñòüþ òî÷êè x.
Ñîãëàñíî [10, I.4.9℄ âñÿêàÿ òî÷êà x ∈ Ω èìååò íîðìàëüíóþ îêðåñòíîñòü.
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Îòìåòèì, ÷òî åñëè D � íîðìàëüíàÿ îáëàñòü äëÿ îòîáðàæåíèÿ f , òî µ(y, f,D) íå
çàâèñèò îò y ∈ f(D) (ñì. [10, 
. 18℄). Ýòó ïîñòîÿííóþ ìû áóäåì îáîçíà÷àòü µ(f,D).

Òî÷êà x ∈ Ω íàçûâàåòñÿ òî÷êîé âåòâëåíèÿ íåïðåðûâíîãî îòîáðàæåíèÿ f : Ω → Rn
,

åñëè f íå ÿâëÿåòñÿ ãîìåîìîð�èçìîì íè â êàêîé îêðåñòíîñòè òî÷êè x. Ìíîæåñòâî âñåõ

òî÷åê âåòâëåíèÿ îòîáðàæåíèÿ f îáîçíà÷èì ñèìâîëîì Bf . Çàìåòèì, ÷òî x ∈ Bf òîãäà è

òîëüêî òîãäà, êîãäà i(x, f) > 2.
Ïóñòü f : Ω → Rn

� íåïðåðûâíîå îòîáðàæåíèå, è U ⊂ Ω. Ôóíêöèåé êðàòíîñòè

íàçûâàåòñÿ îòîáðàæåíèå Rn ∋ y 7→ N(y, f, U) = #{f−1(y) ∩ U}. Îáîçíà÷èì òàêæå:

N(f, U) = supy∈Rn N(y, f, U).

2.2. Çäåñü ìû ïðèâåäåì ïîíÿòèÿ è óòâåðæäåíèÿ, íåîáõîäèìûå äëÿ îïèñàíèÿ àíàëè-

òè÷åñêèõ ñâîéñòâ îòîáðàæåíèé.

Ïóñòü u : Ω → R � �óíêöèÿ êëàññà L1,loc(Ω). Åñëè ñóùåñòâóåò �óíêöèÿ vi ∈ L1,loc(Ω),
i = 1, . . . , n, òàêàÿ, ÷òî äëÿ ëþáîé �óíêöèè ϕ ∈ C∞

0 (Ω) ñïðàâåäëèâî ðàâåíñòâî
∫

Ω

u(x)
∂ϕ

∂xi
dx = −

∫

Ω

vi(x)ϕ(x) dx,

òî vi íàçûâàåòñÿ îáîáùåííîé ÷àñòíîé ïðîèçâîäíîé �óíêöèè u è îáîçíà÷àåòñÿ ÷åðåç ∂u
∂xi

.

Ôóíêöèÿ u : Ω → R, èìåþùàÿ â îáëàñòè Ω îáîáùåííûå ÷àñòíûå ïðîèçâîäíûå ïî âñåì

ïåðåìåííûì, ïðèíàäëåæèò ïðîñòðàíñòâó Ñîáîëåâà W 1
p (Ω), p > 1, åñëè u ∈ Lp(Ω) è

∂u
∂xi

∈ Lp(Ω) äëÿ êàæäîãî i = 1, . . . , n.

Îòîáðàæåíèå f = (f1, . . . , fn) : Ω → Rn
ïðèíàäëåæèò êëàññó W 1

p (Ω) (W 1
p,loc(Ω)),

åñëè âñå fi ∈ W 1
p (Ω) (âñå fi ∈ W 1

p (D) äëÿ ëþáîé îáëàñòè D ⋐ Ω). ×åðåç Df(x),

|Df(x)| è J(x, f) ìû îáîçíà÷àåì ìàòðèöó ßêîáè ( ∂fi∂xj
)i,j=1,...,n, åå îïåðàòîðíóþ íîðìó

sup|h|=1 |Df(x)h| è ÿêîáèàí detDf(x) ñîîòâåòñòâåííî.
Äëÿ (n × n)-ìàòðèöû M = (aij) ÷åðåç adjM ìû îáîçíà÷àåì (n × n)-ìàòðèöó, òðàíñ-

ïîíèðîâàííóþ ê ìàòðèöå (Aij), ãäå Aij � àëãåáðàè÷åñêîå äîïîëíåíèå ýëåìåíòà aij .
Ââåäåì ïðîåêöèþ πj : Rn → Rn−1

, êîòîðàÿ òî÷êå x = (x1, . . . , xn) ñòàâèò â ñîîòâåò-

ñòâèå òî÷êó πj(x) = (x1, . . . , xj−1, xj+1, . . . , xn). Îáîçíà÷èì x̄j = πj(x). Òî÷êó x ∈ Rn

áóäåì çàïèñûâàòü â âèäå x = (x̄j , xj). �îâîðÿò, ÷òî íåïðåðûâíîå îòîáðàæåíèå f : Ω → Rn

ïðèíàäëåæèò êëàññó ACL(Ω), åñëè äëÿ ëþáîãî j = 1, . . . , n îòîáðàæåíèå xj 7→ f(x̄j, xj)
ïðè ïî÷òè âñåõ x̄j ∈ πj(Ω) àáñîëþòíî íåïðåðûâíî íà ëþáîì îòðåçêå [a, b] òàêîì, ÷òî
πj(Ω)× [a, b] ⊂ Ω.

Èçâåñòíî (ñì. [25, 26.4℄), ÷òî åñëè f ∈ ACL(Ω), òî f èìååò ïî÷òè âñþäó â Ω îáû÷íûå

÷àñòíûå ïðîèçâîäíûå, êîòîðûå áóäóò áîðåëåâñêèìè �óíêöèÿìè.

Îòîáðàæåíèå f : Ω → Rn
ïðèíàäëåæèò êëàññó ACLp(Ω), p > 1, åñëè f ∈ ACL(Ω) è

âñå ÷àñòíûå ïðîèçâîäíûå f ïðèíàäëåæàò êëàññó Lp,loc(Ω).

Ïðåäëîæåíèå 1 [10, I.1.2℄. Îòîáðàæåíèå f : Ω → Rn
ïðèíàäëåæèò êëàññó ACLp(Ω)

òîãäà è òîëüêî òîãäà, êîãäà f íåïðåðûâíî è f ∈ W 1
p,loc(Ω). Ïðè ýòîì îáîáùåííûå è

îáû÷íûå ÷àñòíûå ïðîèçâîäíûå ñîâïàäàþò ïî÷òè âñþäó.

2.3. Ýòîò ïóíêò ïîñâÿùåí ïîíÿòèþ ìîäóëÿ ñåìåéñòâà êðèâûõ, êîòîðîå ìû îáîáùèì

íóæíûì íàì îáðàçîì.

Êðèâàÿ â ïðîñòðàíñòâå Rn
� ýòî íåïðåðûâíîå îòîáðàæåíèå α : I → Rn

, ãäå I �

ïðîìåæóòîê â R (ò. å. ìíîæåñòâî âèäà 〈a, b〉, ãäå êàæäàÿ èç óãëîâûõ ñêîáîê ìîæåò áûòü
êðóãëîé èëè êâàäðàòíîé, a 6 b, a, b ∈ R; äîïóñêàþòñÿ òàêæå áåñêîíå÷íûå ïðîìåæóòêè).

Êðèâàÿ α íàçûâàåòñÿ çàìêíóòîé (îòêðûòîé), åñëè èíòåðâàë I êîìïàêòåí (îòêðûò).

Îáîçíà÷èì |α| = α(I). Çàïèñü γ′ ⊂ γ áóäåò îçíà÷àòü, ÷òî êðèâàÿ γ′ åñòü ñóæåíèå êðèâîé
γ íà ïîäûíòåðâàë èëè òî÷êó.
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Åñëè α : I = [a, b] → Rn
� çàìêíóòàÿ êðèâàÿ, òî åå äëèíîé íàçîâåì âåëè÷èíó

ℓ(α) = sup
l∑

i=1

|α(ti)− α(ti+1)|,

ãäå òî÷íàÿ âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì êîíå÷íûì ðàçáèåíèÿì a = t1 6 t2 6 . . . 6 tl 6
tl+1 = b. Åñëè êðèâàÿ α íå çàìêíóòà, òî ïîëîæèì åå äëèíó ðàâíîé ℓ(α) = sup ℓ(α|J ), ãäå
ñóïðåìóì áåðåòñÿ ïî âñåì çàìêíóòûì ïîäûíòåðâàëàì J èíòåðâàëà I.

Êðèâàÿ α : I → Rn
íàçûâàåòñÿ ñïðÿìëÿåìîé, åñëè ℓ(α) < ∞. Êðèâàÿ íàçûâàåòñÿ

ëîêàëüíî ñïðÿìëÿåìîé, åñëè êàæäàÿ åå çàìêíóòàÿ ïîäêðèâàÿ ñïðÿìëÿåìà.

�àññìîòðèì çàìêíóòóþ êðèâóþ α : [a, b] → Rn
. Ïðåäïîëîæèì, ÷òî îíà ñïðÿìëÿåìà.

Îïðåäåëèì �óíêöèþ sα : [a, b] → R ðàâåíñòâîì sα(t) = ℓ(α|[a,t]). Äëÿ ñïðÿìëÿåìîé êðè-

âîé α ñóùåñòâóåò åäèíñòâåííàÿ êðèâàÿ α0 : [0, ℓ(α)] → Rn
, ïîëó÷åííàÿ èç α ìîíîòîííî

âîçðàñòàþùåé çàìåíîé ïàðàìåòðà, òàêàÿ, ÷òî sα0(t) = t è α = α0 ◦ sα [25, 2.4℄. Êðèâàÿ

α0
íàçûâàåòñÿ íàòóðàëüíîé ïàðàìåòðèçàöèåé êðèâîé α.
Ïóñòü Γ � ñåìåéñòâî êðèâûõ â Rn

, n > 2. Áîðåëåâñêàÿ �óíêöèÿ ρ : Rn → [0,∞]
íàçûâàåòñÿ äîïóñòèìîé äëÿ Γ, åñëè

∫

γ

ρ ds > 1

äëÿ êàæäîé ëîêàëüíî ñïðÿìëÿåìîé êðèâîé γ ∈ Γ. Ñîâîêóïíîñòü âñåõ äîïóñòèìûõ �óíê-
öèé îáîçíà÷àåì admΓ. Äëÿ âåñîâîé �óíêöèè ω : Rn → [0,∞] è p ∈ [1,∞) îïðåäåëèì
ω-âåñîâîé p-ìîäóëü ñåìåéñòâà Γ �îðìóëîé

modωp Γ = inf
ρ∈admΓ

∫

Rn

ρpω dmn.

Ñâîéñòâà âåñîâîé �óíêöèè ìû áóäåì îãîâàðèâàòü îòäåëüíî (êàê ìèíèìóì, ïðåäïîëà-

ãàåòñÿ, ÷òî îíà ëîêàëüíî ñóììèðóåìà è ïî÷òè âñþäó ω > 0). Ïðè ω ≡ 1 ìû ïîëó÷àåì

îáû÷íîå îïðåäåëåíèå p-ìîäóëÿ, è âìåñòî mod1p Γ áóäåì ïèñàòü modp Γ. Åñëè admΓ = ∅
(ýòîò ñëó÷àé ðåàëèçóåòñÿ òîëüêî òîãäà, êîãäà â ñåìåéñòâå Γ åñòü õîòÿ áû îäíà êðèâàÿ,

çàäàþùàÿ ïîñòîÿííîå îòîáðàæåíèå), òî ïîëàãàåì modωp Γ = ∞.

Åñëè Γ � ñåìåéñòâî êðèâûõ â îáëàñòè Ω è f : Ω → Rn
� íåïðåðûâíîå îòîáðàæåíèå,

òî ÷åðåç f(Γ) ìû îáîçíà÷àåì ñåìåéñòâî êðèâûõ f ◦ γ, ãäå γ ∈ Γ.

Çàìå÷àíèå 1. Êàê ñëåäóåò èç îïðåäåëåíèÿ ìîäóëÿ, êðèâûå, êîòîðûå íå ÿâëÿþòñÿ

ëîêàëüíî ñïðÿìëÿåìûìè, ìîæíî íå ó÷èòûâàòü. Òî÷íåå, åñëè Γ � ñåìåéñòâî êðèâûõ,

è Γ1 � ñåìåéñòâî òàêèõ γ ∈ Γ, ÷òî γ ëîêàëüíî ñïðÿìëÿåìà, òî modωp (Γ) = modωp (Γ1).
Â ñâÿçè ñ ýòèì, äîïóñêàÿ èçâåñòíóþ âîëüíîñòü, ìû áóäåì ãîâîðèòü, ÷òî ñåìåéñòâî êðè-

âûõ, êîòîðûå íå ÿâëÿþòñÿ ëîêàëüíî ñïðÿìëÿåìûìè, èìååò íóëåâîé ìîäóëü.

Ïóñòü α � ñïðÿìëÿåìàÿ çàìêíóòàÿ êðèâàÿ â Rn
. Îòîáðàæåíèå g : |α| → Rn

íàçûâà-

åòñÿ àáñîëþòíî íåïðåðûâíûì íà α, åñëè g ◦ α0
àáñîëþòíî íåïðåðûâíî íà [0, ℓ(α)].

3. Àíàëîã ëåììû Ïîëåöêîãî

Â äîêàçàòåëüñòâå ìîäóëüíûõ íåðàâåíñòâ ïðîâîäÿòñÿ ðàññóæäåíèÿ, îáîñíîâûâàþùèå

âîçìîæíîñòü ïàðàìåòðèçàöèè êðèâîé íåêîòîðûì ñïåöèàëüíûì îáðàçîì. Âïåðâûå ýòè

ðàññóæäåíèÿ áûëè ðåàëèçîâàíû â [5, ëåììà 6℄, êîòîðàÿ â äàëüíåéøåì ïîëó÷èëà íàçâà-

íèå ëåììû Ïîëåöêîãî. Íàì ïîòðåáóåòñÿ åå àíàëîã. Ïðåæäå ÷åì åãî ñ�îðìóëèðîâàòü,
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âûÿñíèì ñîäåðæàíèå ïîíÿòèÿ àáñîëþòíîé ïðåäíåïðåðûâíîñòè, êîòîðîå çàêëþ÷àåò â ñå-

áå îïèñàíèå ñïåöèàëüíîãî òèïà ïàðàìåòðèçàöèè.

Ïðåäïîëîæèì, ÷òî f : Ω → Rn
� íåïðåðûâíîå îòêðûòîå äèñêðåòíîå îòîáðàæåíèå.

Ïóñòü β : I0 → Rn
� çàìêíóòàÿ ñïðÿìëÿåìàÿ êðèâàÿ, è α : I → Ω � êðèâàÿ òàêàÿ, ÷òî

f ◦ α ⊂ β, ò. å. I ⊂ I0. Åñëè �óíêöèÿ sβ : I0 → [0, ℓ(β)] ïîñòîÿííà íà íåêîòîðîì èíòåð-

âàëå J ⊂ I, òî è îòîáðàæåíèå β ïîñòîÿííî íà J . Â ñâîþ î÷åðåäü, ââèäó äèñêðåòíîñòè f
îòîáðàæåíèå α òàêæå ïîñòîÿííî íà J . Ñëåäîâàòåëüíî, ñóùåñòâóåò åäèíñòâåííîå îòîá-

ðàæåíèå α∗ : sβ(I) → Ω òàêîå, ÷òî α = α∗ ◦ sβ|I . Ëåãêî âèäåòü, ÷òî α∗
íåïðåðûâíî è

f ◦α∗ ⊂ β0. Êðèâàÿ α∗
íàçûâàåòñÿ f -ïðåäñòàâèòåëåì êðèâîé α (îòíîñèòåëüíî β), åñëè

β = f ◦ α. Ïðåäïîëîæèì òåïåðü, ÷òî β = f ◦ α. Îòîáðàæåíèå f íàçûâàåòñÿ àáñîëþòíî

ïðåäíåïðåðûâíûì íà α, åñëè α∗
àáñîëþòíî íåïðåðûâíî.

Ïðèâåäåì àíàëîã ëåììû Ïîëåöêîãî.

Ëåììà 1. Ïóñòü f : Ω → Rn
� îòîáðàæåíèå ñ (θ, 1)-âåñîâûì îãðàíè÷åííûì (p, q)-

èñêàæåíèåì, n − 1 < q 6 p < ∞, à âåñîâàÿ �óíêöèÿ ω(x) = θ
− n−1

q−(n−1) (x) ëîêàëüíî

ñóììèðóåìà. Ïðåäïîëîæèì, ÷òî Γ � ñåìåéñòâî êðèâûõ â Ω òàêîå, ÷òî äëÿ ëþáîé êðèâîé

γ ∈ Γ âûïîëíåíî ñëåäóþùåå: êðèâàÿ f ◦ γ ëîêàëüíî ñïðÿìëÿåìà, è γ èìååò çàìêíóòóþ

ïîäêðèâóþ α, íà êîòîðîé f íå àáñîëþòíî ïðåäíåïðåðûâíî. Òîãäà modp′ f(Γ) = 0, ãäå
p′ = p

p−(n−1) .

Â äîêàçàòåëüñòâå ýòîé ëåììû áîëüøîå çíà÷åíèå èìåþò ñâîéñòâà �óíêöèè Ïîëåöêîãî,

êîòîðàÿ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü f : Ω → Rn
� íåïðåðûâíîå îòêðûòîå

äèñêðåòíîå îòîáðàæåíèå, ñîõðàíÿþùåå îðèåíòàöèþ, U ⊂ Ω � íîðìàëüíàÿ îáëàñòü, è

N = µ(f, U). Íà ìíîæåñòâå V = f(U) îïðåäåëèì îòîáðàæåíèå gU : V → Rn
, íàçûâàåìîå

�óíêöèåé Ïîëåöêîãî, ðàâåíñòâîì

V ∋ y 7→ gU (y) =
1

N

∑

x∈f−1(y)∩U

i(x, f)x. (1)

Íåîáõîäèìûå íàì ñâîéñòâà îòîáðàæåíèÿ (1) áóäóò ïðèâåäåíû â ïðåäëîæåíèè 2,

äëÿ �îðìóëèðîâêè êîòîðîãî íóæíî ñäåëàòü ñëåäóþùåå çàìå÷àíèå. Ïîñêîëüêó îòîá-

ðàæåíèå f : Ω → Ω′ = f(Ω) ïðèíàäëåæèò êëàññó Ñîáîëåâà, òî îíî àïïðîêñèìàòèâ-

íî äè��åðåíöèðóåìî ïî÷òè âñþäó. Ñëåäîâàòåëüíî, ñóùåñòâóåò áîðåëåâñêîå ìíîæå-

ñòâî Σ ⊂ Ω, mn(Σ) = 0, âíå êîòîðîãî f îáëàäàåò N -ñâîéñòâîì Ëóçèíà. Îáîçíà÷èì:

Z = {x ∈ Ω \Σ: J(x, f) = 0}. Ñ òî÷íîñòüþ äî ìíîæåñòâà ìåðû íóëü ìíîæåñòâî Z ìîæíî

ñ÷èòàòü áîðåëåâñêèì. Êðîìå òîãî, mn(Z) = 0. Òàêæå ìîæíî ñ÷èòàòü, ÷òî Bf ⊂ Z ∪ Σ,
òàê êàê Df(x) = 0 â òî÷êàõ x ∈ Bf , ãäå Df(x) ñóùåñòâóåò.

Äîïîëíåíèå Ω \ Σ ìîæíî ðàçëîæèòü íà ñ÷åòíóþ ñîâîêóïíîñòü äèçúþíêòíûõ èçìå-

ðèìûõ ìíîæåñòâ Fk, k ∈ N, òàêèõ, ÷òî ∪Fk = Ω \ Σ è îòîáðàæåíèå f |Fk
: Fk → Ω′

ëèïøèöåâî äëÿ âñåõ k ∈ N. Êàæäîå ìíîæåñòâî Fk \ Z ïðåäñòàâèìî â âèäå îáúåäèíåíèÿ

ñ÷åòíîãî ñåìåéñòâà äèçúþíêòíûõ èçìåðèìûõ ìíîæåñòâ Fkm, m ∈ N, òàêèõ, ÷òî îòîáðà-
æåíèå f |Fkm

: Fkm → Ω′
áèëèïøèöåâî äëÿ âñåõ m ∈ N. Ñîãëàñíî òåîðåìå �àäåìàõåðà

îòîáðàæåíèÿ f |Fkm
: Fkm → Ω′

äè��åðåíöèðóåìû ïî÷òè âñþäó íà îáëàñòè îïðåäåëåíèÿ,

à â ñèëó òåîðåìû Ëåáåãà î äè��åðåíöèðîâàíèè àääèòèâíîé �óíêöèè ìíîæåñòâà Fkm

ìîæíî ñ÷èòàòü ñîñòîÿùèìè òîëüêî èç òî÷åê ïëîòíîñòè 1. Ïåðåîáîçíà÷èì ñåìåéñòâî

äèçúþíêòíûõ ìíîæåñòâ {Fkm} êàê {El}. Ìû ïîëó÷èì ðàçëîæåíèå

Ω = Σ ∪ Z ∪
⋃

l∈N

El,
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â ïðàâîé ÷àñòè êîòîðîãî âñå ìíîæåñòâà äèçúþíêòíû. Åìó ñîîòâåòñòâóåò ðàçëîæåíèå

â îáðàçå:

Ω′ = Z ′ ∪ Σ′ ∪
⋃

l∈N

E′
l,

ãäå Z ′ = f(Σ), Σ′ = f(Z), E′
l = f(El), ïðè÷åì mn(Σ

′) = 0, à Z ′
ìîæåò èìåòü ïîëîæèòåëü-

íóþ mn-ìåðó. Ìîæíî ñ÷èòàòü, ÷òî f(Bf ) ⊂ Z ′ ∪Σ′
.

Òåïåðü ìû ãîòîâû ñ�îðìóëèðîâàòü ñâîéñòâà �óíêöèè Ïîëåöêîãî.

Ïðåäëîæåíèå 2 [19, òåîðåìà 1℄. Ïðåäïîëîæèì, ÷òî íåïðåðûâíîå îòêðûòîå è äèñ-

êðåòíîå îòîáðàæåíèå f : Ω → Rn
ïðèíàäëåæèò êëàññó W 1

q,loc(Ω), q > n − 1, J(x, f) > 0
ïî÷òè âñþäó, è f èìååò êîíå÷íîå êîèñêàæåíèå: adjDf = 0 ïî÷òè âñþäó íà ìíîæåñòâå

Z = {x ∈ Ω: J(x, f) = 0}. Òîãäà
1) f ñîõðàíÿåò îðèåíòàöèþ;

2) îòîáðàæåíèå gU , îïðåäåëåííîå ðàâåíñòâîì (1), íåïðåðûâíî, ïðèíàäëåæèò êëàññó

ÑîáîëåâàW 1
1 (V ) è èìååò êîíå÷íîå èñêàæåíèå, ò. å. DgU (y) = 0 ïî÷òè âñþäó íà ìíîæåñòâå

íóëåé ÿêîáèàíà detDgU (y). Áîëåå òîãî, f((Σ ∪ Z) ∩ U) ⊂ {y ∈ U : DgU (y) = 0}, â
÷àñòíîñòè, f(Bf ∩ U) ⊂ {y ∈ U : DgU (y) = 0}.

Çàìå÷àíèå 2. Îòîáðàæåíèå ñ (θ, 1)-âåñîâûì îãðàíè÷åííûì (p, q)-èñêàæåíèåì â ñèëó

êîíå÷íîñòè èñêàæåíèÿ èìååò êîíå÷íîå êîèñêàæåíèå, è ïîýòîìó ñîãëàñíî ï. 3 îïðåäåëå-

íèÿ 1 è ïðåäëîæåíèþ 2 ñîõðàíÿåò îðèåíòàöèþ.

Òàêæå íàì ïîòðåáóåòñÿ ñëåäóþùåå

Ïðåäëîæåíèå 3 [20, ñëåäñòâèå 4℄. Ïóñòü ãîìåîìîð�èçì ϕ : Ω → Ω′
îáëàñòåé ïðî-

ñòðàíñòâà Rn
ïðèíàäëåæèò êëàññó Ñîáîëåâà W 1

q,loc(Ω), n− 1 6 q 6∞, è èìååò êîíå÷íîå

êîèñêàæåíèå: adjDϕ = 0 ïî÷òè âñþäó íà ìíîæåñòâå Z = {x ∈ Ω: J(x, ϕ) = 0}. Òîãäà

îáðàòíûé ãîìåîìîð�èçì ϕ−1
ïðèíàäëåæèò êëàññó Ñîáîëåâà W 1

1,loc(Ω
′) è èìååò êîíå÷íîå

èñêàæåíèå: Dϕ−1(y) = 0 ïî÷òè âñþäó íà ìíîæåñòâå Z ′ = {y ∈ Ω′ : J(y, ϕ−1) = 0}.
Äëÿ òîãî ÷òîáû äîêàçàòü ëåììó 1, ìû ñíà÷àëà óñòàíàâëèâàåì ñëåäóþùèå ëåììû 2

è 3.

Ëåììà 2. Ïóñòü f : Ω → Rn
� îòîáðàæåíèå ñ (θ, 1)-âåñîâûì îãðàíè÷åííûì (p, q)-

èñêàæåíèåì, n − 1 < q 6 p < ∞, à âåñîâàÿ �óíêöèÿ ω(x) = θ
− n−1

q−(n−1) (x) ëîêàëüíî

ñóììèðóåìà. Òîãäà îòîáðàæåíèå gU , îïðåäåëåííîå ðàâåíñòâîì (1), ïðèíàäëåæèò êëàññó

ACLp′(V ), ãäå p′ = p
p−(n−1) .

Ïåðåä òåì êàê ñ�îðìóëèðîâàòü ëåììó 3, �èêñèðóåì îáëàñòü D ⋐ Ω. Óäàëèì èç íåå

ìíîæåñòâî òî÷åê âåòâëåíèÿ. Òîãäà äëÿ âñÿêîãî x ∈ D\Bf íàéäåòñÿ ÷èñëî r(x) > 0 òàêîå,
÷òî îòêðûòûé øàð B(x, r(x)) ⊂ D \ Bf è f èíúåêòèâíî íà B(x, r(x)). Â ñèëó òåîðåìû

Áåçèêîâè÷à â ñåìåéñòâå {B(x, r(x)) : x ∈ D \ Bf} íàéäåòñÿ ñ÷åòíûé íàáîð øàðîâ {Bj}
òàêèõ, ÷òî

D \Bf ⊂
⋃

j∈N

Bj,
∑

j∈N

χBj (x) 6 C(n),

ãäå ïîñëåäíåå íåðàâåíñòâî âûïîëíÿåòñÿ äëÿ ëþáîé òî÷êè x ∈ D \Bf , à ïîñòîÿííàÿ C(n)
çàâèñèò òîëüêî îò ðàçìåðíîñòè ïðîñòðàíñòâà.

Ñîãëàñíî ïðåäëîæåíèþ 3 îáðàòíûå îòîáðàæåíèÿ hj = (f |Bj )
−1 : f(Bj) → Bj ïðèíàä-

ëåæàò êëàññó Ñîáîëåâà W 1
1 (f(Bj)) è èìåþò êîíå÷íîå èñêàæåíèå. ×åðåç Aj îáîçíà÷èì

áîðåëåâñêîå ìíîæåñòâî òî÷åê y ∈ f(Bj), â êîòîðûõ îïðåäåëåíà ìàòðèöà ßêîáè Dhj .
Ïîñêîëüêó hj ∈ W 1

1 ïðèíàäëåæèò êëàññó Ñîáîëåâà, mn(f(Bj) \ Aj) = 0. Ïîëîæèâ

Dhj(y) = 0 â òî÷êàõ y ∈ f(Bj) \ Aj , ïîëó÷èì áîðåëåâñêóþ �óíêöèþ |Dhj | : f(Bj) → R.
Îïðåäåëèì áîðåëåâñêóþ �óíêöèþ ρ0 = supj∈N |Dhj |χf(Bj ).
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Ïîëîæèì

Bk
f = {x ∈ D : i(x, f) = k}, k > 2.

Êàæäàÿ òî÷êà x ∈ Bk
f îáëàäàåò íîðìàëüíîé îêðåñòíîñòüþ U ⊂ D. Ïîêðîåì ìíîæå-

ñòâî Bk
f òàêèìè íîðìàëüíûìè îêðåñòíîñòÿìè Uki, i ∈ N, è îáîçíà÷èì ÷åðåç gki îòîáðà-

æåíèÿ gUki
, îïðåäåëåííûå �îðìóëîé (1). ×åðåç Gki îáîçíà÷èì áîðåëåâñêîå ìíîæåñòâî

òî÷åê y ∈ f(Uki), â êîòîðûõ îïðåäåëåíà ìàòðèöà ßêîáè Dgki. Ïîñêîëüêó îòîáðàæåíèå

gki ñîáîëåâñêîå, mn(f(Uki) \ Gki) = 0. Ïîëîæèâ Dgki(y) = 0 â òî÷êàõ y ∈ f(Uki) \ Gki,

ïîëó÷èì áîðåëåâñêèå �óíêöèè |Dgki| : f(Uki) → R. Îïðåäåëèì áîðåëåâñêèå �óíêöèè

ηki = |Dgki|χf(Uki). Ââåäåì òàêæå áîðåëåâñêîå ìíîæåñòâî

F =
⋃

j∈N

(f(Bj) \Aj) ∪
⋃

k>2
i∈N

(f(Uki) \Gki).

Ëåãêî âèäåòü, ÷òî mn(F ) = 0.

Ëåììà 3 (ñð. ñ [10, II.7.2℄). Ïóñòü f : Ω → Rn
� îòîáðàæåíèå ñ (θ, 1)-âåñîâûì îãðà-

íè÷åííûì (p, q)-èñêàæåíèåì, n− 1 < q 6 p < ∞, à âåñîâàÿ �óíêöèÿ ω(x) = θ
− n−1

q−(n−1) (x)
ëîêàëüíî ñóììèðóåìà. ×åðåç Γ0 îáîçíà÷èì ñåìåéñòâî çàìêíóòûõ êðèâûõ α â îáëàñòè D
òàêèõ, ÷òî ëèáî êðèâàÿ f ◦ α íåñïðÿìëÿåìà, ëèáî f ◦ α ñïðÿìëÿåìà è ïî êðàéíåé ìåðå

îäíî èç ñëåäóþùèõ óñëîâèé íåâåðíî:

1)
∫
f◦αχF ds = 0;

2)
∫
f◦αρ0 ds <∞;

3) åñëè β � çàìêíóòàÿ ïîäêðèâàÿ êðèâîé α è |β| ⊂ Bj , òî hj àáñîëþòíî íåïðåðûâíî
íà f ◦ β;

4) åñëè β � çàìêíóòàÿ ïîäêðèâàÿ êðèâîé α è |β| ⊂ Uki, òî gki àáñîëþòíî íåïðåðûâíî
íà f ◦ β;

5) åñëè β � çàìêíóòàÿ ïîäêðèâàÿ êðèâîé α è |β| ⊂ Uki, òî
∫
f◦β ηki ds <∞.

Òîãäà modp′ f(Γ0) = 0, ãäå p′ = p
p−(n−1) .

4. Ìîäóëüíûå íåðàâåíñòâà

Ñ�îðìóëèðóåì àíàëîã íåðàâåíñòâà Ïîëåöêîãî (ñð. ñ [5, òåîðåìà 1℄).

Òåîðåìà 1. Ïóñòü f : Ω → Rn
� îòîáðàæåíèå ñ (θ, 1)-âåñîâûì îãðàíè÷åííûì (p, q)-

èñêàæåíèåì, n − 1 < q 6 p < ∞, à âåñîâàÿ �óíêöèÿ ω(x) = θ
− n−1

q−(n−1) (x) ëîêàëüíî

ñóììèðóåìà. Åñëè Γ � ñåìåéñòâî êðèâûõ â îáëàñòè Ω, òî ñïðàâåäëèâî íåðàâåíñòâî

(modp′ f(Γ))
1/p′ 6 Kθ,1

p,q (f ; Ω)
n−1(modωq′ Γ)

1/q′ ,

ãäå p′ = p
p−(n−1) , q

′ = q
q−(n−1) .

Íåðàâåíñòâî Ïîëåöêîãî èìååò îáîáùåíèå, èçâåñòíîå â ëèòåðàòóðå êàê íåðàâåíñòâî

Âÿéñÿëÿ [6, 3.1℄. Ñ�îðìóëèðóåì åãî àíàëîã.

Òåîðåìà 2. Ïóñòü f : Ω → Rn
� îòîáðàæåíèå ñ (θ, 1)-âåñîâûì îãðàíè÷åííûì (p, q)-

èñêàæåíèåì, n − 1 < q 6 p < ∞, à âåñîâàÿ �óíêöèÿ ω(x) = θ
− n−1

q−(n−1) (x) ëîêàëüíî

ñóììèðóåìà. Ïóñòü Γ � ñåìåéñòâî êðèâûõ â Ω, Γ′
� ñåìåéñòâî êðèâûõ â Rn

, è m �

ïîëîæèòåëüíîå öåëîå ÷èñëî. Ïðåäïîëîæèì, ÷òî âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå: äëÿ



Îöåíêè íà ìîäóëè ñåìåéñòâ êðèâûõ 73

êàæäîé êðèâîé β : I → Rn
â Γ′

ñóùåñòâóþò êðèâûå α1, . . . , αm â Γ òàêèå, ÷òî äëÿ âñåõ

x ∈ Ω è t ∈ I ðàâåíñòâî αj(t) = x ñïðàâåäëèâî íå áîëåå ÷åì äëÿ i(x, f) çíà÷åíèé èíäåêñà j.
Òîãäà

(modp′ Γ
′)1/p

′

6
Kθ,1

p,q (f ; Ω)n−1

m1/p′
(modωq′ Γ)

1/q′ ,

ãäå p′ = p
p−(n−1) , q

′ = q
q−(n−1) .

Èç òåîðåìû 2 âûâîäèì (ñð. ñ [5, òåîðåìà 2℄)

Ñëåäñòâèå 1. Ïóñòü f : Ω → Rn
� îòîáðàæåíèå ñ (θ, 1)-âåñîâûì îãðàíè÷åííûì (p, q)-

èñêàæåíèåì, n − 1 < q 6 p < ∞, à âåñîâàÿ �óíêöèÿ ω(x) = θ
− n−1

q−(n−1) (x) ëîêàëüíî

ñóììèðóåìà. Åñëè D � íîðìàëüíàÿ îáëàñòü äëÿ f , Γ′
� ñåìåéñòâî êðèâûõ â f(D), Γ �

ñåìåéñòâî êðèâûõ α â D òàêîå, ÷òî f ◦ α ∈ Γ′
, òî

(modp′ Γ
′)1/p

′

6
Kθ,1

p,q (f ; Ω)n−1

N(f,D)1/p
′
(modωq′ Γ)

1/q′ .
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ÏËÎÒÍÎÑÒÜ Ï�ÎÑÒ�ÀÍÑÒÂÀ ËÈÇÎ�ÊÈÍÀ

Â ��ÀÍÄ-Ï�ÎÑÒ�ÀÍÑÒÂÀÕ ËÅÁÅ�À

Ñ. Ì. Óìàðõàäæèåâ

Ñåì¼íó Ñàìñîíîâè÷ó Êóòàòåëàäçå

ê åãî ñåìèäåñÿòèëåòèþ

Äîêàçàíà ïëîòíîñòü ïðîñòðàíñòâà Ëèçîðêèíà â íåêîòîðîì ïîäïðîñòðàíñòâå ãðàíä-ïðîñòðàíñòâà Ëå-

áåãà íà îòêðûòîì ìíîæåñòâå Ω ⊆ Rn
.

Êëþ÷åâûå ñëîâà: ãðàíä-ïðîñòðàíñòâî Ëåáåãà, ïðîñòðàíñòâî Ëèçîðêèíà, ïëîòíîñòü áåñêîíå÷íî

äè��åðåíöèðóåìûõ �óíêöèé.

1. Ââåäåíèå

�àññìàòðèâàþòñÿ ìîäè�èêàöèè ïðîñòðàíñòâ Ëåáåãà, íàçûâàåìûå ãðàí-ïðîñòðàíñò-

âàìè Ëåáåãà. Òàêèå ïðîñòðàíñòâà Lp)(Ω), 1 < p < ∞, ïî îãðàíè÷åííîìó ìíîæåñòâó

Ω ⊂ Rn
ââåëè â 1992 ã. T. Iwanie
 è C. Sbordone [11℄. Îïåðàòîðû ãàðìîíè÷åñêîãî àíàëèçà

èíòåíñèâíî èññëåäîâàëèñü â òàêèõ ïðîñòðàíñòâàõ â ïîñëåäíèå ãîäû è îíè ïðîäîëæàþò

ïðèâëåêàòü âíèìàíèå èññëåäîâàòåëåé â ñâÿçè ñ ðàçëè÷íûìè èõ ïðèëîæåíèÿìè (ñì. [5�10℄,

[13�15℄).

Â ñòàòüÿõ [2, 17, 18, 20℄ ïðåäëîæåí ïîäõîä, ïîçâîëÿþùèé ââåñòè ãðàíä-ïðîñòðàíñòâà

Ëåáåãà L
p)
a (Ω), 1 < p < ∞, a ∈ Lp(Ω), íà îòêðûòûõ, íå îáÿçàòåëüíî îãðàíè÷åííûõ,

ìíîæåñòâàõ Ω ⊆ Rn
. Äåéñòâèÿ ìàêñèìàëüíîãî îïåðàòîðà Õàðäè � Ëèòòëâóäà, îïåðà-

òîðîâ Êàëüäåðîíà � Çèãìóíäà è ïîòåíöèàëà �èññà â ãðàíä-ïðîñòðàíñòâà Ëåáåãà L
p)
a (Ω)

èññëåäîâàíû â ðàáîòàõ [1, 3, 19℄.

Èçâåñòíî, ÷òî êëàññ C∞
0 (Ω) ïëîòåí â ïðîñòðàíñòâàõ Ëåáåãà Lp(Ω), 1 6 p <∞. Â ñòà-

òüå äîêàçàíî, ÷òî â ãðàíä-ïðîñòðàíñòâàõ Ëåáåãà L
p)
a (Ω) ìíîæåñòâî ¾õîðîøèõ¿ �óíêöèé

íå ÿâëÿåòñÿ ïëîòíûì, íî îíî ïëîòíî â íåêîòîðîì ïîäìíîæåñòâå ïðîñòðàíñòâà L
p)
a (Ω)

(ëåììà 2.6).

Ïðè èçó÷åíèè îïåðàòîðîâ òèïà ïîòåíöèàëà îêàçàëèñü ïîëåçíûìè îñíîâíûå ïðîñòðàí-

ñòâà Φ � ïðîñòðàíñòâà Ëèçîðêèíà. Â êíèãàõ [4, 16℄ äîêàçàíà ïëîòíîñòü êëàññà Φ â Lp(Ω),
1 < p <∞. Òåîðåìà 3.1 ðàñïðîñòðàíÿåò ýòî óòâåðæäåíèå íà íåêîòîðîå ïîäïðîñòðàíñòâî

ãðàíä-ïðîñòðàíñòâà Ëåáåãà L
p)
a (Ω).
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2.1. �ðàíä-ïðîñòðàíñòâà Ëåáåãà L
p)
a (Ω) è L̊

p)
a (Ω)

2.1. Îñíîâíûå îïðåäåëåíèÿ è íåêîòîðûå ñâîéñòâà. Ïóñòü Ω � îòêðûòîå ïîä-

ìíîæåñòâî ïðîñòðàíñòâà Rn
è w � âåñ íà Ω, ò. å. íåîòðèöàòåëüíàÿ ëîêàëüíî èíòåãðèðó-

åìàÿ �óíêöèÿ, îïðåäåëåííàÿ è íåðàâíàÿ íóëþ ïî÷òè âñþäó íà Ω. Âåñîâûå ïðîñòðàíñòâà
Ëåáåãà Lp(Ω, w) îïðåäåëÿþòñÿ íîðìîé

‖f‖Lp(Ω,w) =

{∫

Ω

|f(x)|pw(x) dx
} 1

p

, 1 6 p <∞.

Ïðè w ≡ 1 ìû ïèøåì Lp(Ω).

�ðàíä-ïðîñòðàíñòâà Ëåáåãà Lp)(Ω) ïî îãðàíè÷åííîìó ìíîæåñòâó Ω îïðåäåëÿþòñÿ

íîðìîé

‖f‖Lp)(Ω) := sup
0<ε<p−1

ε
1

p−ε ‖f‖Lp−ε(Ω).

Ïðîñòðàíñòâà Lp)(Ω) áûëè ââåäåíû è èçó÷åíû â âûøåóêàçàííûõ ðàáîòàõ äëÿ �óíê-

öèé, îïðåäåëåííûõ íà îãðàíè÷åííûõ ìíîæåñòâàõ Ω ⊂ Rn
. Â ñòàòüÿõ [2, 17, 18, 20℄ áûë

ïðåäëîæåí ïîäõîä, ïîçâîëÿþùèé ââåñòè ãðàíä-ïðîñòðàíñòâà Ëåáåãà íà ìíîæåñòâàõ ïðî-

èçâîëüíîé (íåîãðàíè÷åííîé) ìåðû ïîñðåäñòâîì íåêîòîðîé íåîòðèöàòåëüíîé �óíêöèè a:

Lp)
a (Ω) :=

{
f : sup

0<ε<p−1
ε

∫

Ω

|f(x)|p−εa(x)ε dx <∞
}
,

‖f‖
L
p)
a (Ω)

:= sup
0<ε<p−1

ε
1

p−ε ‖f‖Lp−ε(Ω,aε).

(1)

Îáîçíà÷èì ÷åðåç L̊
p)
a (Ω) (L

p)
0 (Ω) ïðè a ≡ 1) ïîäïðîñòðàíñòâî ïðîñòðàíñòâà L

p)
a (Ω),

ñîñòîÿùåå èç �óíêöèé f ∈ L
p)
a (Ω), äëÿ êîòîðûõ

lim
ε→0

ε

∫

Ω

|f(x)|p−ε[a(x)]ε dx = 0.

Ïðè a ∈ Lp(Ω) èìååò ìåñòî öåïî÷êà âëîæåíèé

Lp(Ω) ⊂ L̊p)
a (Ω) ⊂ Lp)

a (Ω) ⊂ Lp−ε1(Ω, aε1) ⊂ Lp−ε2(Ω, aε2), 0 < ε1 < ε2 < p− 1. (2)

Ïðèâåäåì ïðèìåðû �óíêöèé, ïîäòâåðæäàþùèõ ñòðîãîñòü ïåðâûõ äâóõ âëîæåíèé

â (2).

Ïðèìåð 2.1. f0(x) = x
− 1

p
(
ln
(
1
x

))−λ
p
, x ∈

(
0, 1e
)
.

f0 ∈Lp(0, 1/e), λ > 1;

f0 ∈Lp)
0 (0, 1/e), λ > 0;

f0 ∈Lp)(0, 1/e), λ > 0.

Äåéñòâèòåëüíî, äëÿ λ > 1 èìååì ‖f0‖Lp(0,1/e) =
{∫∞

1 t−λ dt
} 1

p <∞.
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Ïðè λ = 0 ïîëó÷èì

‖f0‖Lp)(0,1/e) = sup
0<ε<p−1

{
ε

1/e∫

0

x−1+ ε
p dx

} 1
p−ε

= sup
0<ε<p−1

(
p e−

ε
p

) 1
p−ε

<∞.

Ïóñòü 0 < λ 6 1. Òîãäà

ε

1/e∫

0

|f0(x)|p−ε dx = ε
λ
p
(p−ε)

∞∫

ε

e−yy
−λ

p
(p−ε)

dy ∼
{
ε

λ
p
(p−ε)

, λ < 1

1− ε
ε
p , λ = 1

→ 0, ε→ 0.

Áëàãîäàðÿ ñëåäóþùåé ëåììå â äàëüíåéøåì íåêîòîðûå âûêëàäêè áóäóò ñóùåñòâåííî

óïðîùåíû.

Ëåììà 2.2. Ïóñòü a ∈ Lp(Ω). Íîðìû ‖f‖
L
p)
a (Ω)

è ‖f‖
L
p)
ca(Ω)

, ãäå c � ïîëîæèòåëüíàÿ

êîíñòàíòà, ýêâèâàëåíòíû.

Â äàëüíåéøåì, îñíîâûâàÿñü íà ëåììå 2.2, â êà÷åñòâå ïàðàìåòðà a â îïðåäåëåíèè

ãðàíä-ïðîñòðàíñòâà L
p)
a (Ω) áóäåì ðàññìàòðèâàòü íåîòðèöàòåëüíûå è íåðàâíûå íóëþ ïî-

÷òè âñþäó íà Ω �óíêöèè èç êëàññà Lp(Ω) òàêèå, ÷òî

‖a‖Lp(Ω) = 1.

Ïóñòü δ ∈ (0, p−1). Â ãðàíä-ïðîñòðàíñòâå Ëåáåãà L
p)
a (Ω) êðîìå íîðìû (1) ðàññìîòðèì

åùå íîðìó

‖f‖
L
p)
a (Ω;δ)

= sup
0<ε6δ

ε
1

p−ε ‖f‖Lp−ε(Ω,aε).

Ëåììà 2.3. Ïóñòü a � âåñ èç Lp(Ω). Òîãäà íîðìû ‖f‖
L
p)
a (Ω)

è ‖f‖
L
p)
a (Ω;δ)

ýêâèâàëåíò-

íû.

⊳ Íåðàâåíñòâî ‖f‖
L
p)
a (Ω;δ)

6 ‖f‖
L
p)
a (Ω)

î÷åâèäíî. Ïóñòü δ ∈ (0, p − 1), ïîêàæåì, ÷òî

ñóùåñòâóåò ÷èñëî Cδ > 0 òàêîå, ÷òî

‖f‖
L
p)
a (Ω)

6 Cδ‖f‖Lp)
a (Ω;δ)

. (3)

Èìååì

‖f‖
L
p)
a (Ω)

= max
{
‖f‖

L
p)
a (Ω;δ)

, Bδ

}
,

ãäå

Bδ = sup
δ<ε<p−1

ε
1

p−ε ‖f‖Lp−ε(Ω,aε).

Ïðèìåíèâ íåðàâåíñòâî ��åëüäåðà ñ ïîêàçàòåëÿìè r = p−δ
p−ε > 1, r′ = p−δ

ε−δ , ïîëó÷èì

‖f‖Lp−ε(Ω,aε) =

(∫

Ω

|f |p−εaε dx

) 1
p−ε

=

(∫

Ω

|f |p−εa
δ
r aε−

δ
r dx

) 1
p−ε

6 ‖f‖Lp−δ(Ω,aδ)

(∫

Ω

ap dx

) ε−δ
(p−ε)(p−δ)

= ‖f‖Lp−δ(Ω,aδ).
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Ñëåäîâàòåëüíî,

Bδ 6 sup
δ<ε<p−1

ε
1

p−ε ‖f‖Lp−δ(Ω,aδ)

= sup
δ<ε<p−1

ε
1

p−ε δ
− 1

p−δ δ
1

p−δ ‖f‖Lp−δ(Ω,aδ) 6 (p− 1)δ
− 1

p−δ ‖f‖
L
p)
a (Ω;δ)

.

Ýòî äàåò îöåíêó (3) ñ êîíñòàíòîé

Cδ = max
{
1, (p − 1)δ

− 1
p−δ

}
. ✄

Ëåììà 2.4. Ìíîæåñòâî L
p)
a (Ω) åñòü áàíàõîâî ïðîñòðàíñòâî îòíîñèòåëüíî íîðìû (1).

Äîêàçàòåëüñòâî ëåììû ïðîâîäèòñÿ ñòàíäàðòíûìè ðàññóæäåíèÿìè. Äëÿ ïîëíîòû èç-

ëîæåíèÿ ìû ïðèâîäèì åãî â ïðèëîæåíèè.

Ëåììà 2.5. Ïðîñòðàíñòâî L̊
p)
a (Ω) çàìêíóòî îòíîñèòåëüíî íîðìû (1) è, ñëåäîâàòåëü-

íî, åñòü ïîäïðîñòðàíñòâî ïðîñòðàíñòâà L
p)
a (Ω): L̊

p)
a (Ω)  L

p)
a (Ω).

⊳ Òîò �àêò, ÷òî L̊
p)
a (Ω)  L

p)
a (Ω) âèäíî èç ïðèìåðà 2.1. ×òîáû äîêàçàòü, ÷òî ìíî-

æåñòâî L̊
p)
a (Ω) çàìêíóòî ïî íîðìå (1), ðàññìîòðèì ïîñëåäîâàòåëüíîñòü {fk} ýëåìåíòîâ

èç L̊
p)
a (Ω), ñõîäÿùóþñÿ ê íåêîòîðîé �óíêöèè f . Â ñèëó âëîæåíèÿ L̊

p)
a (Ω) ⊂ L

p)
a (Ω) è

ïîëíîòû ïðîñòðàíñòâà L
p)
a (Ω) �óíêöèÿ f ïðèíàäëåæèò L

p)
a (Ω). Îñòàëîñü ïîêàçàòü, ÷òî

f ∈ L̊
p)
a (Ω), ò. å.

lim
ε→0

ε

∫

Ω

|f(x)|p−ε[a(x)]ε dx = 0.

Èìååì

{
ε

∫

Ω

|f(x)|p−ε[a(x)]ε dx

} 1
p−ε

6 ‖f − fk‖Lp)
a (Ω)

+

{
ε

∫

Ω

|fk(x)|p−ε[a(x)]ε dx

} 1
p−ε

.

Ïåðâîå ñëàãàåìîå ìîæíî ñäåëàòü ñêîëü óãîäíî ìàëûì äëÿ äîñòàòî÷íî áîëüøèõ k â ñèëó

ïîëíîòû ïðîñòðàíñòâà L
p)
a (Ω), à âòîðîå � äëÿ äîñòàòî÷íî ìàëûõ ε â ñèëó òîãî, ÷òî

fk ∈ L̊p)
a (Ω). ⊲

2.2. Ïëîòíîñòü ìíîæåñòâà ãëàäêèõ �óíêöèé

Òåîðåìà 2.6. Ïóñòü Ω ⊆ Rn, a � âåñ èç Lp(Ω), 1 < p < ∞. Òîãäà ìíîæåñòâî C∞
0 (Ω)

ïëîòíî â L̊
p)
a (Ω).

⊳ Äîêàæåì ñíà÷àëà, ÷òî ìíîæåñòâî îãðàíè÷åííûõ �óíêöèé ïëîòíî â L̊
p)
a (Ω). Ïîòîì

äîêàæåì, ÷òî ëþáóþ îãðàíè÷åííóþ �óíêöèþ ìîæíî ïðèáëèçèòü ïî íîðìå ïðîñòðàíñòâà

L
p)
a (Ω) áåñêîíå÷íî äè��åðåíöèðóåìûìè �èíèòíûìè �óíêöèÿìè.

1. Ïóñòü f ∈ L̊
p)
a (Ω). Íóæíî äîêàçàòü, ÷òî ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü îãðàíè-

÷åííûõ �óíêöèé fN òàêàÿ, ÷òî

(∀ δ > 0) (∃N0) ‖f − fN‖
L
p)
a (Ω)

<
δ

2
(∀N > N0). (4)

Ïîñòðîèì òàêóþ ïîñëåäîâàòåëüíîñòü ñ ïîìîùüþ ¾ñðåçîê¿ fN äàííîé �óíêöèè f :

fN(x) =

{
f(x), |f(x)| 6 N ;

0, |f(x)| > N.
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Ïî îïðåäåëåíèþ êëàññà L̊
p)
a (Ω) èìååì limε→0 ε

∫
Ω |f(x)|p−ε[a(x)]ε dx = 0. Ñëåäîâàòåëü-

íî,

(∃ ε0 > 0)

{
ε

∫

Ω

|f(x)|p−ε[a(x)]ε dx

} 1
p−ε

<
δ

2
(∀ ε 6 ε0), (5)

ãäå δ èç (4).
Òîãäà

‖f − fN‖Lp)(Ω) = sup
0<ε<p−1

{
ε

∫

EN

|f(x)|p−ε[a(x)]ε dx

} 1
p−ε

= max {δ1, δ2} ,

ãäå EN = {x ∈ Ω : |f(x)| > N} è

δ1(N) = sup
0<ε6ε0

{
ε

∫

EN

|f(x)|p−ε[a(x)]ε dx

} 1
p−ε

,

δ2(N) = sup
ε0<ε<p−1

{
ε

∫

EN

|f(x)|p−ε[a(x)]ε dx

} 1
p−ε

ñ ε0 èç (5).
Äëÿ δ1(N) â ñèëó (5) è âëîæåíèÿ EN ⊂ Ω ïîëó÷èì

δ1(N) 6 sup
0<ε6ε0



ε
∫

Ω

|f(x)|p−ε[a(x)]ε dx





1
p−ε

6
δ

2
.

Äëÿ îöåíêè âåëè÷èíû δ2(N) âîñïîëüçóåìñÿ íåðàâåíñòâîì ��åëüäåðà ñ ïîêàçàòåëåì

r = p−ε0
p−ε > 1:

δ2(N) 6 sup
ε0<ε<p−1

ε
1

p−ε

{ ∫

EN

|f(x)|p−ε0 [a(x)]ε0 dx

} 1
p−ε0

{ ∫

EN

[a(x)]p dx

} p(ε−ε0)
(p−ε0)(p−ε)

6 sup
ε0<ε<p−1

ε
1

p−ε

{ ∫

EN

|f(x)|p−ε0 [a(x)]ε0 dx

} 1
p−ε0

6 (p− 1)

{ ∫

EN

|f(x)|p−ε0 [a(x)]ε0 dx

} 1
p−ε0

.

Ñëåäîâàòåëüíî, ñóùåñòâóåò íàòóðàëüíîå ÷èñëî N0 òàêîå, ÷òî

δ2(N) 6
δ

2
(∀N > N0).

Òàêèì îáðàçîì,

‖f − fN‖Lp)(Ω) <
δ

2
(∀N > N0),

÷òî è òðåáîâàëîñü äîêàçàòü.

2. Ïóñòü òåïåðü f � îãðàíè÷åííàÿ íà Ω �óíêöèÿ èç L̊
p)
a (Ω). Ñëåäîâàòåëüíî,

f ∈ Lp−ε(Ω, aε) äëÿ ëþáîãî ε ∈ (0, p − 1). Â ñèëó ïëîòíîñòè ìíîæåñòâà C∞
0 (Ω) â Lq(Ω),
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q > 1, ìîæíî âûáðàòü �óíêöèþ ϕ ∈ C∞
0 (Ω) òàêîé, ÷òî ‖f − ϕ‖Lp−ε(Ω,aε) <

δ
2(p−1) . Òîãäà

ïîëó÷èì

‖f − ϕ‖
L
p)
a (Ω)

= sup
0<ε<p−1

ε
1

p−ε ‖f − ϕ‖Lp−ε(Ω,aε) <
δ

2
.

È, íàêîíåö,

‖f − ϕ‖
L
p)
a (Ω)

6 ‖f − fN0‖Lp)
a (Ω)

+ ‖fN0 − ϕ‖
L
p)
a (Ω)

< δ,

÷òî è òðåáîâàëîñü äîêàçàòü. ⊲

3. Ïðîñòðàíñòâî Φ

Âûäåëèì â ïðîñòðàíñòâå Øâàðöà S(Rn) ïîäïðîñòðàíñòâî

Ψ =
{
ψ : ψ ∈ S, (Djψ)(0) = 0, |j| = 0, 1, 2 . . .

}

�óíêöèé, èñ÷åçàþùèõ â íà÷àëå êîîðäèíàò âìåñòå ñî âñåìè ñâîèìè ïðîèçâîäíûìè.

�àññìîòðèì òåïåðü êëàññ Φ, äâîéñòâåííûé ê Ψ, ñîñòîÿùèé èç ïðåîáðàçîâàíèé Ôóðüå
�óíêöèé èç Ψ:

Φ =
{
ϕ : ϕ = ψ̂, ψ ∈ Ψ

}
.

Èçâåñòíî (ñì., íàïðèìåð, [4, 16℄), ÷òî êëàññ Φ ñîñòîèò èç òåõ è òîëüêî òåõ øâàðöåâñêèõ

�óíêöèé, êîòîðûå îðòîãîíàëüíû ìíîãî÷ëåíàì:

∫

Rn

xjϕ(x) dx = 0, |j| = 0, 1, 2, . . .

Â ìîíîãðà�èÿõ [4, 16℄ ïðèâåäåíî äîêàçàòåëüñòâî ïëîòíîñòè êëàññà Φ â ïðîñòðàíñòâàõ

Ëåáåãà Lp(Rn), 1 < p < ∞. Â ñëåäóþùåé òåîðåìå ìû ðàñïðîñòðàíÿåì ýòî óòâåðæäåíèå

íà L̊
p)
a (Rn).

Òåîðåìà 3.1. Êëàññ Φ ïëîòåí â ïîäïðîñòðàíñòâå L̊
p)
a (Rn) ïðîñòðàíñòâà L

p)
a (Rn),

1 < p <∞.

⊳ Ïóñòü f ∈ L̊
p)
a (Rn) è δ > 0. Íóæíî ïîêàçàòü, ÷òî ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü

�óíêöèé ϕN ∈ Φ òàêàÿ, ÷òî äëÿ âñÿêîãî δ > 0 íåðàâåíñòâî ‖f − ϕN‖
L
p)
a (Rn)

< δ âûïîë-

íÿåòñÿ ïðè âñåõ N , áîëüøèõ íåêîòîðîãî N0.

Òàê êàê ïî ëåììå 2.6 ìíîæåñòâî C∞
0 (Rn) ïëîòíî â L̊

p)
a (Rn), òî ñóùåñòâóåò �óíêöèÿ

f0 ∈ C∞
0 (Rn) òàêàÿ, ÷òî

‖f − f0‖Lp)
a (Rn)

<
δ

2
.

Òåïåðü îñòàëîñü ïðèáëèçèòü f0 �óíêöèÿìè èç Φ. Äëÿ ýòîãî ìû ïîñòðîèì ïîäõîäÿùóþ

ïîñëåäîâàòåëüíîñòü, ðàññóæäàÿ àíàëîãè÷íî ïðèâåäåííûì â [4, ñ. 22, 23℄ è [16, 
. 42℄

ðàññóæäåíèÿì. Äëÿ f0 ∈ C∞
0 (Rn) ðàññìîòðèì ïîñëåäîâàòåëüíîñòü �óíêöèé

ϕN (x) = f0(x)−
∫

Rn

k(t)f0(x−Nt) dt,

ãäå k(t) � ïðîîáðàç Ôóðüå �óíêöèè 1− µ(N |x|) ∈ C∞
0 (Rn), µ(r) ≡ 1 ïðè r > 2, µ(r) ≡ 0

ïðè 0 6 r 6 1 è 0 6 µ(r) 6 1. Ôóíêöèè ϕN ïðèíàäëåæàò êëàññó Φ, è ïîñëåäîâàòåëüíîñòü
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{ϕN} ñõîäèòñÿ ïî íîðìå ïðîñòðàíñòâà Lp(Rn), 1 < p <∞, ê �óíêöèè f0. Ñëåäîâàòåëüíî,
ñóùåñòâóåò íîìåð N0, òàêîé ÷òî

‖f0 − ϕN‖Lp(Rn) <
δ

2(p − 1)
(∀N > N0).

Ïåðåõîäÿ ê íîðìå â ïðîñòðàíñòâå L
p)
a (Rn) è ïðèìåíèâ íåðàâåíñòâî ��åëüäåðà, ïîëó÷èì

‖f0 − ϕN‖
L
p)
a (Rn)

= sup
0<ε<p−1

{
ε

∫

Rn

|f0(x)− ϕN (x)|p−ε[a(x)]ε dx

} 1
p−ε

6 sup
0<ε<p−1

ε
1

p−ε ‖f0 − ϕN‖Lp(Rn) 6
δ

2
,

÷òî çàâåðøàåò äîêàçàòåëüñòâî. ⊲

4. Ïðèëîæåíèå

Äîêàçàòåëüñòâî ëåììû 2.4. Âîñïîëüçóåìñÿ ñõåìîé äîêàçàòåëüñòâà èç [12℄. Ïóñòü

{fk}, k = 1, 2, . . . , � ïîñëåäîâàòåëüíîñòü Êîøè èç L
p)
a (Ω), ò. å. äëÿ ëþáîãî δ > 0 ñóùå-

ñòâóåò íàòóðàëüíîå ÷èñëî N òàêîå, ÷òî äëÿ âñåõ k,m > N âûïîëíÿåòñÿ íåðàâåíñòâî

‖fk − fm‖
L
p)
a (Ω)

<
δ

3
.

Èìååì

‖fk − fm‖
L
p)
a (Ω)

= sup
0<ε<p−1

ε
1

p−ε ‖fk − fm‖Lp−ε(Ω,aε) <
δ

3
.

Ñëåäîâàòåëüíî, {fk} � ïîñëåäîâàòåëüíîñòü Êîøè â ïðîñòðàíñòâå Lp−ε(Ω, aε) äëÿ ëþáîãî
ε ∈ (0, p − 1) è ïóñòü f åñòü åãî ïðåäåë â Lp−ε(Ω, aε).

Ïóñòü k > N . Ïî îïðåäåëåíèþ ñóïðåìóìà ñóùåñòâóåò ÷èñëî ε0, çàâèñÿùåå îò k,
0 < ε0(n) < p− 1, òàêîå, ÷òî

‖f − fk‖Lp)
a (Ω)

= sup
0<ε<p−1

ε
1

p−ε ‖f − fk‖Lp−ε(Ω,aε) 6 ε
1

p−ε0
0 ‖f − fk‖Lp−ε0 (Ω,aε0 ) +

δ

3
.

Áîëåå òîãî, ñóùåñòâóåò íàòóðàëüíîå ÷èñëî N1 òàêîå, ÷òî äëÿ m > N1

ε
1

p−ε0
0 ‖f − fm‖Lp−ε0 (Ω,aε0 ) +

δ

3
.

Ïîýòîìó

‖f − fk‖Lp)
a (Ω)

6 ε
1

p−ε0
0 ‖fm − fk‖Lp−ε0 (Ω,aε0 )

+ε
1

p−ε0
0 ‖fm − f‖Lp−ε0 (Ω,aε0 ) +

δ

3
6
δ

3
+
δ

3
+
δ

3
= δ.

Òàêèì îáðàçîì,

‖f − fk‖Lp)
a (Ω)

< δ

äëÿ ëþáîãî k > N .

Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðî�åññîðó Ñ. �. Ñàìêî çà ïîëåçíîå îáñóæäåíèå ðåçóëüòàòîâ

ðàáîòû è ðåöåíçåíòó çà çàìå÷àíèÿ ê ïåðâîíà÷àëüíîìó òåêñòó ñòàòüè.
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DENSENESS OF THE LIZORKIN SPACE IN GRAND LEBESGUE SPACES

Umarkhadzhiev S. M.

Denseness of the Lizorkin spa
e in some subspa
e of a grand Lebesgue spa
e on an open set Ω ⊆ Rn
is

proved.

Key words: Grand Lebesgue spa
e, Lizorkin spa
e, denseness of in�nitely di�erentiable fun
tions.
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ÏÎ ÍÅÒÎ×ÍÎ ÇÀÄÀÍÍÎÌÓ Ï�ÅÎÁ�ÀÇÎÂÀÍÈÞ ÔÓ�ÜÅ

Ñ. À. Óíó÷åê

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ k-é ðàçäåëåííîé ðàçíîñòè ïîñëåäîâàòåëüíîñòè ïðè
óñëîâèè, ÷òî ïðèáëèæåííî èçâåñòíî ïðåîáðàçîâàíèå Ôóðüå ýòîé ïîñëåäîâàòåëüíîñòè íà èíòåðâàëå.

Ïîñòðîåí îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå âîññòàíîâëåíèå, ýêñòðåìàëüíàÿ çàäà÷à, ðàçäåëåííàÿ ðàçíîñòü, ïðå-

îáðàçîâàíèå Ôóðüå.

1. Ââåäåíèå

Çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ ëèíåéíîãî �óíêöèîíàëà ïî çíà÷åíèÿì äðóãèõ

ëèíåéíûõ �óíêöèîíàëîâ âïåðâûå áûëà ïîñòàâëåíà Ñ. À. Ñìîëÿêîì [1℄ â 1965 ã. Â îñíî-

âå ýòîé ðàáîòû ëåæàëè èäåè À. Í. Êîëìîãîðîâà î íàèëó÷øåì ïðèáëèæåíèè íà êëàññå

�óíêöèé, èçëîæåííûå â ðàáîòàõ [2℄ è [3℄. Çàäà÷à îá îïòèìàëüíîì âîññòàíîâëåíèè ïî

íåòî÷íî çàäàííîé èí�îðìàöèè áûëà ïîñòàâëåíà â ðàáîòå [4℄. Â äàííîé ðàáîòå èçó÷à-

åòñÿ çàäà÷à âîññòàíîâëåíèÿ ñàìîé ïîñëåäîâàòåëüíîñòè èëè åå k-é ðàçäåëåííîé ðàçíîñòè

(1 6 k 6 n− 1) â ñðåäíåêâàäðàòè÷íîé íîðìå ïî íåòî÷íî çàäàííîìó íà èíòåðâàëå ïðåîá-

ðàçîâàíèþ Ôóðüå äàííîé ïîñëåäîâàòåëüíîñòè â ðàâíîìåðíîé íîðìå íà êëàññå ïîñëåäîâà-

òåëüíîñòåé ñ îãðàíè÷åííîé n-é ðàçäåëåííîé ðàçíîñòüþ. Çàäà÷à îäíîâðåìåííîãî âîññòà-

íîâëåíèÿ íåñêîëüêèõ ðàçäåëåííûõ ðàçíîñòåé ðàçëè÷íîãî ïîðÿäêà ïî íåòî÷íî çàäàííîé

ïîñëåäîâàòåëüíîñòè ñ îãðàíè÷åííîé n-é ðàçäåëåííîé ðàçíîñòüþ â ñðåäíåêâàäðàòè÷íîé

íîðìå ðàññìàòðèâàëàñü â ðàáîòå [5℄. Çàäà÷à âîññòàíîâëåíèÿ �óíêöèè è åå k-é ïðîèç-

âîäíîé ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ýòîé �óíêöèè ðàññìàòðèâàëàñü

â ðàáîòå [6℄. �åçóëüòàò, ïîëó÷åííûé â äàííîé ðàáîòå, â ïðåäåëüíîì ñëó÷àå ïåðåõîäèò

â ðåçóëüòàò, ïîëó÷åííûé â ðàáîòå [6℄.

2. Îñíîâíûå ïîíÿòèÿ

�àññìîòðèì ïðîñòðàíñòâî l2,h(Z), h > 0, âñåõ ïîñëåäîâàòåëüíîñòåé x = {xj}j∈Z òàêèõ,
÷òî

∑

j∈Z

|xj|2 <∞, ‖x‖l2,h(Z) =
(
h
∑

j∈Z

|xj |2
)1/2

.

Íàïîìíèì îïðåäåëåíèå îïåðàòîðà ðàçäåëåííûõ ðàçíîñòåé:

∆1
hx = ∆hx =

{
xj+1 − xj

h

}

j∈Z
, ∆k

hx = ∆h

(
∆k−1

h x
)
.
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Îáîçíà÷èì

L
n
2,h(Z) =

{
x ∈ l2,h(Z) : ‖∆n

hx‖l2,h(Z) 6 1
}
,

L
n
2,h,∞(Z) =

{
x ∈ L

n
2,h(Z) : (Fx)(·) ∈ L∞([−π/h, π/h])

}
,

ãäå îáðàçîì Ôóðüå ïîñëåäîâàòåëüíîñòè x = {xj}j∈Z ∈ l2,h(Z) ÿâëÿåòñÿ �óíêöèÿ

(Fx)(ω) = h
∑

j∈Z

xje
−ijhω ∈ L2([−π/h, π/h]).

Îáðàçàìè Ôóðüå äëÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé ÿâëÿþòñÿ �óíêöèè

(F∆hx)(ω) = h
∑

j∈Z

xj+1 − xj
h

e−ijhω

=
1

h

(
h
∑

j∈Z

xj+1e
−i(j+1)hωeihω − h

∑

j∈Z

xje
−ijhω

)

=
eihω

h
· h
∑

j∈Z

xj+1e
−i(j+1)hω − 1

h
· h
∑

j∈Z

xje
−ijhω =

eihω − 1

h
(Fx)(w).

Ñëåäîâàòåëüíî,

(
F∆k

hx
)
(ω) =

(eihω − 1)k

hk
(Fx)(ω).

Ïóñòü äëÿ êàæäîé ïîñëåäîâàòåëüíîñòè x ∈ L n
2,h,∞(Z) òàêæå ïðèáëèæåííî èçâåñòíî

åå ïðåîáðàçîâàíèå Ôóðüå íà ìíîæåñòâå (−σ;σ), σ 6 π/h, â ìåòðèêå L∞(−σ;σ), ò. å.
èçâåñòíà íåêîòîðàÿ �óíêöèÿ y ∈ L∞(−σ;σ) òàêàÿ, ÷òî

∥∥(Fx)(·) − y(·)
∥∥
L∞(−σ;σ)

6 δ.

Çàäà÷à ñîñòîèò â îïòèìàëüíîì âîññòàíîâëåíèè ëèáî ñàìîé ïîñëåäîâàòåëüíîñòè, ëèáî

îïåðàòîðà ðàçäåëåííîé ðàçíîñòè k-ãî ïîðÿäêà ïîñëåäîâàòåëüíîñòè x ∈ L n
2,h,∞(Z).

Â êà÷åñòâå ìåòîäà âîññòàíîâëåíèÿ ðàññìîòðèì âñåâîçìîæíûå îòîáðàæåíèÿ

m(y) : L∞(−σ;σ) → l2,h(Z).

Ïîãðåøíîñòüþ ìåòîäà m áóäåì íàçûâàòü âåëè÷èíó

e
(
L

n
2,h,∞(Z), k, δ,m

)
= sup

x∈L n
2,h,∞(Z),

y∈L∞(−σ;σ),
‖(Fx)(·)−y(·)‖L∞(−σ;σ)6δ

∥∥(∆k
hx)−m(y(·))

∥∥
l2,h(Z)

.

Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷èíà

E
(
L

n
2,h,∞(Z), k, δ

)
= inf

m:L∞(−σ;σ)→l2,h(Z)
e
(
L

n
2,h,∞(Z), k, δ,m

)
.

Ìåòîä m, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, áóäåì íàçûâàòü îïòèìàëüíûì ìåòî-

äîì.
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3. Îñíîâíîé ðåçóëüòàò

Ïîëîæèì

g(ω) =
|eihω − 1|2

h2
=

(
2 sin hω

2

h

)2

,

σ̂ � ðåøåíèå óðàâíåíèÿ

∫ σ̂
−σ̂ g

n(ω)dω = 2π
δ2
, σ0 = min(σ, σ̂).

Òåîðåìà 1. Ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ ðàâíà

E
(
L

n
2,h,∞(Z), k, δ

)
=





√
Ω, σ0 < π/h,√
δ2

2π

∫
|ω|6π/h

gk(ω) dω, σ0 = π/h, (1)

ãäå

Ω =
δ2

2π

∫

|ω|<σ0

gk(ω) dω + gk−n(σ0)

(
1− δ2

2π

∫

|ω|<σ0

gn(ω) dω

)
.

Ïðè σ0 < π/h ìåòîä m̂(y) òàêîé, ÷òî

Fm̂(y) =

{
α(ω)y(ω), |ω| 6 σ0,
0, |ω| > σ0,

ãäå

α(ω) =

(
1−

(
g(ω)

g(σ0)

)n−k
)

· (e
ihω − 1)k

hk
,

ÿâëÿåòñÿ îïòèìàëüíûì. Ïðè σ0 = π/h ìåòîä m̂(y) òàêîé, ÷òî

Fm̂(y) =
(eihω − 1)k

hk
y(ω),

ÿâëÿåòñÿ îïòèìàëüíûì.

4. Äîêàçàòåëüñòâî

Ëåììà 1. Èìååò ìåñòî íåðàâåíñòâî

E
(
L

n
2,h,∞(Z), k, δ

)
> sup

x∈L n
2,h,∞(Z),

‖(Fx)(·)‖L∞(−σ;σ)6δ

∥∥∆k
hx
∥∥
l2,h(Z)

. (2)

⊳ Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè x ∈ L n
2,h,∞(Z) òàêîé, ÷òî âûïîëíåíî íåðàâåíñòâî

‖(Fx)(·)‖L∞(−σ;σ) 6 δ, è äëÿ ëþáîãî ìåòîäà m èìååì

2
∥∥∆k

hx
∥∥
l2,h(Z)

=
∥∥∆k

h(x)−∆k(−x) +m(0)−m(0)
∥∥
l2,h(Z)

6
∥∥∆k

h(x)−m(0)
∥∥
l2,h(Z)

+
∥∥∆k

h(−x)−m(0)
∥∥
l2,h(Z)

6 2e
(
L

n
2,h,∞(Z), k, δ,m

)
,

ò. å. äëÿ ëþáîãî ìåòîäà m

e
(
L

n
2,h,∞(Z), k, δ,m

)
> sup

x∈L n
2,h,∞(Z),

‖(Fx)(·)‖L∞(−σ;σ)6δ

∥∥∆k
hx
∥∥
l2,h(Z)

.

Îòñþäà ñëåäóåò íåðàâåíñòâî (2). ⊲
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Äîêàçàòåëüñòâî òåîðåìû 1. Èç ëåììû 1 ñëåäóåò, ÷òî ïîãðåøíîñòü îïòèìàëüíîãî

âîññòàíîâëåíèÿ íå ìåíüøå çíà÷åíèÿ ýêñòðåìàëüíîé çàäà÷è

∥∥∆k
hx
∥∥
l2,h(Z)

→ max,
∥∥∆n

hx
∥∥
l2,h(Z)

6 1,
∥∥(Fx)(ω)

∥∥
L∞(−σ;σ)

6 δ.
(3)

Ïåðåéäåì ê êâàäðàòó çàäà÷è (3) è çàïèøåì åå â îáðàçàõ Ôóðüå. Ïî òåîðåìå Ïëàíøå-

ðåëÿ èìååì

∥∥∆m
h x
∥∥2
l2,h(Z)

=
1

2π

∥∥F (∆m
h x)(ω)

∥∥2
L2([−π/h,π/h])

,

∥∥∆m
h x
∥∥2
l2,h(Z)

=
1

2π

∫

|ω|6π/h

|eihω − 1|2m
h2m

|Fx(ω)|2 dω.

Òåì ñàìûì, ïðèõîäèì ê ñëåäóþùåé çàäà÷å:

1

2π

∫

|ω|6π/h

|eihω − 1|2k
h2k

|(Fx)(ω)|2 dω → max;

1

2π

∫

|ω|6π/h

|eihω − 1|2n
h2n

|(Fx)(ω)|2 dω 6 1, |(Fx)(ω)|2 6 δ2
(4)

äëÿ ïî÷òè âñåõ ω ∈ (−σ;σ), x ∈ L n
2,h,∞(Z).

Ïóñòü σ > σ̂. Ïîêàæåì, ÷òî çíà÷åíèå çàäà÷è (4) íå ìåíüøå, ÷åì

δ2

2π

σ̂∫

−σ̂

gk(ω) dω.

Ââåäåì �óíêöèþ p(ω) = 1
2π |(Fx)(ω)|2dω > 0. Òîãäà çàäà÷à (4) ïðèíèìàåò âèä

∫

|ω|6π/h

gk(ω)p(ω) dω → max;

∫

|ω|6π/h

gn(ω)p(ω) dω 6 1, p(ω) 6
δ2

2π
.

(5)

Ïîëîæèì p̂(ω) =

{
δ2

2π , ω ∈ (−σ̂; σ̂),
0, ω /∈ (−σ̂; σ̂).

Òàê êàê

∫

|ω|6π/h

gn(ω) p̂(ω) dω =
δ2

2π

σ̂∫

−σ̂

gn(ω) dω = 1,

òî �óíêöèÿ p̂(ω) äîïóñòèìà â çàäà÷å (5), ò. å. çíà÷åíèå ýòîé çàäà÷è íå ìåíüøå, ÷åì

∫

|ω|6π/h

gk(ω) p̂(ω) dω =
δ2

2π

σ̂∫

−σ̂

gk(ω) dω.
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Ïðè σ > σ̂ èìååì, ÷òî

E2
(
L

n
2,h,∞(Z), k, δ

)
>
δ2

2π

σ̂∫

−σ̂

gk(ω) dω,

ò. å. ïîëó÷åíà îöåíêà ñíèçó ïðè σ0 = σ̂.
�àññìîòðèì ñëó÷àé σ < σ̂, σ < π/h. Ïîëîæèì

S(m) =

√√√√
πm

gn
(
σ+ 1

m
2

)
(
1− δ2

2π

∫

|ω|6σ

gn(ω) dω

)
.

Ïóñòü m äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî òàêîå, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

σ + 1
m < π

h . �àññìîòðèì ïîñëåäîâàòåëüíîñòü �óíêöèé xm, äëÿ êîòîðîé

(Fxm)(ω) =





δ, ω ∈ (−σ;σ),
S(m), σ < |ω| < σ + 1

m ,

0, |ω| > σ + 1
m .

Íåðàâåíñòâî

1
2π |(Fxm)(ω)|2 6 δ2

2π âûïîëíåíî äëÿ âñåõ |ω| < σ. Äàëåå, èìååì

1

2π

∫

|ω|6π/h

gn(ω)|(Fxm)(ω)|2 dω =
1

2π

(
2δ2

σ∫

0

gn(ω) dω + 2S2(m)

σ+ 1
m∫

σ

gn(ω) dω

)

6
1

π

(
δ2

σ∫

0

gn(ω) dω +
πm

gn
(
σ + 1

m

) ·
(
1− δ2

π

σ∫

0

gn(ω) dω

)
· 1

m
gn
(
σ +

1

m

))
= 1,

ò. å. ïîñëåäîâàòåëüíîñòü �óíêöèé xm äîïóñòèìà â çàäà÷å (4). Çíà÷åíèå ýòîé çàäà÷è íå

ìåíåå âåëè÷èíû

1

2π

∫

|ω|6π/h

gk(ω)|(Fxm)(ω)|2 dω =
1

2π

(
2δ2

σ∫

0

gk(ω) dω + 2S2(m)

σ+ 1
m∫

σ

gk(ω) dω

)

>
1

π

(
δ2

σ∫

0

gk(ω) dω +
πm

gn (σ + 1
m)

·
(
1− δ2

π

σ∫

0

gn(ω) dω

)
· 1

m
gk(σ)

)
.

Ïðè m→ ∞ âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè, ñòðåìèòñÿ ê

Ω =

(
δ2

π

σ∫

0

gk(ω) dω + gk−n(σ) ·
(
1− δ2

π

σ∫

0

gn(ω) dω

))
.

Òåì ñàìûì, ìû ïîêàçàëè, ÷òî ïðè σ < σ̂, σ < π/h ñïðàâåäëèâî íåðàâåíñòâî

E2(L n
2,h,∞(Z), k, δ) > Ω.

Â ñëó÷àå σ = π
h < σ̂ ïîëîæèì (Fx)(ω) = δ, |ω| < π

h . Òîãäà, ïîñêîëüêó âûïîëíåíî

ðàâåíñòâî

δ2

2π

∫ σ̂
−σ̂ g

n(ω) dω = 1, σ̂ > π
h , �óíêöèÿ g

n(ω) íåîòðèöàòåëüíàÿ, òî âûïîëíåíî

íåðàâåíñòâî

1

2π

∫

|ω|6π/h

gn(ω)|(Fxm)(ω)|2 dω =
δ2

2π

∫

|ω|6π/h

gn(ω) dω < 1.
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Ýòî îçíà÷àåò, ÷òî �óíêöèÿ x(·) äîïóñòèìà â çàäà÷å (4) è çíà÷åíèå çàäà÷è íå ìåíåå âå-

ëè÷èíû

δ2

2π

∫

|ω|6π/h

gk(ω) dω.

Òåì ñàìûì ìû ïîêàçàëè, ÷òî

E
(
L

n
2,h,∞(Z), k, δ

)
>





√
Ω, σ0 < π/h,√
δ2

2π

∫
|ω|6π/h

gk(ω) dω, σ0 = π/h.

Ïóñòü σ0 = min(σ, σ̂), σ0 < π/h. Ïîêàæåì, ÷òî ìåòîä m̂ : L∞(−σ;σ) → l2,h(Z) òàêîé,
÷òî

Fm̂(y) =

{
α(ω)y(ω), |ω| < σ0,

0, |ω| > σ0,
ÿâëÿåòñÿ îïòèìàëüíûì.

Äëÿ îöåíêè îïòèìàëüíîé ïîãðåøíîñòè âîññòàíîâëåíèÿ ðàçäåëåííûõ ðàçíîñòåé ðàñ-

ñìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

∥∥∆k
hx− m̂k(y)

∥∥
l2,h(Z)

→ max,
∥∥(Fx)(·) − y(·)

∥∥
L∞(−σ;σ)

6 δ,

x ∈ L
n
2,h,∞(Z), y ∈ L∞(−σ;σ).

(6)

Â îáðàçàõ Ôóðüå êâàäðàò çàäà÷è ïðèíèìàåò âèä

1

2π

( ∫

|ω|<σ0

∣∣∣∣
(eihω − 1)k

hk
Fx(ω)− α(ω)y(ω)

∣∣∣∣
2

dω

+

∫

σ06|ω|6π/h

|eihω − 1|2k
h2k

|Fx(ω)|2dω
)

→ max,

|Fx(ω)− y(ω)|2 6 δ2

(7)

äëÿ ïî÷òè âñåõ ω ∈ (−σ, σ),

1

2π

∫

|ω|6π/h

|eihω − 1|2n
h2n

|Fx(ω)|2 dω 6 1.

Ïîëîæèì z(ω) = Fx(ω) − y(ω), |z(ω)| 6 δ. Òîãäà ìàêñèìèçèðóåìîå âûðàæåíèå ìîæíî

ïðåäñòàâèòü â âèäå

D =
1

2π

( ∫

|ω|<σ0

∣∣∣∣
(
(eihω − 1)k

hk
− α(ω)

)
· Fx(ω) + α(ω)z(ω)

∣∣∣∣
2

dω

+

∫

σ06|ω|6π/h

gk(ω)
∣∣Fx(ω)

∣∣2dω
)

→ max .
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Îöåíèì ïîäûíòåãðàëüíîå âûðàæåíèå èç ïåðâîãî èíòåãðàëà, ïðèìåíèâ íåðàâåíñòâî Êî-

øè � Áóíÿêîâñêîãî:

∣∣∣∣
(
(eihω − 1)k

hk
− α(ω)

)
· Fx(ω) + α(ω)z(ω)

∣∣∣∣
2

=

∣∣∣∣∣

(eihω−1)k

hk − α(ω)
√
λ̂1(ω)

·
√
λ̂1(ω)Fx(ω) +

α(ω)√
λ̂2(ω)

·
√
λ̂2(ω)z(ω)

∣∣∣∣∣

2

6

(∣∣∣ (e
ihω−1)k

hk − α(ω)
∣∣∣
2

λ̂1(ω)
+

|α(ω)|2

λ̂2(ω)

)
·
(
λ̂1(ω)|Fx(ω)|2 + λ̂2(ω)|z(ω)|2

)
,

ãäå λ̂1(ω) > 0, λ̂2(ω) > 0 äëÿ ïî÷òè âñåõ ω < σ0.
Ïóñòü

Q(ω) =

∣∣∣ (e
ihω−1)k

hk − α(ω)
∣∣∣
2

λ̂1(ω)
+

|α(ω)|2

λ̂2(ω)
6 1. (8)

Òîãäà çíà÷åíèå çàäà÷è íå áîëüøå, ÷åì

D 6
1

2π

∫

|ω|<σ0

λ̂1(ω)|Fx(ω)|2 dω +
1

2π

∫

|ω|<σ0

λ̂2(ω)|z(ω)|2 dω

+
1

2π

∫

σ06|ω|6π/h

gk(ω)|Fx(ω)|2 dω.

Ïóñòü

λ̂1(ω) =
gn(ω)

gn−k(σ0)
, λ̂2(ω) = gk(ω)− λ̂1(ω).

Òîãäà

D 6
1

2π

∫

|ω|<σ0

gn(ω)

gn−k(σ0)
|Fx(ω)|2 dω +

1

2π

∫

σ06|ω|6π/h

gk(ω)|Fx(ω)|2 dω

+
1

2π

∫

|ω|<σ0

(
gk(ω)− gn(ω)

gn−k(σ0)

)
|z(ω)|2 dω.

Ó÷èòûâàÿ, ÷òî �óíêöèÿ gk−n(ω) íåîòðèöàòåëüíàÿ, ÷åòíàÿ è óáûâàþùàÿ ïðè ω > 0,
èìååì

1

2π

∫

σ06|ω|6π/h

gk(ω)|Fx(ω)|2 dω =
1

2π

∫

σ06|ω|6π/h

gk−n(ω) · gn(ω)|Fx(ω)|2 dω

6
1

2π
gk−n(σ0)

∫

σ06|ω|6π/h

gn(ω)|Fx(ω)|2 dω.

Òàêèì îáðàçîì, ïîëó÷àåì

D 6
gk−n(σ0)

2π

∫

|ω|6π/h

gn(ω)|Fx(ω)|2 dω +
1

2π

∫

|ω|<σ0

(
gk(ω)− gn(ω)

gn−k(σ0)

)
|z(ω)|2 dω.
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Ó÷èòûâàÿ óñëîâèÿ â çàäà÷å (7), ïîëó÷àåì

D 6 gk−n(σ0) ·
(
1− δ2

2π

∫

|ω|6π/h

gn(ω) dω

)
+
δ2

2π

∫

|ω|<σ0

gk(ω) dω.

Òàê êàê âåðõíÿÿ è íèæíÿÿ îöåíêè ïîãðåøíîñòè ñîâïàäàþò, ìåòîä m̂ � îïòèìàëüíûé.

Ïîêàæåì, ÷òî óñëîâèå (8) âûïîëíèìî. Ïóñòü

α(ω) =
λ̂2(ω)

λ̂1(ω) + λ̂2(ω)
· (e

ihω − 1)k

hk
.

Òîãäà

Q(ω) =

∣∣∣ (e
ihω−1)k

hk − α(ω)
∣∣∣
2

λ̂1(ω)
+

|α(ω)|2

λ̂2(ω)
=

gk(ω)

λ̂1(ω) + λ̂2(ω)
= 1,

è óñëîâèå âûïîëíÿåòñÿ.

Ïîêàæåì, ÷òî ïðè σ = π
h < σ̂ ìåòîä m̂ : L∞(−σ;σ) → l2,h(Z) òàêîé, ÷òî

Fm̂(y) =
(eihω − 1)k

hk
y(ω), |ω| < π

h

îïòèìàëåí. Â ýòîì ñëó÷àå êâàäðàò çàäà÷è (7) èìååò âèä

1

2π

∫

|ω|6π/h

∣∣∣∣
(eihω − 1)k

hk
Fx(ω)− (eihω − 1)k

hk
y(ω)

∣∣∣∣
2

dω → max,

|Fx(ω)− y(ω)|2 6 δ2
(9)

äëÿ ïî÷òè âñåõ ω ∈ (−π/h, π/h),

1

2π

∫

|ω|6π/h

|eihω − 1|2n
h2n

|Fx(ω)|2 dω 6 1.

Ó÷èòûâàÿ îãðàíè÷åíèÿ â çàäà÷å (9), îöåíèì ïåðâûé èíòåãðàë:

1

2π

∫

|ω|6π/h

∣∣∣∣
(eihω − 1)k

hk
Fx(ω)− (eihω − 1)k

hk
y(ω)

∣∣∣∣
2

dω

=
1

2π

∫

|ω|6π/h

gk(ω)|Fx(ω)− y(ω)|2 dω 6 δ2

2π

∫

|ω|6π/h

gk(ω) dω.

Âåðõíÿÿ è íèæíÿÿ îöåíêè ñíîâà ñîâïàëè, ìåòîä îïòèìàëåí.

Ïóñòü

W
n
2 (R) =

{
f(·) ∈ L2(R) : f

(n−1) ∈ LAC(R), f (n)(·) ∈ L2(R)
}

� ñîáîëåâñêîå ïðîñòðàíñòâî, ãäå LAC(R) � ìíîæåñòâî �óíêöèé, àáñîëþòíî íåïðåðûâ-

íûõ íà êàæäîì êîíå÷íîì îòðåçêå. �àññìîòðèì êëàññ �óíêöèé

Wn
2,∞(R) =

{
f(·) ∈ W

n
2 (R) : ‖f (n)(·)‖L2(R) 6 1, (Ff)(·) ∈ L∞(R)

}
,

ãäå (Ff)(·) � ïðåîáðàçîâàíèå Ôóðüå �óíêöèè f .
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Çàìåòèì, ÷òî, â ïðåäåëå ïðè h → 0 k-ÿ ðàçäåëåííàÿ ðàçíîñòü ïîñëåäîâàòåëüíîñòè

x ∈ L n
2,h,∞(Z) ïåðåõîäèò â ïðîèçâîäíóþ k-ãî ïîðÿäêà �óíêöèè f(·) ∈Wn

2,∞(R),

lim
h→0

g(ω) = ω2, lim
h→0

σ̂ =

(
π(2n + 1)

δ2

) 1
2n+1

.

Èìååì

lim
h→0

E
(
L

n
2,h,∞(Z), k, δ

)
=





δ
√

σ̂2k+1

π(2k+1) , σ > σ̂,

δ

√(
δ2σ(2k+1)

π(2k+1) + σ2(k−n)
(
1−

(
σ
σ̂

)(2n+1)
))

, σ < σ̂.

Âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè ðàâåíñòâà, ñîâïàäàåò ñ ïîãðåøíîñòüþ âîññòàíîâëå-

íèÿ k-é ïðîèçâîäíîé íà êëàññå Wn
2,∞(R) ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå,

ïîëó÷åííîé â ðàáîòå [6℄.

Êðîìå òîãî, ïðåäåëüíûé îïòèìàëüíûé ìåòîä ñîâïàäàåò ñ îïòèìàëüíûì ìåòîäîì, ïî-

ëó÷åííûì äëÿ ýòîé çàäà÷è â òîé æå ðàáîòå.

Ëèòåðàòóðà

1. Ñìîëÿê Ñ. À. Îá îïòèìàëüíîì âîññòàíîâëåíèè �óíêöèé è �óíêöèîíàëîâ îò íèõ: äèñ. . . . êàíä.

�èç.-ìàò. íàóê.�Ì.: Ì�Ó, 1965.

2. Êîëìîãîðîâ À. Í. Èçáðàííûå òðóäû. Ìàòåìàòèêà è ìåõàíèêà.�Ì.: Íàóêà, 1985.�470 ñ.

3. Íèêîëüñêèé Ñ. Ì. Ê âîïðîñó îá îöåíêàõ ïðèáëèæåíèé êâàäðàòóðíûìè �îðìóëàìè // Óñïåõè ìàò.

íàóê.�1950.�Ò. 5, � 2.�Ñ. 165�177.

4. Ìàð÷óê À. �., Îñèïåíêî Ê. Þ. Íàèëó÷øåå ïðèáëèæåíèå �óíêöèé, çàäàííûõ ñ ïîãðåøíîñòüþ

â êîíå÷íîì ÷èñëå òî÷åê // Ìàò. çàìåòêè.�1975.�Ò. 17, � 3.�Ñ. 359�368.

5. Óíó÷åê Ñ. À. Îïòèìàëüíîå âîññòàíîâëåíèå ðàçäåëåííûõ ðàçíîñòåé ïî íåòî÷íî çàäàííîé ïîñëåäî-

âàòåëüíîñòè // Äè�. óðàâíåíèÿ.�2015.�(Â ïå÷àòè).

6. Ìàãàðèë-Èëüÿåâ �. �., Îñèïåíêî Ê. Þ. Îïòèìàëüíîå âîññòàíîâëåíèå �óíêöèé è èõ ïðîèçâîäíûõ

ïî ïðèáëèæåííîé èí�îðìàöèè î ñïåêòðå è íåðàâåíñòâà äëÿ ïðîèçâîäíûõ // Ôóíêöèîí. àíàëèç è

åãî ïðèë.�2003.�Ò. 37.�Ñ. 51�64.

7. Ìàãàðèë-Èëüÿåâ �. �., Îñèïåíêî Ê. Þ. Íåðàâåíñòâî Õàðäè � Ëèòòëâóäà � Ïîëèà è âîññòàíîâëå-

íèå ïðîèçâîäíûõ ïî íåòî÷íîé èí�îðìàöèè // Äîêë. �ÀÍ.�2011.�Ò. 438, � 3.�Ñ. 300�302.

Ñòàòüÿ ïîñòóïèëà 24 �åâðàëÿ 2015 ã.

Óíó÷åê Ñâåòëàíà Àëåêñàíäðîâíà

Ìîñêîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

ðàäèîòåõíèêè, ýëåêòðîíèêè è àâòîìàòèêè,

ñòàðøèé ïðåïîäàâàòåëü

�ÎÑÑÈß, 119454, Ìîñêâà, Ïðîñïåêò Âåðíàäñêîãî, 78

E-mail: unu
hek�mirea.ru

ON OPTIMAL RECOVERY OF THE OPERATOR

OF k-th DIVIDED DIFFERENCE FROM ITS INACCURATELY

GIVEN FOURIER TRANSFORM

Unu
hek S. A.

This paper 
onsiders the re
overy problem of the k-th divided di�eren
e of sequen
e, provided that the

Fourier transform of this sequen
e on the interval is approximately known. The optimal re
overy method

is also 
onstru
ted.

Key words: optimal re
overy, extremal problem, divided di�eren
e, Fourier transform.
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This is a short overview of some se
tions of applied fun
tional analysis, 
onvexity, optimization, and

nonstandard models.
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-type problem, Pareto optimality, ε-programming, Boolean
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1. Introdu
tion

Mathemati
s is the logi
 of natural s
ien
es, the unique s
ien
e of the provable forms of

reasoning quantitatively and qualitatively.

Fun
tional analysis had emerged at the jun
tions of geometry, algebra and the 
lassi
al


al
ulus, while turning rather rapidly into the natural language of many traditional areas of


ontinuous mathemati
s and approximate methods of analysis. Also, it has brought about the

prin
ipally new te
hnologies of theoreti
al physi
s and so
ial s
ien
es (primarily, e
onomi
s

and 
ontrol).

Of most interest for the author are some 
ontiguous se
tions of the 
onstituents of

fun
tional analysis and model theory that are promising in sear
h for modernization of the

theoreti
al te
hniques of so
ializing the problems with many solutions.

The traditions of fun
tional analysis were implanted in Siberia by S. L. Sobolev and L. V.

Kantorovi
h.

Their thesis of the unity of fun
tional analysis and applied mathemati
s was, is, and should

be the branding mark of the Russian mathemati
al s
hool. This is the author's deep belief.

F. Ba
on distinquished between pure and mixed mathemati
s; see [1℄. L. Euler used

the attribute �pure,� whi
h has been in 
ommon parlan
e sin
e then; see [2℄. S. Feferman

introdu
ed the 
on
ept of �s
ienti�
ally appli
able mathemati
s� as �that part of everyday

mathemati
s whi
h �nds its appli
ations in the other s
ien
es�; see [3, p. 30℄. In this arti
le

applied mathemati
s is understood a

ording to the Feferman de�nition.

The main areas dwelt upon below are fun
tional analysis, nonstandard methods of analysis,


onvex geometry, and optimization. These are listed a

ording to their signi�
an
e. Ea
h of

them remains in the sphere of the author's interests from the moment of the �rst appearan
e,

but the time spent and the e�orts allotted have been 
hanging every now and then. Here

these areas are addressed in 
hronologi
al order.


© 2015 Kutateladze S. S.
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2. Optimal Lo
ation of Convex Bodies

Using the ideas of linear programming invented by L. V. Kantorovi
h, it turned out

possible to distinguish some 
lasses of extremal problems of optimal lo
ation of 
onvex

surfa
es that 
ould not be treated by the 
lassi
al methods in prin
iple. The de
isive step

forward was to address su
h a problem by the standard approa
h of programming whi
h


onsists in transition to the dual problem. The latter turns out solvable by the te
hnique

of mixed volumes, abstra
tion of the duality ideas of H. Minkowski, and modi�
ation of

one 
onstru
tion in measure theory that belongs to Yu. G. Reshetnyak [4℄. The revealed

des
riptions of new 
lasses of inequalities over 
onvex surfa
es in 
ombination with the

te
hnique of surfa
e area measures by A. D. Alexandrov [5℄ had led to redu
ing to linear

programs the isoperimetri
-type problems with however many 
onstraints; i.e., the problems

that fall beyond the possibility of symmetrizations. In fa
t, the extensive 
lass was dis
overed

of the problems whose solutions 
an be written down expli
itly by translating the problems

into 
onvex programs in appropriate fun
tion spa
es. A few of these results are presented in

the survey arti
le [6℄. The 
on
eption of H-
onvexity from this paper is 
onsidered now as

de�nitive in the numerous studies in generalized 
onvexity and sear
h for s
hemes of global

optimization; in parti
ular, see [7℄.

The most visual and essential progress is 
onne
ted with studying some abstra
tions of

the Urysohn problem of maximizing the volume of a 
onvex surfa
e given the integral of the

breadth of the surfa
e. By the 
lassi
al result of P. S. Urysohn [8℄ whi
h was published in

the year of his death�1924, this is a ball as follows from the suitable symmetry argument. In

the 1970s the fun
tional-analyti
al approa
h was illustrated with the example of the internal

Urysohn problem: Granted the integral breadth, maximize the volume of a 
onvex surfa
e that

lies within an a priori given 
onvex body, e.g., a simplex in RN
. The prin
ipal new obsta
le

in the problem is that no symmetry argument is appli
able in analogous internal or external

problems. It turned out that we may solve the problem in some generalized sense��modulo�

the 
elebrated Alexandrov Theorem on re
onstru
tion of a 
onvex surfa
e from its surfa
e

area measure. For the Urysohn problem within a polyhedron the solution will be given by

the Lebesgue measure on the unit sphere with extra point loads at the outer normals to the

fa
ets of the polyhedron. The internal isoperimetri
 problem falls beyond the general s
heme

even within a tetrahedron.

Considering the 
ase of N = 3 in 1995, A. V. Pogorelov found in one of his last papers [9℄
the shape of the �soup bubble� within a tetrahedron in the same generalized sense�this

happens to be the ve
tor sum of a ball and the solution of the internal Urysohn problem. In

the re
ent years quite a few papers has been written about the double bubbles. These studies

are also 
lose to the above ideas.

3. Ordered Ve
tor Spa
es

Of most importan
e in this area of fun
tional analysis are the problems stemming from

the Kantorovi
h heuristi
 prin
iple.

In his �rst paper of 1935 on the brand-new topi
 L. V. Kantorovi
h [10℄ wrote:

In this note, I de�ne a new type of spa
e that I 
all a semiordered linear spa
e. The

introdu
tion of su
h a spa
e allows us to study linear operations of one abstra
t 
lass (those

with values in these spa
es) in the same way as linear fun
tionals.

It is worth noting that his de�nition of semiordered linear spa
e 
ontains the axiom of

Dedekind 
ompleteness whi
h was denoted by I6. L. V. Kantorovi
h demonstrated the role of
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K-spa
es by widening the s
ope of the Hahn�Bana
h Theorem. The heuristi
 prin
iple turned

out appli
able to this fundamental Dominated Extension Theorem; i.e., we may abstra
t the

Hahn�Bana
h Theorem on substituting the elements of an arbitrary K-spa
e for reals and

repla
ing linear fun
tionals with operators a
ting into the spa
e.

The Kantorovi
h heuristi
 prin
iple has found 
ompelling ju
ti�
ations in his own resear
h

as well as in the arti
les by his students and followers. Attempts at formalizing the heuristi


ideas by Kantorovi
h started at the initial stages of K-spa
e theory and yielded the so-
alled

identity preservation theorems. They asserted that if some algebrai
 proposition with �nitely

many fun
tion variables is satis�ed by the assignment of all real values then it remains valid

after repla
ement of reals with members of an arbitrary K-spa
e. To explain the nature

of the Kantorovi
h transfer prin
iple be
ame possible only after half a 
entury by using the

te
hnique of nonstandard models of set theory.

The abstra
t ideas of L. V. Kantorovi
h in the area of K-spa
es are tied with linear

programming and approximate methods of analysis. He wrote about the still-unrevealed

possibilities and underestimation of his theory for e
onomi
s and remarked:

But the 
omparison and 
orresponden
e relations play an extraordinary role in e
onomi
s and

it was de�nitely 
lear even at the 
radle of K-spa
es that they will �nd their pla
e in e
onomi


analysis and yield lus
ious fruits.

The problem of the s
ope of the Hahn�Bana
h Theorem, tantamount to des
ribing the

possible extensions of linear programming, was rather popular in the de
ade past mid-1970s.

Everyone knows that linear programs lose their e�e
tiveness if only integer solutions are

sought. S. N. Chernikov abstra
ted linear programming from the reals to some rings similar

to the rationals in [11℄. Rather topi
al in the world mathemati
al literature was the problem

of �nding the algebrai
 systems that admit the full strength of the ideas of L. V. Kantorovi
h.

The appropriate answer was given by des
ribing the abstra
t modules that allow for the tools

equivalent to the Hahn�Bana
h Theorem; see [12℄. These are K-spa
es viewed as modules

over rather �voluminous� algebras of their orthomorphisms. This result was resonated to some

extent in the theoreti
al ba
kground of mathemati
al e
onomi
s as relevant to the hypothesis

of �divisible goods.�

One of the rather simple parti
ular 
ases of these results is a theorem 
hara
terizing a

latti
e homomorphism. The latter mira
ulously attra
ted attention of ve
tor-latti
e theorists

who founded new proofs and in
luded the theorem in monographs as Kutateladze's Theorem;

e.g., [13, p. 114℄. Many years had elapsed before Boolean valued analysis explained that the

modules found are in fa
t dense sub�elds of the reals in an appropriate nonstandard model

of set theory.

In this area some unexpe
ted generalizations of the Kre��n�Milman Theorem to non
ompa
t

sets had been found that stimulated a few arti
les on the abstra
tion of Choquet theory

to ve
tor latti
es; see [14℄. Ordered ve
tor spa
es have opened opportunities to advan
e

appli
ations of Choquet theory to several problems of modern potential theory su
h as

des
ribing inter
onne
tions of the Diri
hlet problem with Bauer's geometri
 simpli
es in

in�nite dimensions and introdu
ing the new obje
ts�supremal generators of fun
tion spa
es

whi
h are 
onvenient in approximation by positive operators. Note that the 
on
eption of

supremal generation whi
h bases on the 
omputational simpli
ity of 
al
ulating the join of

two reals had turned out 
lose to some ideas of idempotent analysis that emerged somewhat

later in the resear
h by V. P. Maslov and his students; see [15℄.
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4. Nonsmooth Analysis and Optimization

Note the rather numerous papers on 
onvex analysis, one of the basi
 se
tions of nonlinear

analysis. Convex analysis is the 
al
ulus of linear inequalities. The 
on
ept of 
onvex set does

not rea
h the age of 150 years, and 
onvex analysis as a bran
h of mathemati
s exists a bit

longer than half a 
entury. The solution sets of simultaneous linear inequalities are the same as


onvex sets whi
h 
an be 
hara
terized by their gauges, support fun
tions or distributions of


urvature. Fun
tional analysis is impossible without 
onvexity sin
e the existen
e of a nonzero


ontinuous linear fun
tional is provided if and only if the ambient spa
e has nonempty proper

open 
onvex subsets.

Convex surfa
es have rather simple 
ontingen
ies, and 
onvex fun
tions are dire
tionally

di�erentiable in the natural sense and their derivatives are nonlinear usually in quite a few

points. But these points extreme in the dire
t and indire
t senses are most important. Study

of the lo
al behavior of possible fra
tures at extreme points is the subje
t of subdi�erential


al
ulus.

The most general and 
omplete formulas were found for re
al
ulating the values and

solutions of rather general 
onvex extremal problems under the 
hanges of variables that

preserve 
onvexity. The key to these formulas is the new tri
k of presenting an arbitrary 
onvex

operator as the result of an a�ne 
hange of variables in a parti
ular sublinear operator, a

member of some family enumerated by 
ardinals. The basi
 results in this area were published

in [16℄. The literature uses the term Kutateladze's 
anoni
al operator (
p. [17, pp. 123�125℄ and

[18, p. 92℄). These formulas led to the Lagrange prin
iple for new 
lasses of ve
tor optimization

problems and the theory of 
onvex ε-programming. The problem of approximate programming


onsists in the sear
hing of a point at whi
h the value of a (possibly ve
tor valued) fun
tion

di�ers from the extremum by at most some positive error ve
tor ε. The 
onstraints are

also given to within some a

ura
y of the order of ε. The standard di�erential 
al
ulus is

inappli
able here, but the new methods of subdi�erential 
al
ulus solve many problems of

the sort. These results be
ame rather topi
al, entered textbooks, and were redemonstrated

with referen
e to the Russian priority. The literature uses the term Kutateladze's approximate

solutions (for instan
e, 
p. [19℄). Many years later the help of in�nitesimal analysis made it

possible to propose the tri
ks that are not 
onne
ted with the bulky re
al
ulations of errors.

To this end, the error should be 
onsidered as an in�nitesimal, whi
h is impossible within the


lassi
al set-theoreti
 stan
e.

Appli
ations to nonsmooth analysis are 
onne
ted primarily with inspe
ting the behavior

of the 
ontingen
ies of general rather than only 
onvex 
orresponden
es. In this area there

were found some new rules for 
al
ulating various types of tangents and one-sided dire
tional

derivatives. The advan
es in these areas base on using the te
hnique of model theory as well.

Many extremal problems are studied in various bran
hes of mathemati
s, but they use

only s
alar target fun
tions. Multiple 
riteria problems have appeared rather re
ently and

beyond the realm of mathemati
s. This explains the essential gap between the 
omplexity and

e�
ien
y of the mathemati
al tools whi
h divides single and multiple 
riteria problems. So it

stands to reason to enri
h the sto
k of purely mathemati
al problems of ve
tor optimization.

The author happened to distinguish some 
lass of geometri
ally reasonable problems of ve
tor

optimization whose solutions 
an be presented in a relatively lu
id form of 
onditions for

surfa
e area measures. As model examples, the Urysohn problems were 
onsidered with extra

targets like �attening in a given dire
tion, symmetry, or optimization of the volume of the


onvex hulls of several surfa
es; see [20℄ and [21℄.
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5. New Models for Mathemati
al Analysis

In the re
ent de
ades mu
h resear
h is done into the nonstandard methods lo
ated at

the jun
tions of analysis and logi
. This area requires the study of some new opportunities

of modeling that open broad vistas for 
onsideration and solution of various theoreti
al and

applied problems.

A model of a mathemati
al theory is usually 
alled nonstandard if the membership within

the model has interpretation di�erent from that of set theory. This understanding is due to

L. Henkin. The simplest example of nonstandard modeling is the 
lassi
al tri
k of presenting

reals as points of an axis.

The new methods of analysis are the adaptation of nonstandard set theoreti
 models to

the problems of analysis. The two te
hnologies are most popular: in�nitesimal analysis also

known as Robinsonian nonstandard analysis and Boolean valued analysis.

In�nitesimal analysis by A. Robinson appeared in 1960 and is 
hara
terized by legitimizing

the usage of a
tual in�nities and in�nitesimals whi
h were forbidden for the span of about

thirty years in the mathemati
s of the twentieth 
entury. In a sense, nonstandard analysis

implements a partial modern return to the 
lassi
al in�nitesimal analysis. The re
ent

publi
ations in this area 
an be partitioned into the two groups: The one that is most

proliferous uses in�nitesimal analysis for �killing quanti�ers,� i.e., simplifying de�nitions and

proofs of the 
lassi
al results. The other has less instan
es but 
ontributes mu
h more

to mathemati
s, sear
hing the opportunities unavailable to the standard methods; i.e., it

develops the te
hnologies whose des
ription is impossible without the new syntax based on

the predi
ate of standardness. We should list here the development of the new s
hemes

for repla
ing the in�nite obje
ts as parts of �nite sets: nonstandard hulls, Loeb measures,

hyperapproximation, et
. Part of this resear
h is done in Novosibirsk. In parti
ular, the

author's results on in�nitesimal programming [22℄ belong to the se
ond group.

Boolean valued analysis is 
hara
terized by the terms like Boolean valued universe,

des
ents and as
ents, 
y
li
 envelopes and mixings, Boolean sets and mappings, et
. The

te
hnique here is mu
h more 
ompli
ated that of in�nitesimal analysis and just a few analysis

are a

ustomed to it. The rise of this bran
h of mathemati
al logi
 was 
onne
ted with the

famous P.-J. Cohen's results of 1961 on the independen
e of the 
ontinuum hypothesis, whose

understanding drove D. S
ott, R. Solovay, and P. Vop�enka to the 
onstru
tion of the Boolean

valued models of set theory.

D. S
ott foresaw the role of Boolean valued models in mathemati
s and wrote as far ba
k

as in 1969 (see [23, p. 91℄):

We must ask whether there is any interest in these nonstandard models aside from the

independen
e proof; that is, do they have any mathemati
al interest? The answer must be

yes, but we 
annot yet give a really good argument.

G. Takeuti was one of the �rst who pointed out the role of these models for fun
tional

analysis (in Hilbert spa
e) and minted the term Boolean valued analysis in [24℄. The models of

in�nitesimal analysis 
an be viewed among the simplest instan
es of Boolean valued universes.

The progress of Boolean valued analysis in the re
ent de
ades has led to a profusion of

prin
ipally new ideas and results in many areas of fun
tional analysis, primary, in the theory

of Dedekind 
omplete ve
tor latti
es and the theory of von Neumann algebras as well as in


onvex analysis and the theory of ve
tor measures. Most of these advan
es are 
onne
ted

with Novosibirsk and Vladikavkaz; see [25℄�[27℄. It is not an exaggeration to say that Boolean

valued analysis left the realm of logi
 and has be
ome a se
tion of order analysis.
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The new possibilities reveal the ex
eptional role of universally 
omplete ve
tor latti
es�

extended K-spa
es in the Russian literature. It was 
ompletely unexpe
ted that ea
h of them

turns out to be a legitimate model of the real axis, so serving the same fundamental role

in mathemati
s as the reals. Kantorovi
h spa
es are indeed instan
es of the models of the

reals, whi
h 
orroborated the heuristi
 ideas of L. V. Kantorovi
h. This remarkable result

was dis
overed by E. I. Gordon [28℄.

Adaptation of nonstandard models to the problems of analysis o

upies the 
entral pla
e

in the resear
h of the author and his 
losest 
olleagues. In this area we have developed

the spe
ial te
hnique of as
ending and des
ending, gave the 
riteria of extensional algebrai


systems, suggested the theory of 
y
li
 monads, and indi
ated some approa
hes to 
ombining

in�nitesimal and Boolean valued models.

These ideas lie behind solutions of various problems of geometri
 and applied fun
tional

analysis among whi
h we list the drasti
ally new 
lassi�
ation of the Clarke type one-sided

approximations to arbitrary sets and the 
orresponding rules for 
al
ulating in�nitesimal

tangents, the nonstandard approa
h to approximate solutions of 
onvex programs in the form

of in�nitesimal programming, the new formulas for proje
ting to the prin
ipal bands of the

spa
e of regular operators whi
h are free from the usual limitations on the order dual, et
.

We 
an also mention the new method of studying some 
lasses of bounded operators by

the properties of the kernels of their strata. This method bases on applying the Kantorovi
h

heuristi
 prin
iple to the folklore fa
t that a linear fun
tional 
an be restored from ea
h of its

hyperplanes to within a s
alar multiplier. In 2005 this led to the des
ription of the operator

annihilators of Grothendie
k spa
es; see [29℄. In 2010 the method made it possible to suggest

the operator forms of the 
lassi
al Farkas Lemma in the theory of linear inequalities, so

returning to the origins of linear programming; see [30℄ and [31℄.

Of great importan
e in this area are not only appli
ations but also inspe
tions of the


ombined methods that involve Boolean valued and in�nitesimal te
hniques. At least the

two approa
hes are viable: One 
onsists in studying a standard Boolean valued model within

the universes of Nelson's or Kawai's theory. In�nitesimals des
end there from some external

universe. The other bases on distinguishing in�nitesimals within Boolean valued models.

These approa
hes were elaborated to some extent, but the synthesis of the tools of various

versions of nonstandard analysis still remain a rather open problem.

Adaptation of the modern ideas of model theory to fun
tional analysis proje
ts among

the most important dire
tions of developing the syntheti
 methods of pure and applied

mathemati
s. This approa
h yields new models of numbers, spa
es, and types of equations.

The 
ontent expands of all available theorems and algorithms. The whole methodology of

mathemati
al resear
h is enri
hed and renewed, opening up absolutely fantasti
 opportunities.

We 
an now use a
tual in�nities and in�nitesimals, transform matri
es into numbers, spa
es

into straight lines, and non
ompa
t spa
es into 
ompa
t spa
es, yet having still un
harted

vast territories of new knowledge.

Quite a long time had passed until the 
lassi
al fun
tional analysis o

upied its present

position of the language of 
ontinuous mathemati
s. Now the time has 
ome of the new

powerful te
hnologies of model theory in mathemati
al analysis. Not all theoreti
al and

applied mathemati
ians have already gained the importan
e of modern tools and learned

how to use them. However, there is no ba
kward tra�
 in s
ien
e. The modern methods

are doomed to reside in the realm of mathemati
s for ever, and they will shortly be
ome

as elementary and omnipresent in 
al
uluses and 
al
ulations as Bana
h spa
es and linear

operators.
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ÌÀÒÑÅËÔÈ

Êóòàòåëàäçå Ñ. Ñ.

Êðàòêîå îáñóæäåíèå íåêîòîðûõ ðàçäåëîâ âûïóêëîé ãåîìåòðèè, �óíêöèîíàëüíîãî àíàëèçà, îïòèìè-

çàöèè è íåñòàíäàðòíûõ ìîäåëåé â ñ�åðå èíòåðåñîâ àâòîðà.

Êëþ÷åâûå ñëîâà: âûïóêëûå çàäà÷è èçîïåðèìåòðè÷åñêîãî òèïà, Ïàðåòî-îïòèìàëüíîñòü, ε-ïðîã-
ðàììèðîâàíèå, áóëåâîçíà÷íûé àíàëèç, èí�èíèòåçèìàëüíûé àíàëèç.



Âíèìàíèþ àâòîðîâ

Âëàäèêàâêàçñêèé ìàòåìàòè÷åñêèé æóðíàë (ÂÌÆ) � íàó÷íîå ïåðèîäè÷åñêîå èçäà-

íèå, âûõîäÿùåå ÷åòûðå ðàçà â ãîä. Æóðíàë èçäàåòñÿ Þæíûì ìàòåìàòè÷åñêèì èíñòè-

òóòîì Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà �ÀÍ.

Ê ïóáëèêàöèè â ÂÌÆ ïðèíèìàþòñÿ ñòàòüè, ñîäåðæàùèå íîâûå ðåçóëüòàòû â îáëà-

ñòè ìàòåìàòèêè è ñòàòüè îáçîðíîãî õàðàêòåðà. Ñòàòüè, ðàíåå îïóáëèêîâàííûå, à òàêæå

ïðèíÿòûå ê îïóáëèêîâàíèþ â äðóãèõ æóðíàëàõ, ðåäêîëëåãèåé íå ðàññìàòðèâàþòñÿ. Ïî-

ñòóïèâøèå â ðåäàêöèþ ÂÌÆ ñòàòüè ïðîõîäÿò îáÿçàòåëüíîå íàó÷íîå ðåöåíçèðîâàíèå.

Òåêñò ñòàòüè äîëæåí áûòü íàïèñàí íà ðóññêîì èëè àíãëèéñêîì ÿçûêå è òùàòåëüíî

âûâåðåí. Â íà÷àëå ñòàòüè óêàçûâàåòñÿ èíäåêñ ÓÄÊ, Ô.È.Î. àâòîðà(îâ), àííîòàöèÿ (íå

ñîäåðæàùàÿ �îðìóë) è êëþ÷åâûå ñëîâà. Íàçâàíèå ñòàòüè, Ô.È.Î. àâòîðà(îâ), àííîòàöèþ

è êëþ÷åâûå ñëîâà íåîáõîäèìî äàòü íà ðóññêîì è àíãëèéñêîì ÿçûêàõ.

Ñïèñîê ëèòåðàòóðû ïå÷àòàåòñÿ â êîíöå òåêñòà ñòàòüè. Â íåì äîëæíû áûòü óêàçàíû:

äëÿ ñòàòüåé � àâòîð, ïîëíîå íàçâàíèå ñòàòüè, æóðíàë, ãîä èçäàíèÿ, òîì, íîìåð (âûïóñê),

ñòðàíèöû íà÷àëà è êîíöà ñòàòüè; äëÿ êíèã � àâòîð, ïîëíîå íàçâàíèå, ãîðîä, èçäàòåëü-

ñòâî, ãîä èçäàíèÿ, îáùåå êîëè÷åñòâî ñòðàíèö. Ññûëêè íà ëèòåðàòóðó â òåêñòå äàþòñÿ

â êâàäðàòíûõ ñêîáêàõ. Äëÿ ñòàòåé íà ðóññêîì ÿçûêå ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ

òàêæå íà àíãëèéñêîì ÿçûêå (ïîäðîáíåå íà ñàéòå http://www.vmj.ru/).

Ñòàòüÿ ïîäïèñûâàåòñÿ àâòîðîì (êîëëåêòèâîì àâòîðîâ) ñ óêàçàíèåì �àìèëèè, èìåíè

è îò÷åñòâà, ïîëíîãî ïî÷òîâîãî àäðåñà, ìåñòà ðàáîòû, äîëæíîñòè, ïîëíîãî ñëóæåáíîãî

àäðåñà, àäðåñà ýëåêòðîííîé ïî÷òû è íîìåðà òåëå�îíà.

Îáúåì ìàòåðèàëà äîëæåí áûòü íå áîëåå 1,4 óñë. ïå÷. ëèñòîâ (≈ 12 ñòð. �îðìàòà À4).

Ñòàòüè áîëüøåãî îáúåìà ìîãóò áûòü ïðèíÿòû ê ïóáëèêàöèè ïî ðåøåíèþ ðåäêîëëåãèè

â èñêëþ÷èòåëüíûõ ñëó÷àÿõ.

Ñòàòüþ íåîáõîäèìî ïîäãîòîâèòü ñ èñïîëüçîâàíèåì ìàêðîïàêåòà LaTeX è î�îðìèòü

ñîãëàñíî ñòàíäàðòíûì òðåáîâàíèÿì, ïðåäúÿâëÿåìûì ê àâòîðñêèì îðèãèíàëàì. Ïðè ïîä-

ãîòîâêå �àéëà îñîáîå âíèìàíèå ñëåäóåò îáðàòèòü íà íåæåëàòåëüíîñòü èñïîëüçîâàíèÿ íî-

âûõ (ââîäèìûõ àâòîðîì ïðè íàáîðå) êîìàíäíûõ ïîñëåäîâàòåëüíîñòåé, îñîáåííî ñ ïàðà-

ìåòðàìè. Ñëåäóåò èñïîëüçîâàòü â îñíîâíîì ñòàíäàðòíûå ñðåäñòâà ìàêpîïàêåòà. Òàêæå

êðàéíå íåæåëàòåëüíî èñïîëüçîâàòü áåç íåîáõîäèìîñòè çíàêè ïpîáåëà. Â ðåäàêöèþ ñòà-

òüè íàïðàâëÿòü ïî ýëåêòðîííîé ïî÷òå â âèäå ps- èëè pdf-�àéëà è tex-�àéëà, ëèáî ïî

ïî÷òå ñ ïðèëîæåíèåì ýëåêòðîííîé âåðñèè.

Ñòàòüè, ñîäåðæàùèå ðèñóíêè, ðàññìàòðèâàþòñÿ òîëüêî ïîñëå ñîãëàñîâàíèÿ ñ ðåäàê-

öèåé òåõíè÷åñêèõ âîïðîñîâ ïîäãîòîâêè ðèñóíêîâ.

Ïðèíÿòûå ê ïóáëèêàöèè â ÂÌÆ ñòàòüè ïðîõîäÿò ðåäàêöèîííóþ ïîäãîòîâêó, ïîñëå

÷åãî òåêñò ñòàòüè íàïðàâëÿåòñÿ àâòîðó íà êîððåêòóðó. Ïëàòà çà ïóáëèêàöèþ íå âçûìà-

åòñÿ.

Àâòîðñêèå ïðàâà íà æóðíàë â öåëîì ïðèíàäëåæàò Þæíîìó ìàòåìàòè÷åñêîìó èí-

ñòèòóòó ÂÍÖ �ÀÍ è �åäêîëëåãèè æóðíàëà, êîòîðûå îáëàäàþò èñêëþ÷èòåëüíûì ïðàâîì

ïîëó÷àòü è ðàñïðåäåëÿòü ëþáûå ïëàòåæè, ñâÿçàííûå ñ ïåðåóñòóïêîé àâòîðñêèõ ïðàâ íà

æóðíàë.

Àäðåñ ðåäàêöèè: 362027, Âëàäèêàâêàç, Ìàðêóñà, 22

Òåëå�îí: (8672) 53 84 62;

E-mail: rio�smath.ru
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