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We study topological structures of the sets (0,1/2)> NQ and (0, 1/2)®\ ©, where Q is one special algebraic
surface defined by a symmetric polynomial of degree 12. These problems arise in studying of general
properties of degenerate singular points of dynamical systems obtained from the normalized Ricci flow on
generalized Wallach spaces. Our main goal is to prove the connectedness of (0, 1/2)> N Q and to determine
the number of connected components of (0,1/2)% \ Q.
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1. Introduction and the Main Result

It is known that determining the connectedness (or the number of connected components)
of real algebraic surfaces is a very hard classical problem in algebraic geometry (see
e.g. |4, 13]). In this paper we deal with similar problems relating to the normalized Ricci
flow on generalized Wallach spaces. The importance of these problems is due to the need to
develop a special apparatus for studying general properties of degenerate singular points of
Ricci flows initiated in [1-3]. More concretely, in the above papers, the authors considered
some problems concerning the topological structure of the sets (0,1/2)3 N and (0,1/2)3\ €,
where

Q= {(al,ag,ag) eR?: Q(ay,as,a3) = 0}
is an algebraic surface (see Fig. 1 and 2) in R? defined by a symmetric polynomial Q (a1, az,a3)
in a1, as,as of degree 12:

Q(a1,as,a3) = (2s1 + 4s3 — 1)(64s] — 64s] + 85§ + 1257 — 651 + 1
+ 2405357 — 2405351 — 15365351 — 409655 + 6053 + 76853)
—851(2s1 + 4s3 — 1)(2s1 — 32s3 — 1)(10s1 + 3283 — 5)s2 (1)
— 1657 (13 — 5251 + 6408351 + 102453 — 320s3 + 5257 ) 53
+64(2s1 — 1)(251 — 3253 — 1)s5 4 204851 (251 — 1)s3,

S1 =a1 +az+ a3, SS9 =aias+ aiasz+ azas, S3 = ai1a2as.

© 2015 Abiev N. A.
! The study was supported by a grant of Ministry of Education and Sciences of the Republic of Kazakhstan
for 2015-2017, projects Ne 1452/GF4.
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—

0.31

a3

0.2

0.17

Fig. 1. Singular points of the surface (0,1/2)* N Q.

Fig. 2. The surface (0,1/2)* N Q.

The surface € naturally arises in studying of general properties of degenerate singular
points of the following dynamical system (see [1-3]):

d d d
;tl :f(l'l,.’L'Q,.’L'g), dl: :g(wlaw%wi’))a % :h(.’lil,.’lig,.’li;}), (2)
where x; = 2;(t) > 0,i=1,2,3,
T T T
flzy,z0,23) = =1 —a121 ( 2 ) + 1B,
T2T3 r173 T1T2
T T T
g(x1,22,23) = —1 — agwy ( S E——— ) + x2B,
Tr1x3 T1X9 T3

€T3 T T2
h(.’IJl,.’L‘Q,.’L‘g) =-1 — asxrs - - +£L’3B,
19 Tox3 13
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1 1 1 x x T 11 1\
B:z( + -+ —( 24 3>><—+—+—> .
a1 ag 9 asxrs ToI3 13 Tr1T2 aq a9 as

a; € (0,1/2], i=1,2,3.

It should be noted that the system (2) can be obtained from the normalized Ricci flow
equation

0

s
where g(t) means a 1-parameter family of Riemannian metrics, Ricg is the Ricci tensor and Sg
is the scalar curvature of the Riemannian metric g, considered on one special class of compact
homogeneous spaces called three-locally-symmetric or generalized Wallach spaces, see [9, 12].
In the recent papers [7] and [11], the complete classification of these spaces was obtained.

A more detailed information concerning geometric aspects of this problem and the Ricci
flows could be found in [8-10] and [14].

In [1], the authors noted that the set (0,1/2)3 N is connected, and the set (0,1/2)3 \ Q2
consists of three connected components O1, Oy and O3 (see Fig. 1) containing the points
(1/6,1/6,1/6), (7/15,7/15,7/15) and (1/6,1/4,1/3) respectively.

The present work is devoted to detailed proof of this observation. The main result is the
following

(t) = —2Ricg +2g(t)%,

Theorem 1. The following assertions hold with respect to the standard topology of R? :

(1) The set (0,1/2)3 N is connected.

(2) The set (0,1/2)3 \ Q consists of three connected components.

We note also the following

Corollary 1. The assertions of Theorem 1 are preserved if (0,1/2)3 is replaced by (0,1/2]>.

REMARK 1. The symmetry of @ with respect to a1, ao, ag implies the invariance of 2
under the permutation a; — as — az — a.

REMARK 2. Proof of Theorem 1 is based on the idea of Remark 8 in [2]: One should
consider a segment I with one endpoint at (0,0,0) and with the second endpoint at an
arbitrary point of any facet of the cube (0,1/2)® containing (1/2,1/2,1/2). According to
Remark 1, we can assume without loss of generality that I is defined by the following

parametric equations
aj :=at, ag:="0bt, agz:=1t/2, (3)

where t € [0,1], a,b € (0,1/2). Substituting (3) into (1) we obtain some polynomial p(t) :=
Q(at,bt,t/2) in t of degree 12. Thus the problems under consideration could be reduced to the
problem of determining the possible number of roots of p(t) in [0, 1] when (a,b) € (0,1/2)2.
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2. Proof of the Main Result

Using Maple we have the following explicit expression for p(t):

p(t) = —256b%a%(2a + 1)%(2b + 1)%(b + a)*t'? 4 32(16b%a® + 4b>a® + 2b%a + 2b°
+8b%a® + b%a + 4b%a® + 2ba® 4 ba® + 2a3)(2a + 1)(2b + 1)(2b + 1 + 2a) (b + a)t°
—32(2a + 1)(2b + 1)(b + a)(16b%a® + 4b%a? + 2b3a + 2b° + 8b%a? + b2a + 4b%a®
4 2ba® + ba® + 2a3)t? — (726%a* 4 104ba® + 208b%a® + 104ba + 208b%a® + 52b*
+176a*b + 208b"a® + 176b%a + 52ba” + 52b%a + 208a*b* + 52a* + 35203 a® + 13b?
+13a? + 440> + 440 + 22ba) (20 + 1 + 2a)*t® + 2(2b + 1 + 2a)(72b%a* + 104ba’
+208b%a? + 104b%a + 208b%a® + 52b% + 176a*b 4 208b*a* 4 176b*a + 52ba>
+52b%a 4 208a*b* 4 52a* + 352b%a® 4 130* + 13a* + 44a® + 44b° + 220ba)t”

+ (600b%a? + 392ba> + 78463 + 392b%a + 784b%a3 + 108b* + 14b + 14a + 12848
+ 448ba® 4 224a° + 528a*b + 432b%a? + 528b*a + 196ba’ 4 196b%a + 432a*b? + 108a*
+288b%a> + 224b° + 448b%a + 128b° + 2 4 27b% 4 27a” + 364> + 36b> + 66ba)td
—6(8b® + 4b%a + 2b% + 8ba + b+ 4ba® + 2a* + 8a® + 1+ a)(2b + 1 + 2a)*t°
+ (2b + 1 4 2a) (406> 4 24ba + 5 + 40a®)t* + (22b + 22a + 88ba® + 88b%a + 2
+ 44b% 4 44a® + 164> 4 16b> + 80ba)t> — 6(2b + 1 + 2a)%t> + (8a + 8b + 4)t — 1.

(4)

Consider the following set

K :={(a,b) eR?: a,be (0,1/2)}.

1+

4

Fig. 3. The curve 7.

Lemma 1. If (a,b) € K then the discriminant D of the polynomial p(t) equals to zero if
and only if a = b.

<1 Easy calculations show that D is non-negative, moreover, D has the same zeroes as the
following polynomial:

(2b — 1)'2(2a — 1)"2(a — b)'*(F(a,b))?, (5)



On Topological Structure of Some Sets 9

where
F(a,b) := 40a® — 24ab — 24ab® + 400> — 12a® + 12ba — 12b? — 6a — 6b + 5.

Denote by v the curve determined by F(a,b) = 0 (see Fig. 3). We will prove that « has
no common point with the square K.
Changing the variables by the formula

x—yzax/ﬁ, x—l—y:b\/i
we get a new equation for v, from that we can express y explicitely:
F(z,y) = 36(8z — vV2)y? + (82 + 5v2) (22 — v2)* = 0. (6)

Note that the point (2,7") = (v/2/2,0) belongs to vy, moreover, this is an unique singular
point of . Since
FpuFyy — F2 = 3888 > 0
at (2/,y"), then (2,1/) is isolated according to the well-known result in differential geometry
of planar curves. It is clear that the point (a,b) = (1/2,1/2) ¢ K corresponds to (2/,y') in
the initial variables.

It is obvious that every regular point of 7 satisfies the condition = < xq := v/2/8. Hence
only we need is to show that v can not intersect the part of K, described by the conditions
x € (0,20), —r < y < z. In fact, it suffices to prove the inequality = < ¢(x), where

V2-22 [8x+5V2

is a function determining a part of the curve « in (6). Note that limg_,;,—0 p(z) = +00.
It is easy to show that the inequality x < ¢(x) is equivalent to the inequality

(x) = 3202 — 48v/2 22 — 24z + 10V2 > 0,
which holds for all = € (0,x¢), since ¥(x) is positive at = zp and decreases:
Y (z0) = 27V2/4 >0, ' (z) = 96022 — 96v/2x — 24 < 0.

Therefore, F'(a,b) # 0 for (a,b) € K. Hence there is a unique possibility a = b in order to
D =0in K by (5). >

Lemma 2. Let (a,b) € K. Then a point of local extremum of p(t) can not be a multiple
root of p(t).

< Multiple roots of p(t) are possible only for a = b by Lemma 1. Therefore, we may
assume that b = a. Then (4) takes the following form

p(t) = —(t+ 1) p2(t) P3(1),
pa(t) = (24 4a)t? — 2(1 + 2a)t + 1,
p3(t) := 8a?(2a + 1)t3 — (1 + 4a)t + 1.
Denote by D9 and D3 the discriminants of po(t) and p3(t) respectively:
Dy :=4(2a+1)(2a — 1),
D3 := —32(2a + 1)(2a — 1)(22a® + 14a + 1)a®.
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Since Dy < 0, D3 > 0 for a € (0,1/2), then it is clear that the polynomial p(t) has exactly
three distinct real roots (each of multiplicity 3) for every such a. It follows from this fact that
there is no points of local extrema of p(¢) among the roots of p(t). >

Further we need the curve I' (see Fig. 4), which can be obtained as a result of the
intersection €2 with the plane a3 = 1/2 for 0 < ay, a2 < 1/2. Recall some properties of I" (see
details in [2]): T' determined by the equality G(a1,a2) = 0, where

G(ay,az) == 4(a1 + ag)(4a1a2 —1)(4a1a2 — a3 —ag + 1)(4a1a2 +a;+ax+1)
+ (16a%a3 4 1)(13a2 4 22a1as + 13a3) — 4(a? + a3)(11a? + 18ayas + 11a3),

(7)

I is homeomorphic to the segment [0, 1] with the endpoints (v/2/4,1/2), (1/2,+/2/4) and with
the unique singular point (a cusp) at (a1, as) = (&,a), where & := (v/5—1)/4 ~ 0.3090169942.

It is easy to check that I' separates K into disjoint connected components K; and Ko
containing the points

(@, V) == (3/10,3/10) and (a”,b") := (31/100,31,/100)

respectively.

0 + + + + !
0.1 0.2 0.3 0.4 0.5
a

Fig. 4. The intersection € with the plane a3 = 1/2 for 0 < a1,a2 < 1/2.

Lemma 3. In the segment [0, 1], the polynomial p(t) has

(1) one root, if (a,b) € Ky;

(2) two distinct roots, if (a,b) € Ko UT.

< Let t* € [0,1] be a root of p(t) given by (4). We say that t* is a robust root of p(t)
in [0,1], if small perturbations of the parameters a and b imply a small perturbation of ¢*
keeping it in (t* —e,t* +¢) C [0,1] for some small € > 0 (see e. g. [6] for more details on
singularities of curves and some related problems).

Now, assume that t* is a non-robust root of p(t). Then there exist exactly two possibility
(recall that t* € [0, 1]):

Case 1. t* =0or t* =1;

Case 2. t* belongs to the interval (0,1) and provides p(t) a local extremum.

Now, we consider these cases separately.
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Case 2. Assume that t* is a point of local extremum of p(¢). Then ¢* is a multiple root
of p(t). This contradicts to Lemma 2, hence, the case 2 is impossible.

Case 1. Since p(0) = —1 then there exists no pair (a,b) such that t = 0 is a root of p(¢).

Suppose that ¢ =1 is a root of p(t). Since

p(1) = —4(a + b)2G(a, b),

where G is given by (7), then the equality p(1) = 0 is possible if and only if G(a,b) = 0.
Recall that the curve I' is determined by G(a,b) = 0. Since p(t) has only robust roots for
every pair (a,b) € K1 U Ky by our construction, then the number of roots of p(t) in [0,1] is
constant both in K and in K. Hence, it is sufficient to calculate the number of such roots
only for the representative points (a’,b') € K7 and (a”,0") € K.
(1) Suppose that (a,b) = (a’,b") € K1. Then (4) takes the following form
(t +1)(16t* — 16t + 5)(144t> — 275t 4 125)3.

P(t) =~ Gres625

Taking into account Lemma 2, we conclude that p(¢) has three distinct real roots of
multiplicity 3 besides the root ¢ = —1. Since we does not need exact values of these roots
then their approximated values are:

—1.569348118, 0.5345099430, 1.034838175.
(2) Now, suppose that (a,b) = (a”,b") € Ky. Then in (4) we obtain

1

- 1)(81#% — 81t + 2 4143 — 14 2500)3
T035 15695000000 (t + 1)(81t% — 81t + 25)(77841t 0000t + 62500),

p(t) =

with the following real roots (of multiplicity 3):
—1.524828329..., 0.5285082631..., 0.9963200660...

It is easy to see that for (a,b) € T' the polynomial (4) has two roots in [0, 1], one of which
is 1 by the definition of T'.

Hence, in the segment [0, 1], the polynomial (4) has one root for (a,b) € K; and two roots
for (a,b) € Ko UT'. >

< PROOF OF THEOREM 1 is based on Lemma 3 and Remark 2. Let (a,b) € K. Then
the number of intersection points of 2 with the segment I equals to 1 or 2 depending on the
number of roots of the polynomial p(t) (see (4)) containing in [0, 1].

(1) Connectedness of the set (0,1/2)3 N Q. Let t1,to be roots of p(t) such that 0 < t; <
to < 1. Then, obviously, t; and t9 correspond to the “lower” and “upper” (see Fig. 2) parts
of the surface QN (0,1/2)3 respectively. These parts of € have a unique common point
(a1,a2,a3) = (1/4,1/4,1/4) (an elliptic umbilic of 2 according to [1]).

(2) The number of the connected components of the set (0,1/2)3 \ Q. Since the maximal
number of roots of p(t) in [0,1] is equal to 2 and N (0,1/2)3 is the union of two surfaces
with one common point, then the number of connected components of (0,1/2)3 \ Q equals
to 3. Theorem 1 is proved. >

In order to prove Corollary 1 we need the following

Lemma 4. Let b = 1/2. Then in the segment [0,1], the polynomial p(t) has
(1) one root for a € (0,v2/4);
(2) two roots for a € [V2/4,1/2) ;
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(3) one root (of multiplicity 8) for a = 1/2.
< (1), (2) Atb=1/2, a € (0,1/2) we have

p(t) = —(2ta+1) pa(t) p5(t)

in (4), where
po(t) := 4a(2a + 1)t? — 2(1 + 2a)t + 1,

p3(t) := 2(1 4 2a)t® — 2(a + 1)t + 1.
For the discriminants Dy and D3 of the polynomials ps(t) and p3(t) we have

Dy = —4(2a — 1)(2a + 1) > 0,

D3 :=4(2a + 1)(2a — 1)(8a* + 28a + 11) < 0.

Since the cubic polynomial ps(t) achieves a positive local maximum at the point ¢t =

—% < 0, then its unique real root must be a negative number. Therefore, the

required roots of p(t) can be provided only by pa(t), moreover, first of them belongs to [0, 1]
for all a € (0,1/2); the second of them — only for a € [v2/4,1/2).
(3) The case b=a = 1/2 leads (4) to the polynomial

pt) = —(t +1)*(2t - 1)°

with the unique root t = 1/2 of multiplicity 8 on [0,1]. It should be noted that we get an
elliptic umbilic (a1, a2,a3) = (1/4,1/4,1/4) of the surface € in this case. >

< PROOF OF COROLLARY 1. According to Theorem 1 it is sufficient to consider the case
when a = 1/2 or b = 1/2. Taking into account Remark 1, assume without loss of generality
that b = 1/2. Then the proof of Corollary 1 follows from Lemma 4 and Remark 2. >

REMARK 3. When this paper had been written the author was informed about the recent
paper [5], where a more detailed description of the surface 2 was obtained without the
restriction (a1, as,a3) € (0,1/2)3.

The author is indebted to Prof. Yu. G. Nikonorov and to Prof. A. Arvanitoyeorgos for helpful
discussions concerning this paper.
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O TOIIOJIOT'MYECKOI CTPYKTYPE HEKOTOPBIX MHOYKECTB,
I[TOJIYHAEMBIX 113 HOPMAJIM30BAHHBIX [TOTOKOB PUY4YU
HA OBOBIIEHHBIX ITPOCTPAHCTBAX YOJIJIAXA

Abues H. A.

B paBore m3y4aerca Tomosorndeckas crpykrypa muoxects (0,1/2)2 N Q u (0,1/2)%\ Q, oe Q — anre6-
pamdecKasi IOBEPXHOCTD, OIIpeJIeJIeHHAsl CUMMETPUIECKIM MHOro4ieHoM crenenu 12. IlomoGubre 3amauun
BOBHUKAIOT 1IPY U3ydeHur OOLUX CBOMCTB BbIPOXKJEHHBIX OCODbIX TOYEK JMHAMUYECKUX CHCTEM, 1LI0JLy4a-
€MbIX U3 HOPMaJIM30BAHHBIX IIOTOKOB Puvuun Ha 06001eHHbIX npocTpancrax Yosuraxa. OcHOBHas 1eJib
paboTH — MOKa3aTH CBA3HOCTH MHOKecTBa (0,1/2)% N Q u ONMpeseUTH KOMIMTIECTEO CBSI3HBIX KOMIOHEHT
muoxecrsa (0,1/2)%\ Q.

KurroueBble cjioBa: puMaHOBa METPUKa, 000OIEHHOE TTPOCTPAHCTBO YO/I/Iaxa, HOPMAJIM30BAHHBIN MOTOK
Puvuy, qunamudeckas cucrema, BbIPOXKIEHHAs 0CODas TOYKA [MHAMUYECKON CUCTEMbL, AeHCTBUTE/IbHAL
ajredpamdeckas [IOBEPXHOCTb, 0CODas TOYKA AeHCTBUTEIbHOU ajredpandecKoi [oBePXHOCTH.
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JIMHENHAS 3AJJAYA MTHTET'PAJILHOII TEOMETPUN
C IVIAJIKIMI BECOBBIMU ®YHKINAMU 11 BO3MYIIIEHUEM

A. X. Bermatros, I M. [IxaiikoB

N3zygatorcs aBe 3a1a9u MHTErPAIBLHON reOMETPHUH B II0JIOCE HA CeMEHCTBE OTPE3KOB HPAMBIX C 3aJaHHOU
BecoBoit (yukimmeit. I[lepBas 3amaga — BoccTaHoBjeHMe (DYHKIMHK B II0JI0CE, €CIH BCIOAY B ITOM IOJIO-
Ce M3BECTHBL MHTErPaJbl OT MCKOMON (DyHKImu ¢ JmHEHHONH BecoBoll byHKImENl Ha ceMelCTBE OTPE3KOB
npaMbix. Jloka3aHbl TEOpeMa eJMHCTBEHHOCTH M TEOPEeMa CYyIIeCTBOBAHHUS DEIIeHHs 33/a9d, II0JIy<IE€HO
AHAJIUTUIECKOE TTPECTABIEHNE PEIleHns B KJlacce IaakuX GuauTHBX (Gyukmmit. [Ipemcrasiena onenka
pelreHus 337a9u B CODOJIEBCKHUX IIPOCTPAHCTBAX, OTKYZA CJIEAyeT ee Caadasd HEKOPPEKTHOCTH. Tleopema
€IMHCTBEHHOCTH Y OLEHKA yCTOMNYMBOCTU IIOJIyYeHBbI W /IS 33Ja9d C BO3MYIIEHHEM, BecOBas (DyHKIms
KOTOPOW MMeeT JI0CTATOYHO 00mmii Bua. Bropas 3amada — BOCCTAHOB/IEHUs (DYHKIUH 10 WHTETPAJIBHBIM
JAHHBIM Ha CeMeiicTBe OTPE3KOB IIPAMBIX C BECOBOI (DyHKIIHMEN SKCIIOHEHITNAIHHOrO BuAa. JloKa3aHbl Teo-
peMa eqUHCTBEHHOCTH, TeOpeMa CyInecTBOBaHUSA pemrerus. [locTpoeHo mpocroe mpencraBieHne peileHns
PacCCMOTPEHHOI 33a/[a4i WHTErPAJIbHON reoMeTpuu B Kiacce TIaakux puauTHbX Gyarmuit. Ilomygena
OLIEHKA yCTOMYMBOCTH penlenus 3aja4u B upocrpancrsax CobosieBa, TeM caMbiM OKa3aHa ciiabas HEKOP-
PeKTHOCTD 3a7a4u. Jlajiee paccMaTpuBaeTCsa COOTBETCTBYIOMIAA 33/a9a MHTEDAJIBHON reOMeTpun ¢ BO3-
mymrenneM. lloTyueHbl TeopeMa eIUHCTBEHHOCTH €€ PEIIeHrs B KJIACCe TVIAIKUX (DUHUTHBIX (DYHKITHIA C
HOCHTEJIEM B II0JIOCE U OLEHKA yCTOMYMBOCTU PEIICHHUS B CODOIEBCKUX IIPOCTPAHCTBAX.

KurroueBble ciioBa: MHTerpaJjbHas reoMerpusi, mpeodbpas3oBanne Pasmoma, mpeobpasosanme Dypoe, mpe-
obpazoBauue Jlanmaca, dbopmysa obpamenns, OMEHKH yCTOMIUBOCTH, €JUHCTBEHHOCTD PEIIeHNs, Te0OPeMa
CyIIeCTBOBAHMUA, CIabas HEKOPPEKTHOCTH, BO3MY IIEHUE.

1. BBeaenue

B pabotre paccMmarpuBaroTCa BOIPOCHI CYIITECTBOBAHNS U €UHCTBEHHOCTH, IOy I€HHS OITe-
HOK YCTOMYMBOCTH U aHAJIUTHIECKAX (POPMYJI OOpAIeHns JJIsi HOBBIX KJIACCOB 33a< HHTe-
rpaJibHOIT reomerpun B moJioce. JlokazaHbl T€OPEMbI €JMHCTBEHHOCTH U CYIIECTBOBAHUS Pe-
[IeHNs 33189 WHTErPAJIbLHON reOMeTpun Ha CeMeiiCTBe OTPEe3KOB IIPSIMBIX B KJIACCE IVIAIKHAX
dunurabiX QyHrnmit ¢ HOCcuTeaem B mosioce. llosydensr sgBHbIE DOPMYyJIbI OOpalleHus, U3
KOTOPBIX BBITEKAIOT YTBEPXKIEHUS O CJIa00il HeKOPPEeKTHOCTH pelrennda 3amaqu. Jlaaee pac-
CMATPUBAETCs 33/a9a UHTErPaIbHON reoMeTpun ¢ Bo3MylleHueM. JloKas3aHbl TeopeMa, ejH-
CTBEHHOCTH W IIOJIy9eHBbI OIEHKHM YCTOWYHBOCTH €€ PeIleHHus B KJIacCe IVIAJKHX (PUHUTHBIX
dyHKLUMI ¢ HOCUTEJIEM B 110JI0CE.

Bormpochl enMHCTBEHHOCTH pelIeHns IJIOCKOM 3aa1 HHTerPaIbHOM MeOMEeTpUN Ha ceMeii-
crBe mapabosl ¢ BO3MYIIEHUEM paccMarpusaauch B crarse [1]. B [2, 3] usyuensr 3ajaun un-
TerpaJibHON TEOMETPUU B TPEXMEPHOM CJIO€ Ha CeMelcTBe mapabOsIOuI0B C BO3MYIIEHUEM.
B [4] paccmoTpensr 3a/1a4n HHTErpaJIbHON TeOMETPUH Ha, IIOCKOCTH, KOTOPBIE TECHO CBSI3aHbBI
¢ 3asa4geit Pasiona ¢ Bo3MmylIieHueM.

© 2015 Bermaros A. X., Txaiikos [". M.
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B |5] mpuBomuTCS Teopema €IMHCTBEHHOCTH PEIICHUS 3a/a9i WHTErpajbHON MeOMETPHN
Ha KPUBBIX DJUIMIITUYIECCKOI'O TUIIQ B KJIaCCE IVIaJKUX (bHHI/ITHbIX (byHKL[I/Iﬁ C HOCUTEeJIEM B IIO-
qoce. B pabore [5, 6] mostydeno ananuTudeckoe mpejacTaBieHue s obpaza Pypbe mo meppoii
[IEPEMEHHON OT MCKOMOM (DYHKIUM, U3 KOTOPOI'O BHITEKAET YTBEPKJIEHWE O CUJIbHOW HEKOP-
PEKTHOCTH pelllenus 3a/aqu. Baxkuble pe3yabTarsl Mo obpalieHuto npeodbpaszosanusd Pamona
7 MPUJIOXKEHUSIM B CEHCMUYIECKON M KOMIBIOTEPHON ToMOTrpadun mpecTaBieHbl B [779]. 3a-
Ja4da BOCCTAHOBJICHUA (i)yHKIlI/H/I IO U3BECTHBIM HMHTEr'PaJiaM OT HEE Ha CEMENCTBE KOHYCOB B
cJlydae IpOCTPAHCTBA YEeTHOI pa3MepHOCTH m3ydasnach B crarbe [10]. B paborax [11, 12| pac-
CMaTPUBaJINCh HOBBIC IMOCTAHOBKHN C.J'Ia60 HEKOPPEKTHbLIX 3a/a4 HHTeraHbHOﬁ reoMmerpumn Ha
napaboMYeCKuX KPUBBIX CO CIIEIUAJTHHBIMU BECOBBIMU (DYHKITUSIMHU.

O6ozmaunm Q = {(z,y) : z € R0 < y < H}. s seex (x,y), nexamumx B noaoce €2,
paccmorpum cucremy orpeskos {Y (z,y)}:

O603raamy wepes C3 () kmace dbynkmmit u (7, y), KOTOPBIe HMEIOT BCe HelPepPLIBHBIC TaCTHBIE
[POM3BO/IHBIE JIO 2-T0 MOPs/IKA BKJIOYUTENTbHO U (GUHUTHBI ¢ HOCUTEeM B 1oJjioce .

2. Bapgada MHTErpaJIbHOI reoMeTpun

3AJIAYA 1. BoccranoBurh hyHKIMIO ABYX IepeMeHHBIX u(z,y) B mojoce (2, eciu u3BecT-
HBI MHTErPaJibl OT Hee 1o orpe3kam npsambix u3 cemeiicrsa {1 (x, y)} ¢ Becosoit dyukimeii

g(z,y,&,m):

/ g (2., 6 m) w (€m) dE = f (2, y).
T(z,y)

Ba/iaua pelleHnst 3Tor0 ypaBHEHMsl €CTh 3a/jada UHTErPAIbHON IeOMEeTpUM BOJILTEPPOB-
cxoro tuma (cum. [13-15]).

Teopema 1. Ilycrs yuxmus f(x,y) mzsecrna Bcrogy B nosoce §), BecoBast (hyHKIMsI
g (z,y,&,n) umeer sux g1 (z,€) = x — £, Torna pemenne 3agaun 1 B knacce CZ () eaun-
CTBEHHO, UMEET MECTO HPEACTABJICHUE

0?2 0?2 2
u(z,y) = <@+2m+8—y2>f(% ) (1)

U BBIIIOJTHAECTCA HEPaBEHCTBO

[u (@, 9)llz, < Cullf (2 9)lly2.2, (2)

rae C| — HEeKOTOpasi KOHCTAHTA.

< Banumewm 3aaay 1 gys BecoBoit bynkuuu g1 (x,€) B caeayiomem Buje:

/U(w—h,n)(y—n)dnzf(w,y), (3)
0

rme h =y —n.
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[Ipumennm kK obenm dactsm ypasHenus (3) mpeobpaszoBarne Pypbe 10 mepeMeHHoi X

Y

+o00
fF\ y)z\/%/em/u(x—hm)(y—n) dn dz
—00 0
+0o0o

Yy
1 / AR A(z—h)
= (y—mn)e' /e’ W (z — h,n) dvdny,
V2

7TO

—00

/ﬂ (An) (y—n) e dn = f (N y). (4)
0

Yepes 4 (N, y), f (A, y) obo3nauensl npeobpazosanus Pypbe 10 nepemennoit ot GyHKuii
u(z,y) u f(x,y) coorsercreerno. I[IpumenuM K mOCI€AHEMY ypPABHEHHIO PeOOpa30BaHUE
Jlamraca 1o nepemeHHoit y:

+o0 Y
fnp) = /e py/ﬂ(%n) (y —n) e dn dy
0 0
+oo “+oo
= [ree i [auean=100p)- i 0up),
0 0
+oo 1
I()\, p) — / T - e_(p_i)\)T d7— — 7‘2’ Rep > 0 (5)
(p—iA)
0
Orcrofa ciielyer BoIpakKeHue
a(M\p) = (p? — 2pix — N%) f (A, p), (6)

e (\,p) f()\,p) — mpeobpazosanue Jlamraca mo mepeMenHoil y or dbyHKIwit U (A, y) u
f (A, y) coorBercrBeHHo.
[Tpumenus k obeum vacram (6) obparnoe npeobpasosanue Jlamnaca no nepemeHHoit p,

[IOJIY YUM

2
a(\y) = (aa—yz - 2“0% - v) Fhy). (7)

[Ipumenum  (7) obparHoe mpeobpaszoBarme Pypbe mo A. Vcexonasg u3 u3BeCTHBIX CBOICTB
npeobpazopauuit Pypbe, 1Moy IuM

2 82 82

s mokaszarenpcrBa HepaBeHCTB (2) mepenumiem ypasmemnue (8) B Buze (9):

82 2 82
ool = gz )+ e f () + 58 ()

Lo
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Wcnons3ys cBoiictBa nuddepeniiuposanus npeodpazosannii Pypwe u Jlammaca, nepaBen-
CTBO TPEYIOJIbHUKA JIJIT HOPM, & TaKzKe yunThiBas (9) u yC/i0BUsl, HAJIOKEHHBIE HA (DYHKIIUIO

u (x,y), HOJIyduM OIEHKY

(2 9)ll 5, < CulS (2,9) g2

Teopema 2. Ilycre dyukuus f(x,y) ussecrHa Bcrogy B mojoce ), BecoBasi (DyHKIIHsI
g (x,y,&n) mueer sux go (v,€) = e~ =8, Torga pemenne samaun 1 B knacce C§ (Q) enum-

CTBEHHO, HMeeT MeCTO HnpeacraB/jieHne

0 0
U BBIIIOJTHAECTCA HEPaBEHCTBO
(2.9, < Callf (.9l

e Cy — HEKOTOpasi KOHCTAHTA.

< Bamumem 3agaqy 1 s BecoBoit yuknuu go (x,€) B Buje
y
/u (@ —h,m)e”Wdn = f (z,y).
0

[Tpumenus k (12) npeobpasosanue Pypne 10 &, MOy IUM
+o0 Y
fO\y) = b / e”‘x/u(x —h,n) e dn dx
) \/ﬁ ) 9y
—0o

0

Yy
/ﬁ (A, ) M=M=y = f (), y).
0

[Tpumenum renepn k ypasaenuio (13) npeobpasosanue Jlamnaca 1o y

+o00 y
fnp)= /e—mf a (A, n) eNv=D== qp dy
0 0
+oo 400
= /e‘(p—i-l—z‘)\)TdT- /Q(A,n)e—l’"dn:[()\, p)-a(\p),
0 0
rae
~+o00 .
— —(p+1=iNT g _ Lt
T p) /e dr = T Relpr1>0.

0

Takum obpazowm,
a(\p)=(@+1—14\) f(\p).

(10)

(11)

(14)

(15)
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[Ipumennm k (15) obparroe mpeobpaszosanue Jlammaca mo p. Torga ypasaerne (15) mpumer
BIJ

a(\y) = (%H—m) Ffny).

[Ipumenum K 3TOMy ypaBHeHuio mpeodpasoBanre Pypbe M0 MEPEMEHHONH A:

w(oy) = 5of (o) + 5-f (0.0 +f @0).

Hepasencrso (11) Beirekaer u3 ypasuennii (15). >

Teopema 3. Ilycrs Becopasi pynxnus g1(x,§) = x — &, npaBasi yacrs 3aja4n 1 u3BecTHa
BCrOJy B moJioce () H yIOBAETBOPSIET CJACAYIONHM YCIOBHIM:

1) f(z,y) pubnnrHa 00 x;

2) f (z,y) umeer Bce HENIPEPBIBHBIE YACTHBIE IIPOH3BOIHBIE /[0 2-T'0 HOPAIKA BKJIIOYHTE b
HO;

3) f(x,y) obpamaercss B HyJib BMECTE CO CBOUMHU YaCTHBIMU IIPOU3BOJHBIMH J[O 2-T0 110~
PsJIKa BKJIIOYHTEJIBHO HA rpaHuax 1moJocel, T. e. npuy =0 ny = H.

Torna cymectByer permrerne 3a7a49n 1 B K1acce HETIPEPBIBHBIX (DYHKITHI, (PUHATHBIX IT0 T,
onpesesentoe gopmysoi (1).

< Hoonpenennm dyukuuio f (z,y) npu y > H, nonoxkus f (z,y) =0 ana y > H. Ilpu
srom yukums u (z,y) gooupepensierca upu y > H no dopmyne (1). 3 ycroBuit, nanoxen-
ubIX Ha GyHkuuu f (x,y) gacHo, 4ro K obeum gactam (1) MOKHO HPUMEHUTH IPeOOPa3OBAHUE
Dypbe 110 epemenHoit x u npeobpazosanue Jlamraca no nepemennoit y. Vcmosb3ys cBoiicTsa
npeobpazosauuit Pypwe u Jlammaca, moaydum

F (A, p) = i,
f s p) o) @ (A p)
Ucnonesys dopmyiy (5), MOKHO MOIYIUTH
FOup) =T(\p)a(\p), (16)
“+o00

I\ p) = / e PN g7,
0

[Ipumenssa k (16) obparHoe mpeobpaszoBanue Jlamraca Mo mepeMeHHoil p, IpUAeM K Ce-
AYIOLEMY BbIPa2KEeHUIO:

y
)\y:/ A= G (X, ) dn.
0

Orcro/ta BBITEKAET CHPABEIJIMBOCTE YTBEPKIEHUS TEOPEMBI 3. [>

Teopema 4. ITycrs Becosas pyuxnus gy (x,€) = e~ =8| npapas wacrs 3ajaun 1 uzsecr-
HA BCIOAY B 110J10CE §) H y/IOBJIETBOPSIET CJEIYIOIUM YCIOBHSIM:

1) f(z,y) punnrna no x;

2) f (z,y) HempeprpiBHA BMECTE CO CBOUMH YACTHBIMH HPOU3BOJHBIMIE;

3) f (z,y) obpamaercss B Hy/ib BMECTE CO CBOMMH YaCTHBIMU 1POU3BOAHbIME 11pu Y = 0 1

y=H.
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Torna cymecrByer perienue ypapaernus (12) B Kjacce HEIIPEPBIBHBIX (DYHKIIHH, (PUHUTHBIX
o x, onpeaenennoe opmy.ori (10).

< Amasiormuno nokasarenbcrBy Teopembl 3 npumenum K (10) npeobpasosanue @ypbe 1o
nepeMeHHoi * u npeobpazoBanue Jlamaca 1o mepeMeHHoi y:

f:()‘vp): )Z:L()\,p)

(p+1—1X

C nomouipio dbopmyibl (14), noaydum

FOp) =T\ p)a(\p), (17)

rjie
“+oo

I(\p) = / e~ =T g
0

[pumenss k (17) obparnoe npeobpasosanue Jlanmaca u @ypbe 10 nepeMeHHol p u A\,
IPUXOIUM K CJIEJYIONIEMY BbIPAZKEHUIO:

Y
flz,y) = /U(fv — ) e” W dp.
0

Orcro/ta BBITEKALT CHPABEIJIMBOCTEL YTBEPKIEHUS TeopeMbl 4. >

3. 3asiaya mHTErpaJibHO reoMerpuu C BO3MYIEHUEM

Iycrs T (z,y) = {(&,n) : |t =& =y —n, 0<n<y< H}, obozuauum uepes G (z,y) 06-
JIACTh, orpannvennyto qunueit I' (z,y) u ocsio Ox.

BAJIAYA 2. BoccranoBurh byHKIMIO aByX 1epemenHbix u (x,y) B nosoce ), ecinm us-
BECTHBI CyMMBl HHTEIPAJIOB 0T Hee mo juHuam cemeiicrtsa {Y (z, y)} u obmacram G(z,y) c
BecoBbivu pynkuusavu g (x,y,&,m) nu K (z,y,£,1) COOTBETCTBEHHO:

/g(fc,y,&n)U(é,n)déJr / K (2,y.6.m) u(,m) dé = F (2,y).

Y (z,y) G(z,y)

Teopema 5. Ilycrs BecoBast pyuxnus g (x,&) umeer sug g1 (x,€) = © — &, Gyuxuus
F (z,y) m3Becrtua B mojoce ), BecoBasi pyukmusa K (z,y,£,n) HMeeT Bce HEIIPEPHIBHBIE MIPO-
Uu3BO/IHbIE 10 2—FO HOopAJaKa BKJIOYUTE/IBHO U O6pamaeTCﬂ B HYJ/Ib BMECTE€ CO CBOUMHU IIDOU3-
BOJHBIME Ha rpanute obiacru G (x,y).

Torna penrenne 3agaun 2 B Kaacce Cg () eMHCTBEHHO W HMEET MeCTO OeHKa

(.9 () < CHIF (@.9) 220y,

e C3 — HEKOTOpasi KOHCTAHTA.

<1 Paccmorpum yHKImio

fl (xvy) :F(‘rvy) —f(x,y),
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T. €. BTOpPOE CjlaraeMoe U3 JIeBOi 3a/a4uu 2

G(z,y)
YuuThiBasg OrpaHUYeHUs, HAJIOXKEeHHble Ha BecoByio dyukimuio K (x,y,£,n) u ucnonb3ys

BBIPAXKEHMsI COOTBETCTBYIOIUX NPOM3BOAHBIX dbyukiuuu fo (z,y) mis y < Yo, e Yo A0CTa-
TOYHO MaJIO, IIOJIy9UM CJICAYIONIYIO OIICHKY:

1o (@)oo < el @)y 0<e<1. (19)
Au = f, (20)
Au+ Aju = F. (21)

3 dynkupmonanbuoro anaausa [16] ussecrno, uro juisi oueparopa A uz (20) cymecrsy-
€T JIeBbIli OOpATHBIN OrepaTop A=Y, TlogeiictBoBaB CieBa OIIeEpaToOpPOM A~! ma obe wactu
ypaBuenus (21), npuxoquM K PaBeHcTBy

u+ A Aju=A"F. (22)

U3 OneHOK, MOJyYeHHBIX B Teopeme 1, M BBIIECKA3AHHOTO CJIeyeT, 4To omeparop Aj
HEIPEepPBIBEH KaK OlepaTop, JeicTBytomuii u3 npocrpanctsa Lo (£2) B npocTpancTBO W22 2 (Q)
na dbynxmuax u (r,y); omeparop A~! Kax omepaTop, JeiiCTBYTONIMII U3 TPOCTPAHCTBA, W22 2 (Q)
B npocrpancTso Lo (£2), orpanuuen na dynkumsax Au (cienosaresbro, u va Gyuxknusax Aqu,
TaK Kak oneparop Aj uMeer IJIaJKOCTh 60jiee BEICOKOIO Mops/Ka, dem omeparop A). Orcrioga
cremyer, uro omepatrop A~'A; m3 ypapmemma (22) HempepbieH Ha byHKMHAX u (T,y) Kak
oueparop, jeicreyromuii uz Ly (Q) B La ().

TakuM 06pa3oM, IpH TOCTATOYHO MAJbIX y < Yo Jad omeparopa A~'A; Bbmmonmsercs
HEPABEHCTBO

A AL < e < L. (23)

W3 npunnuna cxkarbix 0TOOPaXKeHwuit i Oleparopa B MIPABOil 4acTu 3a/a4du 2 CJeayer
eIMHCTBEHHOCTH PEIIeHUs 3aa9u 2 JjIs JOCTATOYHO MaJblX Y. A Tak Kak ypaBHeHue (22)
ecTb ypasHeHue Tuna Bosibreppa B cMbicie onpejesienusi, JanHoro B [14]; to exuncrBeHHOCTD
Oymer mMeTh MECTO He TOJBKO JjId MAJIbIX Y, HO U BO BceM mosoce §2. Takum obpazom, u3
nepasencts (19), (23) u Teopembl 1 BbiTeKaeT OLEHKA

lu @90y < CHIF (@ 9) .20y,

e C3 — HeKoTropas HOCTOSHHAA. [>

Teopema 6. ITycrs F (z,7) uszsecrua B nosoce 0 u pecopas ¢pyuxius go (z,€) = e~ (#7¢),
Becosas pynkmua K (x,y,€,n) umeer Bce HEOPEpPBIBHBIE TIPOH3BOIHBIE JIO IEPBOrO MOPSIIKA
BKJIIOYUTEILHO U 00PAINACTCS B HYJIb BMECTe CO CBOMMH IIPOM3BOJHBIMHU Ha IDaHuIle 00/1a-
cru G (z,y).

Torna pemrenne sagaun 2 B Kaacce C} (Q) eanncTBenHo 1 HMeeT MecTo omeHKa

ot 2.9y < CallE (.9 gy .

rae C4 — HEKOTOpasi KOHCTAHTA.
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<1 Paccmorpum yHKImio

fl ($7y) :F($7y) _f($7y)7

G(z.y)

AHaJIOrM9IHO JIOKA3aTEIbCTBY TEOPEMbl D it Y < Yo, TJE Yo JOCTATOIHO MAJIO, TOJIYIUM
OIICHKY

1t @)l gy < llu (@9 0<e <1 (25)

UurerpasibHble OMEpaTOphl, CTOSINIE B JIEBBIX YacTAX 3ajadu 1 u ypasuenus (24), obo-
3HA4YUM CcooTBercrBeHHO depe3 B u Bi. C nomouipio 91 0b603HadeHus 3aja4a 1 u 3aja4a 2
COOTBETCTBEHHO IMEPEUIIYTCA CJAEAYIOMUM 00pa3oM:

Bu = f, (26)

Bu+ Bju=F. (27)

UsBectHO, uTO /715 oepaTopa B m3 (26) cymiecTsyeT JeBblii obpaTHIi omeparop B! [16].
oseiicrBoBas ciesa omeparopoM B~ ma o6e wacru ypasuenus (27), IPUXOIUM K PABEHCTBY

u+ B 'Bju=B"'F. (28)

AHAJIOrIYHO JI0KA3aTeILCTBY TEOpeMBI 5 IIOKazKeM, 4To omeparop B~ 1'B; u3 ypasHenus
(28) menpepsbiBen Ha GyHKUUAX U (T, y) Kak oneparop, geiicrByomuii uz Lo (2) B Lo ().

Takum 06pa3oM, IIpH JOCTATOYHO MAJbIX Yy < ¥g Juld omeparopa B~'B; Bbmoamsercs
HEPABEHCTBO

|B7'By|| <e <1 (29)

W3 npunnumna ckaTbix 0TOOPaXKeHwuit i Oeparopa B MPABOil 4acTu 3a/a4uu 2 CJaejayer
eIMHCTBEHHOCTH PEIIeHUs 3aa9u 2 /I JOCTATOYHO MaJbiX Y. A Tak Kak ypasHenue (28)
ecTb ypasHeHue Tuna Bosibreppa B cMbicie onpejesienus, JanHoro B [14]; to exuncrBeHHOCTD
Oymer mMeTh MECTO He TOJBKO I MAaJbIX Yy, HO U BO Beeil mosoce (). Takmm obpazom, u3
nepasencTs (25), (29) u reopembl 1 BbITEKAET OlEHKA

ot (2.9 gy < CallE (@29 1 .

rae C4 — HEKOTOpasl MOCTOSHHAs. [>
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LINEAR PROBLEM OF INTEGRAL GEOMETRY
WITH SMOOTH WEIGHT FUNCTIONS AND PERTURBATION

Begmatov A. H. and Djaykov G. M.

We study two problems of integral geometry in a strip on a family of line segments with a given weight
function. In the first case, we consider the problem of reconstruction a function in a strip, if we know the
integrals of the sought function on the family of line segments with a given weight function of a special
kind. An analytical representation of a solution in the class of smooth finite functions is obtained and
the uniqueness and existence theorems for a solution of the problem are proved. A stability estimate
of solution in Sobolev spaces is presented, which implies its weakly ill-posedness. For the problem with
perturbation the uniqueness theorem and stability estimate of solution were obtained. In the second
case, we considered the problem of reconstructing a function given by integral data on the family of line
segments with a weight function of exponential type. The uniqueness and existence theorems of a solution
are proved. A simple representation of a solution in the class of smooth finite functions is constructed.
Next, we consider the corresponding problem of integral geometry with perturbation. The uniqueness
theorem in the class of smooth finite functions in a strip is proved and a stability estimate of a solution
in Sobolev spaces is received.

Key words: problems of integral geometry, Radon transform, Fourier transform, Laplace transform
inversion formula, stability estimates, uniqueness of the solution, existence theorem, weakly Ill-posedness,
perturbation.
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A deterministic longest-prefix rewriting system is a rewriting system such that there are no rewriting
rules X— Y, X— Z with Y # Z, and only longest prefixes of words are subject to rewriting. Given such
a system, analogs are defined and examined of some concepts related to object-oriented data systems:
inheritance of classes and objects, instances of classes, class and instance attributes, conceptual dependence
and consistency, conceptual scheme, types and subtypes, etc. A special attention is paid to the effective
verification of various properties of the rewriting systems under consideration. In particular, algorithms
are presented for answering the following questions: Are all words finitely rewritable? Do there exist
recurrent words? Is the system conceptually consistent? Given two words X and Y, does X conceptually
depend on Y7 Does the type of X coincide with that of Y7 Is the type of X a subtype of that of Y'?
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Key words: prefix rewriting, term rewriting, object-oriented data system, information system, consis-
tency verification, ontology of a data model.

1. Introduction

The classical object-oriented approach to describing structured data employs the two
primary relations, has (or “hasa”) and is (or “isa”).

The has relation links objects (and classes) with their attributes. By saying “X has a Y”
we mean that the object (or class) X possesses an attribute named Y, and we thus can speak
of “the Y of X” or “X’s Y’ as a property of X conventionally denoted by X.Y. For instance,
if a web page has a submit button whose style assumes a border of a particular width, we can
speak of “the width of the border of the style of the submit button of the page” and thus
arrive at the object page.submitButton.style.border.width.

The is relation can be used for (1) instantiating objects from classes; (2) inheriting classes
from classes; and (3) assigning values to attributes. By saying “40 is an Integer” we associate
the object 40 with the class Integer and mean that 40 is an instance of Integer. The phrase
“Integer is Number” means that the class Integer inherits from the class Number. By
claiming that “John.age is 40” we assign the value 40 to the age attribute of John.

As is seen from the above examples, the wide interpretation of the s relation makes it
possible to eliminate the difference between objects and classes. A single data system can
syndicate the class declarations (“metadata”) and the object instantiations and initializations
(“data”). We do not assert that data and metadata are worth more combined than separated;

© 2015 Gutman A. E.
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nevertheless, this approach allows us to unify data analysis and develop a common tool for
verifying conceptual and semantical consistency.

The is and has relations are naturally connected. By interpreting “is” as “inherits
we assume that if “Xis Y” then all the attributes of Y are inherited by X. In particular, if “XisY”
and “Y has a Z” then “X has a Z” Moreover, if “X is Y” is the only explicit information on X,
we can conclude that “X.Z is Y.Z” (By the explicit information we mean the is rules which
form the data system under consideration.) In doing so, we derive an implicit information
on X and say that “X.Z is Y.Z implicitly” Therefore, when evaluating the object X.Z, we
rewrite its prefix X with Y according to the explicit rule “X is Y The same is applicable
to objects of any length. For instance, if we know explicitly that “A.B is P.Q.R” then A.B.C.D
rewrites implicitly to P.Q.R.C.D.

It is clear that the explicit rules supersede any implicit derivatives; therefore, if “X is Y/
“Y has a Z] and the data system contains the explicit rule “X.Z is A the latter wins over
the implicit “X.Z is Y.Z ” However, a conflict of another kind is possible in case several explicit
rules are simultaneously applicable. Consider the following fragment of a data system:

“

block.style.color s blue
header.style.color ¢s red

button 15 block
button.style 15 header.style

Let us try to evaluate the button’s style color, i.e., button.style.color. Since button
is a block, we might conclude that button.style.color is block.style.color, which is
blue. On the other hand, button.style is header.style; therefore, button.style.color
is header.style.color, which is red. Intuitively, the latter evaluation should win, since
“button.style is header.style” seems to take priority over “button is block” The rea-
son is not the fact that the former rule occurs next to the latter (we treat a data system as an
unordered set of is rules). The key point is that the rule “button.style is header.style” is
more concrete as it evaluates a longer object, button.style rather than button. Therefore,
when evaluating an object, we should rewrite the longest prefiz (i.e., use the most concrete
rule applicable).

We will now dwell on data consistency. Obviously, when designing a set of definitions,
conceptual cycles should be avoided. By saying “man is man” we define nothing, since
evaluation of man results in a dead cycle. However, conceptual consistency in no way outlaws
recursion. For instance, the rule “man.son is man” is quite legal. On the other hand, the
rule “man is man.son” seems incorrect: we still do not know what man is unless man’s
son is defined, while the latter is senseless prior to defining man. Furthermore, the rules
“man is Adam” and “Adam.rib is man.rib” form an inconsistent pair, since Adam.rib is
man.rib, while the latter implicitly rewrites to Adam.rib. Such examples justify the need for
a formal definition of conceptual consistency and the search for the corresponding effective
verification. (This is similar to analyzing the ontology of a data system as a set of concept
definitions.)

It is clear that, prior to defining a set of concepts (classes or objects), we need at least
one concept which does not require definition. In general, there can be several primary
concepts; however, a single “generic object” is sufficient. We denote the latter by w. Given
a data system and a word X of the form entity.attr;.attrs.---.attr,, we rewrite X
by applying the most concrete is rule, thus obtaining a new word, and continue rewriting
the longest prefixes of the subsequent words until w is reached. In this case we conclude
that the initial word X is an object (or a concept). Otherwise, if the rewriting process either
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(1) ends with a nonrewritable word other than w or (2) never terminates, we claim that X
is senseless. The possibility of (2) makes the analysis nontrivial and justifies the search for
an effective verification if a given word makes sense. (This is close to analyzing the ontology
of a concept within a data system.)

Given an object X and a word § of the form attr;.attrs.---.attr,, say that ¢ is a detail
of X if X.Jd makes sense. The set || X|| of all details of X can be regarded as the type of X.
Whenever an algorithmic procedure assumes a formal argument A, the body of the procedure
contains A along with some words A.d;. For the procedure to operate correctly with X
substituted for A, it is necessary (and probably sufficient) that all the words X.d; make
sense. This results in the requirement that X be of an appropriate type. Therefore, we need
an algorithm for comparing object types: given two objects X and Y, we should be able to
effectively compare the types of X and Y, i.e., determine which of the relations || X|| = ||Y|l,
XTSIV, IX|I 2 |Y]| hold. The problem is not trivial if for no other reason than the fact
that the type of an object can be infinite. (For instance, given the rule “man.son is man
the type of man contains all the words son, son.son, son.son.son, ...)

In what follows we give formal definitions for the notions under consideration, state some
results, and present algorithms for all the problems mentioned above. (The paper does not
contain proofs of the theorems and justifications of the algorithms. All the details, including
various examples, will be published elsewhere.)

To make notation less cumbersome, we treat the names of entities and attributes as single
symbols (letters) of some alphabet A and agree to write the property paths aj.ag. -+ .y
as a1Qs . ..a, thus making them words over A. The explicit rules “X is Y’ will be written
as X =Y.

2. Definitions and Main Results

Throughout the paper, A is a finite alphabet and A* (resp. A") is the set of all (all
nonempty) words over A. The elements of A are called letters. We conventionally identify
the letters with the corresponding single-letter words. Say that X is a prefiz (resp. a proper
prefiz) of Y € A" and write X CY or VY 23X (X cYor Y 2X)if X € A" and Y = XS for
some S € A* (S € A). The length of a word X is denoted by |X|. Given an integer n > 1
and a word X € A" such that |X| > n, define X[, € A" so that X[, C X and |X[,| = n.
For brevity, in the sequel we say “word” instead of “nonempty word over A

Given any binary relation ~, we conventionally denote by < the transitive closure of ~
and by <%, the reflexive transitive closure of ~.

Consider a finite binary relation — on A" (i.e., a finite subset of A" x A") and a letter
w € A. Say that the pair (—,w) is a deterministic longest-prefix rewriting system, or a system
for short, if — is nonempty and the following hold:

(a) X Y and X — Z imply Y = Z;

(b) there are no S,Y € A* such that wS — Y.

Put E:={X : X — Y for some Y} and call the elements of E ezplicit words. Say that E
is an explicit prefix of X if F € E and F E X. Say that a word X is rewritable if X has
an explicit prefix.

As is easily seen, condition (a) means that, for each E € E, there is a unique word E’
such that F — E’, while condition (b) amounts to the fact that all words of the form wS,
with S € A*, are not rewritable.

Given a rewritable word X, consider the longest explicit prefix E of X, determine the suffix
S € A* so that X = ES, and put X’ := E'S. We call X’ the rewrite of X. Introduce



26 Gutman A. E.

the binary relation = on A" by setting X = Y if and only if X is a rewritable word and
Y =X

By way of recursion, put Wy := A", X© := X for X € W, and, for each n > 1, put
W, == {X € W,_; : X1 is rewritable} and X := (X(*=DY for X € W,,. The word
X () ig called the nth rewrite of X. It is clear that, for each X € W,,, we have X = X(© =
XO = XM X5 XM for n >0, and X 2 X® for n > 0.

The elements of (o-; W, are called infinitely rewritable words. The other words are
finitely rewritable. Given a word X, call the maximal (finite or infinite) sequence of the form
(X O, xO x@ ) the rewriting sequence of X. Therefore, a word X is finitely (infinitely)
rewritable if and only if the rewriting sequence of X is finite (infinite).

Say that X € A" is an object if X = w. Let O be the set of all objects. Note that
the rewriting sequence of every object X € Q\{w} has the form X = X©) = ... = x()
where n > 0.

From the above notation and definitions it is clear that we treat a system (—,w) as
a rewriting system and assume that only longest prefixes of words are subject to rewriting.
The system is then regarded as a recognition device, with @ the accepted language (see [1]).
We have called such a system “deterministic,” since every rewritable word has a unique
rewrite.

We may regard the notion of an object as isolating “concepts” from “senseless words”
An object is a word X possessing a “meaning] the rewrite X’ = X (), which also possesses
a meaning, (X') = X ), and so on up to the final rewrite, the “generic object” w, whose
meaning is assumed predefined. The relation — is thus treated as conceptual definition, and
arule X — Y isregarded as a definition of X viaY: “X isa Y.” Next, arule Xa — Z is an at-
tribute definition, “the o of X is a Z,” while Xaf — Z means “the 8 of the o of X is a Z,” etc.
In this respect, condition (a) imposed on the relation — amounts to conceptual unambiguity
(no concept can have several meanings).

We may also treat the relation — as object-oriented inheritance or instantiation and
regard a rule X — Y as an explicit indication of the fact that “class X directly inherits
class Y” or “object X is an instance of class Y.” Next, a rule Xaa — Z may be regarded
as an attribute declaration or property evaluation: “class X has attribute « of class Z” or
“the property Xa has value Z” or “the property Xa is an instance of class Z.” In this respect,
having imposed condition (a) on the relation —, we thereby disallowed multiple inheritance
(therefore, no object can belong to several incomparable classes).

Introduce the binary relation =, on A" by setting X =, Y if and only if X = ES and
Y = E'S for some E € E, S € A*. Therefore, =, is the rewriting corresponding to the system
(—,w) regarded as an ordinary prefix rewriting system rather than a longest-prefix rewriting
system. (It is clear that X — Y implies X = Y, and X = Y implies X =, Y. We may thus
read the formulas X = Y and X & Y as “X rewrites to Y” and “X weakly rewrites to Y.’
The formula X — Y can be read as “X ezplicitly rewrites to Y.”)

Introduce the binary relation - on A" by setting X ~ Y ifand only if X 2 Y or X =, Y.
As is easily seen, the transitive closure »& is the least transitive relation on A" possessing the
following three properties for all X,Y,S € A*:

if X =Y then X 5 Y; if X =Y then XS5 YS; XS5 X.
In case X »5% Y we say that X depends on Y. A word X is well-defined if X does not

depend on X. Say that a system (—,w) under consideration is conceptually consistent if all
words are well-defined, i.e., no word depends on itself. For brevity, introduce the following
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named condition:

The system is conceptually consistent. (Con)

The above terminology is justified by our informal treatment of a rewriting rule X — Y
as a definition of X via Y (“X is a Y”) and regarding a rule XS — Z as a detail definition
(“the S of X is a Z”). Therefore, informally, the relation X »* Y can be understood as fol-
lows: the definition of X explicitly or implicitly employs Y'; in particular, when subsequently
describing a conceptual scheme, the concept Y should be introduced before X, otherwise X
becomes ill-defined.

If ~~ is a binary relation on A", put |~|:= {X € A" : E <% X for some E € E} and
denote by [+] the directed graph whose nodes are the words in |~| and arcs are the pairs
(X,Y) such that X,Y € |~] and X ~ Y.

Given a system, we call [—] the conceptual scheme and [=,] the weak rewriting scheme.
Since X =3, Y implies X — Y, the weak rewriting scheme is a subgraph of the conceptual
scheme.

Proposition 1. Given X,Y € A", we have X »& Y if and only if X 2Y or X =, Y'S for
some S € A*.

Say that a word X is weakly recurrent if X 2, X S for some S € A*.
Corollary 2. A word is well-defined if and only if it is not weakly recurrent.

Theorem 3. The following properties of a system are equivalent:
(1) all words are well-defined, i.e., (Con) holds;

(2) each explicit word is well-defined;

(3) there are no weakly recurrent explicit words;

(4) there are no weakly recurrent words;

(5) the conceptual scheme is acyclic;

(6) the conceptual scheme is acyclic and finite;

(7) the weak rewriting scheme is acyclic and finite.

Say that a word X is recurrent if X = XS for some S € A*. Introduce the following
named condition:

There are no recurrent words. (Rec)

Proposition 4. (Con) implies (Rec).

Put Ag := min{A C A : E C A"}, i.e., Ag is the explicit alphabet, the set of all letters
occurred in explicit words. In addition, put p := max{|E|: E € E}.

Theorem 5. If each word X € A}, with |X| < p is not recurrent then all words are not
recurrent, i.e., (Rec) holds.

REMARK 6. Let B(.¥) be a set of words defined via a system .¥ by some condition. Say
that B(.¥) is a recurrence basis if, given an arbitrary system ., nonrecurrence of all words in
B(.#) implies nonrecurrence of all words. Theorem 5 states that the set {X € A} : | X| < p}
is a recurrence basis. Despite its finiteness, the set can be rather large. However, we are
not aware of conditions which determine considerably smaller recurrence bases. (There are
examples showing that neither the set E of explicit words, nor the set of all prefixes of
the explicit words can serve as a recurrence basis.)

Introduce the following named condition:

All words are finitely rewritable. (Fin)
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Theorem 7. If each explicit word is finitely rewritable then all words are finitely
rewritable, i.e., (Fin) holds.

Theorem 8. (Rec) implies (Fin).
Therefore, according to Proposition 4 and Theorem 8, we have the implications (Con) =

(Rec) = (Fin). As examples show, the converse implications are not true in general.
Introduce the following two named conditions:

All explicit words are objects, i.e., E C Q. (Obj)
If X € A", a € A, and Xa € E then X € O. (PreObj)

Proposition 9. (1) Let X,Y € A", X =Y. Then X € O if and only if Y € O.

(2) Assume (Obj). Then, given X € A", we have X € O\{w} if and only if X = E for
some E € E.

(3) Assume (PreObj). If X,S € A* and XS € O then X € Q.

Let X € O and a € A. Say that « is an attribute of X if Xa € O. Denote by || X]|
the set of all attributes of X. It is clear that ||w||; = @.

Say that «is an explicit attribute (resp. implicit attribute) of X if Xa € ONE (Xa € O\E).

Say that « is an overriding attribute (resp. added attribute) of X if Xao € O NE and,
in addition, X'a € O (X'a ¢ Q). If « is an overriding attribute of X, we say that Xa over-
rides X'a.

Therefore, every attribute is either explicit or implicit, and every explicit attribute is
either overriding or added.

Proposition 10. For all X € O\{w} and o € A the following hold:
(1) « is an implicit attribute of X if and only if Xa ¢ E and X'« € O;
(2) « is an added attribute of X if and only if Xa € O and X'a ¢ O.

Proposition 11. Assume (Obj). If X, Y € A", a € A, X = Y, and Ya € O then
Xa € 0.

Proposition 12. Assume (Obj). Consider the rewriting sequence X = X0 = ... =
X® = W of an object X. If a € ||X||; then there is a number 0 < i < n such that
XOq, ... X0 e @, X+, . .. XM ¢ O, and « is an added attribute of X,

Corollary 13. Assume (Obj). A letter « is an attribute of an object X if and only if
there is a number n > 0 such that X(™a € E.

Given an object X, say that ¢ is a detail of X if § € A™ and X§ € Q. Denote by || X||
the set of all details of X and call | X|| the type of X. (It is clear that ||w| = @.) Note that
the set O of all objects can be infinite and, moreover, some object types ||X|| can be infinite.
On the other hand, we will see that the set {||X|| : X € O} of all object types is always finite
(see Theorem 27).

Proposition 14. For all objects X and Y we have

(1) if |X| = V| then | X5]| = [[V| for all § € | X];

(2) if || X|| C||Y|| then || X6|| C ||Y9] for all § € || X]||.

On assuming (PreObj), we also have

(3) IX| = [|Y]| if and only if |[Y'|[y = || X| and [ Xa|| = [|Yal| for all a € || X]]s;
(4) || X|| € ||Y]| if and only if || X||; C ||Y]|1 and || Xal| C ||[Yal| for all « € || X]||1.
Proposition 15. If XY € O, X = Y, XS ¢ E for all S € A" then || X|| = ||Y].

If we informally interpret the relation X = Y as “X inherits Y (or “X is a particular
case of Y” or “X is a Y”) and treat the objects Xa as “properties of X,” then in case X Ly
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the object X should in a sense inherit the properties of Y and optionally make them more
concrete and enlarge their totality. Formally, this requirement amounts to the following;:

if X,Y €0and X =Y then ||X]| DY (%)
Introduce the following named condition:

FXYecA , acA XacE, YacO,and X =Y

(Colnh)
then Xa € O and || Xaf| 2 ||Ye|.

Theorem 16. Assume (PreObj). The following are equivalent:

(1) condition (Colnh) is satisfied;

(2) if X,Y € O\{w} and X =Y then || X|| 2 |Y||;

(3)if X, Y € O and X = Y then | X| 2 ||V

Therefore, with (PreObj) satisfied, (x) is equivalent to (Colnh).

Corollary 17. Assume (PreObj) and (Colnh). If X,V,S € A*, X & Y, and YS € O
then XS € Q and || XS|| 2 ||Y'S||. In particular, if Y € @ and X = Y then ||Y|; 2 || X]|
and | Xa| 2 ||[Ya|.

Object systems with attribute value typing usually satisfy the following (or analogous)
requirements: Suppose that a class Y has a declared attribute o with value type 7. If x
is an instance of Y then x has attribute a whose value type is equal to or more concrete
than 7. Similarly, if X is a class inherited from Y then X has the inherited attribute «
whose value type is equal to or more concrete than 7. If we interpret the relation X = Y as
“the object X is an instance of the class Y or “the class X directly inherits the class Y” and
treat the relation Xa — V as “V is the explicit value of the property Xa” or “V is the declared
value class of the attribute o within the class X,” then the above requirements can be
formalized by the following named condition:

FX,YeA" acA YacO Xa—V,and X =Y

(CoVal)
then V € O and ||[V| 2 |[Yel|.

Theorem 18. Conditions (PreObj) and (CoVal) imply (Colnh).

The conceptual dependence was introduced above as a relation on the set of all words.
As soon as non-object words are regarded as “senseless,” it is reasonable to describe depen-
dence between objects involving objects only; namely, if a concept X depends on a concept Y,
then there should be a chain of concepts (rather than arbitrary words) connecting X with Y.
This principle is justified by the following theorem (see also Corollary 20).

Theorem 19. Assume (Obj), (PreObj), and (Colnh). Given X,Y € O, X dependsonY
if and only if there exist X1,..., X, € O, n > 1, such that X — X1 — -+ — X, =Y.

Corollary 20. Assume (Obj), (PreObj), and (Colnh). The restriction of = onto Q is
the least transitive relation on Q possessing the following three properties for all X,Y € O
and § € A" :

if X - Y then X "5 Y;

if X - Y and § € | X||N||Y| then X§ 5 Y§;

if § € | X|| then X& 5 X.

The last assertion shows that, with (Obj), (PreObj), and (Colnh) satisfied, the conceptual
dependence relation between objects can be described in full conformity with the initial
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definition of this relation on the set of all words. The only distinction consists in the fact
that the latter description does not go beyond the set of objects.

REMARK 21. In Theorem 19 and Corollary 20, none of the conditions (Obj), (PreObj),
or (Colnh) can be omitted.

3. Algorithmization

The rest of the paper is devoted to the effective verification of various properties of
rewriting systems under consideration, and the following theorem is the main step in this
direction.

Theorem 22. Given a system, put p = max{|E| : E € E}. A word X is infinitely
rewritable if and only if one of the following two (mutually exclusive) conditions holds:

(a) there are integers n > 0 and r > 0 such that X" = X(+7).

(b) there are integers n > 0 and r > 0 such that

< ‘X(")| < |X("+1)‘,“.’|X("+T)|7

XM £ xttn) - x () = x(ntr))

Iz B

In case (a) we have X 2 X = ... o x(+=1) - x(0) = ... In case (b) put
period

Yy =X™ [, and let S € A" be such that X =YS. Then there is a word R € A" such that

Y(") = YR and the rewriting sequence <X(0), XM ...) contains a subsequence constituted

by the words X(t™") = Y R™S, m > 0, each of which starts a regular “growth period” of

length r:

= X+ — YRS =VYWRs = ... = yr-bDprg
= XU+ = YRS = YWR’S = ... = YU URS
= x+m) — ypmg o yOpmg - ... o y-Dpmg

In particular, {X("), X (41 )= {Y(j)RmS :0<j<r,m=0}.

Let & be an arbitrary set of “constructive entities” (i.e., a set whose elements can be
used as inputs for algorithms) and let C(Y,p) be a condition imposed on words Y € A" with
additional parameters in 2. Formally we may assume that C is a subset of A" x & and, for
allY € A", p e 2, the expression C (Y, p) means the containment (Y, p) € C.

Given C(Y,p) as above, introduce the condition C'(Y, R, S,p) for YR € A", S € A*
p € & as follows:

C'(Y,R,S,p) if and only if there is an m > 1 such that C(Y R™S,p).

Say that C(Y,p) is cyclically decidable if the following two conditions hold:

(a) there is an algorithm verifying C'(Y,p) for Y € A", p € 2;

(b) there is an algorithm verifying C'(Y, R, S,p) for Y, R € A", S € A* pe 2.

Note that (a) does not in general imply (b), which fact can be derived from existence of
a recursive set C' C N? such that the set {n € N: (3m € N) (m,n) € C} is not recursive
(see, for instance, [2, Chapter C.1, §6]).
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Let C(Y,p) be a cyclically decidable condition. Theorem 22 justifies the following simple
algorithm which, given a system, a word X € A", and a parameter p, verifies existence of
aword Y € A" such that X = Y and C(Y,p).

Algorithm 23. [Is there a word Y such that X = Y and C(Y,p)?]
o If C(X,p), return Yes. If X is not rewritable, return No.

e Otherwise, subsequently calculate the rewrites X, ..., X@ . and, at each step i > 1,
subsequently analyze the fragments (X, X(+1) X047y for 0 < n < n+r = i,
as follows:

o If C(X(”+T),p), return Yes. If X = X+7)  return No.

o If (XM, ... X+1)y satisfies condition (b) of Theorem 22,
put Y := XM : let S € A* be such that X = YS;
let R € A" be such that Y") = YR (such an R exists by Theorem 22);
if C'(Y,R,S,p), return Yes; otherwise return No.

o If X("*+7) is not rewritable, return No. Otherwise proceed to the next step, i + 1.
By Theorem 22, the above procedure terminates for every input.

As is easily seen, given a system ., the condition C(Y,.) = “Y is not rewritable within
7 is cyclically decidable. Therefore, specialized with this condition, Algorithm 23 verifies
finite rewritability of a given word within a given system. A simplified version is presented
below.

Algorithm 24. [Is a word X finitely rewritable?] Start subsequent calculation of
the rewrites X, X . If a nonrewritable word X occurs, return Yes. Otherwise,
according to Theorem 22, a fragment (X (n) x+1) X (”+T)> will occur which satis-
fies (a) or (b) of Theorem 22; in this case return No.

Since the set E of explicit words is finite, Theorem 7 implies that (Fin) is effectively
verifiable: it suffices to apply Algorithm 24 to all explicit words.

The specialization of Algorithm 23 with the condition C'(Y) = “Y =w” checks if a given
word is an object. (This can be also verified by a slight modification of Algorithm 24.) It is
now clear that (Obj) and (PreObj) are effectively verifiable.

Note that if (Fin) holds, the containment X € O can be trivially verified: just check if
the (finite) rewriting sequence of X ends with w. In addition, if (Obj) holds, we can stop
calculating the rewriting sequence of X if X(") € E at some step n > 0; furthermore, if
both (Obj) and (PreObj) hold, the calculation can be terminated if some X becomes
a prefix of any explicit word (see Proposition 9).

As is easily seen, the condition C(Y,X) = “Y 2 X” is cyclically decidable. Therefore
a properly specialized version of Algorithm 23 checks if a given word X is recurrent. By
Theorem 5, we conclude that (Rec) is effectively verifiable: to check if all words are not
recurrent, it suffices to apply the algorithm to all words over Ag of length at most p. (However,
the resultant verification occurs exponential-time; see Remark 6.)

Another approach to verifying (Rec) can be based on Theorem 8 which states that (Rec)
implies (Fin). Check (Fin) first. If it fails then (Rec) also fails. If (Fin) holds true, condi-
tion (Rec) can be verified by processing all words X over Ag of length at most p and returning
Yes whenever an X occurs such that X € X™ for some n > 1.

By Theorem 3, condition (Con) can be effectively verified by constructing the conceptual
scheme and checking (during the construction) if the scheme is acyclic. The algorithm de-
scribed below checks if a given system is conceptually consistent. If it is so, the algorithm
returns the conceptual scheme of the system; otherwise it returns an example of a cycle in
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the conceptual scheme. The algorithm uses a variable directed graph I' = (I'n, T'a) (with T'y
the nodes and T's the arcs) and a variable &/ whose values are finite subsets of A" x A".

Algorithm 25. [Is a system conceptually consistent?]

(1) Put I'y :=E, 'y :=@.

(2) Put o :={(X,Y): X isasink of T and X — Y}.

(3) If o = @, claim that the system is conceptually consistent and return I" as

the conceptual scheme.

(4) Otherwise do the following for each pair (X,Y) € < :

if X =Y or T contains a path from Y to X,

claim that the system is conceptually inconsistent
and return a cycle: X — X orY — --- — X —Y;

otherwise put I'n :=TnU{Y'}, Ta :=TA U{(X,Y)}.

(5) Go to (2).

When applied to a conceptually inconsistent system, Algorithm 25 returns an example
of a cycle Xg — Xy — -+ — X, = X in the conceptual scheme, but it is not guaranteed
that all words X; in the cycle are objects (even in case Xy is an object). On the other
hand, Theorem 19 implies that, with (Obj), (PreObj), and (Colnh) satisfied, every path
Xy — X1 — -+ — X, between objects Xy, X,, can be transformed into a path of objects
Yo— Y, — - — Y, with Yy = Xy and Y,, = X,,,. We note that such a transformation can
be performed effectively.

By slightly modifying Algorithm 25, we can obtain a procedure for constructing the weak
rewriting scheme rather than the conceptual scheme. The algorithm presented below checks
in an arbitrary system if there are weakly recurrent words, and either returns an example of
such a word or constructs the weak rewriting scheme of the system.

Algorithm 26. [Is there a weakly recurrent word?]

(1) Put I'y :=E, 'y :=@.

(2) Put & :={(X,Y): X is a sink of I and X =, Y}.

(3) If o = @, claim that there are no weakly recurrent words and return I' as
the weak rewriting scheme.

(4) Otherwise do the following for each pair (X,Y) € o:

if X T Y or I' contains a path from a prefix Yo C Y to X,
return a weakly recurrent word:
X=Y3IX or Vo=, - = X=,Y3Y;

otherwise put I'n :=T'n U{Y}, Ta :==Ta U{(X,Y)}.

(5) Go to (2).

According to Theorem 3, the weak rewriting scheme of a conceptually inconsistent system
includes a path Xy &, X,, 2 X, with X, € E. Given an inconsistent system, Algorithm 25
returns an example of a path Yj L. Y, 3 Yy, but the leading word Yy need not be explicit.
In this connection it is worth noting that every path of the form Yj &, Y, 3 Y can be
effectively transformed into a path Xy &, X,, 3 Xg (of the same length) with X, € E.

To the author’s opinion, the most convincing indication of conceptual inconsistency is
an example of some cycle Xg — --- — X,, = X which is constituted by objects and starts
with an explicit word Xo. We note that, if an inconsistent system satisfies (Obj), (PreObj),
and (Colnh), then a cycle of this kind can be found effectively.

We now turn to the effective analysis of object types.

Say that C' € O is a character if either C = w or C' c E for some F € E. Let C be the set
of all characters. It is clear that C is finite.
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Given an object X, consider the rewriting sequence X(© = ... = X = ¢ and denote
by ch(X) the first character in the sequence (X(©) ... X (™). Call ch(X) the character of X.
It is clear that ch(C) = C for all C' € C. Therefore, C = {ch(X) : X € O}.

Theorem 27. For every object X we have | X|| = ||ch(X)||. Consequently, {||X]|| : X €
O} = {||C] : C € C}, and the set {|| X|| : X € O} is finite.

By the type comparison problem we mean the following: given two objects X and Y,
effectively compare the types of X and Y, i.e., determine which of the relations || X|| = ||Y|l,
X< (Y[l ([ X2 1Y) hold.

It is clear that the character of an object can be effectively determined. Therefore, due to
Theorem 27, the type comparison problem reduces to effective comparison of the character
types.

Given X € C and a € [ X||;, introduce the notation X, := ch(Xa) and, given an
arbitrary function 7: C — {1,..., N}, define the following equivalence relation on C:

X ~Y ifand onlyif [ X[ =Y and 7(X4) = 7(Ya) for all a € [ X];.

The following algorithm uses two variable functions 7,7 : C — {1,2,...} (each of which
can be encoded as an array of naturals indexed by the characters).

Algorithm 28. [Compute a character typing.]
(1) Define T by putting 7(X) := 1 for all X € C.
(2) If X ~Y forall X,Y € C such that 7(X) = 7(Y), return 7.
(3) Assign T a copy of T.
(4) For each ke {r(X): (Y € C)(X »Y & 7(X) = 7(Y))} do the following:
arbitrarily enumerate the set {X € C : 7(X) = k} thus making it a sequence
(X1,...,Xpn), n>2, and, for each i = 2,...,n, do the following:
if X; ~ Xj for some 1 < j <i, reassign 7(X;) = 7(Xj);
otherwise reassign 7(X;) := max{7(X): X € C} + 1.
(5) Assign 7 := 7 and go to (2).
Theorem 29. Algorithm 28 halts for any system and, if the system meets (PreObj),
the resultant function 7 : C — {1,..., N} issuch that 7(X) = 7(Y) if and only if || X|| = ||Y]].

REMARK 30. Algorithm 28 is analogous to Vizing’s algorithm of partitioning the vertex
set of a graph into classes of similar vertices (see [3]). The author is grateful to S. V. Av-
gustinovich for discovering the analogy.

The following algorithm uses two variable sets ¥, ¥y C C2.

Algorithm 31. [Compute the character subtyping.|

(1) Put ¥ := C2.

(2) Put S := {(X,Y)eZ: [|X]1 C||Y|h & (Va € [|X]}1) (Xa, Ya) € }.
(3) If ¥9 = X, return ¥. Otherwise reassign ¥ := ¥ and go to (2).

Theorem 32. Given any system, Algorithm 31 always halts and, if the system meets
(PreObj), the resultant set ¥ equals {(X,Y) € C?: | X| C ||Y]}.

Therefore, given a system subject to (PreObj), we can effectively verify the relation
[X|| € ||Y] for X,Y € O. (As is easily seen, this implies that (CoInh) and (CoVal) are
effectively verifiable.) However, the mere claim “|X| ¢ ||Y[]” is not always sufficient, and
one may require a particular reason why the inclusion fails. Within a bulky system, it may
occur nontrivial to find a particular detail 6 € || X|]\||Y]|, and a corresponding algorithm
would thus be a useful troubleshooting tool. Recall that, due to Theorem 27, it suffices to
automate the solution for characters only.
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The following algorithm uses a variable set A C C? and a variable function 6 : A — A",

Algorithm 33. [Compute a diagnosis for subtyping failure.]
(1) Put A := @ and n := 1.
(2) For all pairwise distinct X,Y € C do the following:
if there is an a € || X[]1\||Y]|1, add (X,Y) to A and assign 6(X,Y) := a.
(3) For all pairwise distinct X,Y € C such that (X,Y) ¢ A do the following:
if there is an « € || Xy such that (X,,Ys) € A and |6(Xa,Ya)| = n,
add (X,Y) to A and assign §(X,Y) := ad(Xa, Ya)-
(4) If there were no assignments at step (3), return §. Otherwise put n :=n+ 1 and go
to (3).
Theorem 34. Given any system, Algorithm 33 always halts and, if the system meets
(PreObj), the resultant function ¢ : A — A" is such that
A={(X,¥)eC: |IX| ¢ IV},
I(X,Y) e | XI\||Y] forall (X,Y) €A,
[0(X,Y)| = min{|d'| : &' € [|X|\||Y ||} for all (X,Y) € A.

Acknowledgments. The author is grateful to Sergei Vladimirovich Avgustinovich for fruitful
discussions.
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OB bEKTHO-OPUEHTNPOBAHHBIE JTIAHHBIE
KAK [TEPESAIINCBIBAIOIIINE CUCTEMBIL

Fyrman A. E.

PaccvarpuBarorcs nepe3anucblBalONMe CUCTEMbI, He cojepxxKauuje nap mpasui Buga X —Y, X— 7,
rne Y #Z, B KOTOPBIX II€PE3AlMCH IIO//Ie2KaT TOJLKO CaMble JJIMHHbIE npedukcel. B pamkax Ta-
KUX CHCTEM OIPEesISIOTCs U MCCAEAYIOTCS AHAJJIOTH KOHIIEIIW, XapaKTEePHBIX /I CHCTEM O0BbEKTHO-
OPUEHTUPOBAHHDBIX JIAHHBIX: HAC/IEI0BAHUE KJIACCOB U 00bEKTOB, IK3EMILIAPbL KJIACCOB, aTpuby bl IK3€eM-
IUISIPOB U KJIACCOB, KOHLIEIITYaJIbHAas 3aBUCUMOCTDb Y HEIIPOTUBOPEYUBOCTD, KOHLEITYAJIbHbIE CXEMbL, TUIIbI,
moarunstl u ap. Ocoboe BHUMaHME yieiseTcs 3D(MEeKTUBHON TPOBEPKE pa3HOOOPA3HBIX CBOMCTB PacCMaT-
PUBaEMbIX 1I€PE3AIKUCHIBAIOIUX CUCTEM. B 4aCcTHOCTH, IIPUBOIATCH A/ OPUTMBbL /i OTBETA HA CJIEY IOLue
Boupocel: Bee s cioBa koneyno nepenucbiBaembl! CymecTByIOT i peKyppeHTHbie cioBal ZBisercs
CHCTeMa KOHIENTYaJIbHO HempoTuBopeunBoii! KoHmenTyapHO 3aBUCHUT JIU JAHHOE CJ0BO X OT cjioBa Y7
Copnagator ym tunbl X u Y? dengerca sm tun X nmogrumom tuma Y?

KurroueBbie ciioBa: mpedUKCHAs IE€PE3ANMUCHIBAIONAs CHUCTEMA, IOJIYTYIBCKas CHCTEMA, CHUCTEMa,
00bEKTHO-OPUEHTUPOBAHHBIX [TAHHBIX, NHGOPMAINOHHAST CACTEMA, LIPOBEPKA HEIPOTUBOPEYUBOCTH, OH-
TOJIOrASA MOZE/IN TaHHBIX.
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HE3BAMKHYTBIE APXUMEJIOBBI KOHYCHI
B JIOKAJIBHO BBIITYKJIBIX [TIPOCTPAHCTBAX

A. E. I'yrman, 9. 0. EmenssauoB, A. B. Marioxun

Cemény Camconosuny Kymamenadse
6 c6a3u ¢ e2o T0-nemuem

@opmynupyercs 3a1a4a 00 OIMCAHUY KJ/IACCA JIOKAJIbHO BBIILYKJIBIX IIPOCTPAHCTB, COAEPKAIINX He3AMKHY-
Thle apXUMeIOBBI KOHYCHI. V3/araiorca pe3yabTarTsl, IIOTyYeHHbIe HA IIYTH K PENICHUIO TOM 3a0a4n.

KuroueBble CJIOBa: apXUMEAOBO YIODPAA0UE€HHOE BEKTOPHOE IIPOCTPAHCTBO, JIOKAJIHHO BBILYKJIOE LIPO-
CTPAHCTBO, Cabast TOIIOJIOTUS, KOHYC, KJIUH.

1. BBenenue

[MommuoKecTBO K BEKTOPHOrO mpocTpaHcTBa Hal R HazbiBaercs kaumnom, eciu K # O,
K+K C Ku)K C K anascex 0 < A € R. Konycom uazwsiBaroT kiand K, y10BaeTBOpLAONIN
yenosuio K N (—K) = {0}. nbivMu cioBamu, KJauH — 9TO HEIYCTOE MHOXKECTBO, 3aMKHYTOE
OTHOCHTE/IbHO JIMHEHHBIX KoMOMHAIU A2 + - - - + A&y, C HOJOKHUTEIbHBIMIA KO3 DuIimen-
TaMU Al, ..., Ap, & KOHYC — 9TO KJIUH, KOTOPBI MOXKET COJEPKATh BEKTOPbI & U —I JIUIIb
B caydae ¢ = 0.

[Tonsitwe KOHyCa TECHO B3AMMOCBI3AHO C MOHITHEM YNopadouerHno20 SeKMOPHO20 Npo-
CMPAHCMEaA — BEIIECTBEHHOIO BEKTOPHOI'O MPOCTPAHCTBA X, CHAOXKEHHOI'O TAKUM OTHOIIIE-
HUEM TOpsijiKa <, 9T0 Jijid JitobbiX Z,y,2 € X u 0 K AeRmx L ycnenyer z+ 2 < y + 2
u Ax < Ay. A ummenno, eciim (X, <) — ylHOpAJ0YEHHOE BEKTOPHOE NPOCTPAHCTBO, TO MHO-
xkecreo X := {x € X : z > 0} aBngerca KonycoM; u Haobopor: eciu K C X — KOHyC u
r<gyecy—zeK (r,y € X), 1o (X,<g) — yuopsiJo4eHHOE BEKTOPHOE HPOCTPAHCTBO
u X = K (cm., manpumep, |1, 3.2; 2]).

Yuopsmouentnoe BeKTopHoe npocTpancTBo (X, <) HA3bIBAIOT APTUMEIOEHLM TIPU BbIIIOJI-
HEHWW CJIeTYTOIIEro YCIOBHUS:

ecnnx,yeX,y}OI/IxS%ygnﬂBceanN,Tong

D10 ycaoBue 00eCHednuBaeT JOMYCTUMOCTD MEPexoa K IpeJlesy B JUHEHHBIX HepaBeHCTBaX
¢ GUKCUPOBAHHBIMU BEKTOpaMK ¥ lepeMeHHbIMU Kodbdunpenramu (cm. [2, 1.11-12]). B gacr-

HOCTH, €CJIM HPOCTPAHCTBO X apXUMEIOBO, T1,...,Tn € X T, Mm@1 + -+ + Apm@pn = 0 s
Bcex m € N u s kaxzoro ungekca ¢ € {1,...,n} cymecrsyer npegen \; = lim A\, € R,
m—roo

TO M1 + -+ + Ay = 0.

© 2015 T'yrman A. E., Emensanos 9. FO., Maroxun A. B.
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Konyc K C X na3biBalOT aprumedosobim, €CIl apXUMEIOBO COOTBETCTBYIOIIEE YIIOPS/I0-
yeHHoe BekTOpHOE npocrpancTBo (X, < ). Konyc 3aBesoMo apxumesnos, eCau OH 3aMKHYT
B KaKOi-1100 BeKTOpHOU Tomosoruu. (B 3ToM cirydae mepexos K mpefeny B JHHEHHBIX Hepa-
BEHCTBAX JI0yCTUM 0e3 Kakux-1ub0 orpanuuenuii.) O6parHoe yrBepeHue, BooOIIEe roBops,
HEBEPHO: apXUME/IOB KOHYC B TOIMOJIOI'MYECKOM BEKTOPHOM IIPOCTPAHCTBE He 00si3aH ObIThH 3a-
MKHYTbIM. [IpOoCTBIM IpUMEPOM HE3AMKHYTOI'O apXMUMEI0Ba KOHYCA CJIY2KHUT MHOXKECTBO

st (N)={z: N=R": (3m e N)(Vn =m) z(n) = 0}

B 1I060M u3 Kiraccudeckux Ganaxosbix npocrpancts P(N), 1 < p < oc.

UsBectHO, uTO B XayCs0pdOBOM TOIIOJIOrMYECKOM BEKTOPHOM IIPOCTPAHCTBE BCAKUIT apXu-
M€/IOB KOHYC, HMEOIIHIl HelyCTYI0 BHYTPEHHOCTh, 3aMKHYT (cM. |2, 2.4]). Kpowme Toro, apxu-
M€/I0BOCTb KOHYCa M €r0 3aMKHYTOCTb PaBHOCU/IbHBI B KOHedHOMepHOM citydae (cm. 3.1 (f)).
o HegaBHEro BpeMeHH 3TUM HabJiiojieHrneM (haKTHIeCKU UCUYEPIBIBAIUCH CBEJIEHHUSA O KJIAC-
C€ IPOCTPAHCTB, B KOTOPBIX CYIIECTBYIOT HE3AMKHYTHIE apXWMeEIOBbl KOHYChl. Ha maHHbIT
MOMEHT BOIPOC 00 HMCYEPILIBAIONIEM OIMUCAHUM TAKHUX MPOCTPAHCTB IMO-TIPEXKHEMY OTKPBIT.
Huxe Mbl mpuBesieM HEKOTOPbBIE UJIE€U W PE3YJIHTATHI, BOSHUKIIHUE HA IIyTH K PEIIeHUI0 dTOH
3a/1a9d B KJIACCEe JIOKATBHO BBIMYKJIBIX IPOCTPAHCTB.

2. Tepmuubl 1 0003HAYEHUST

[Tycts X — BemecTBernOe BeKTOpHOE TPOCTPaHCcTBO 1 S C X. CumBosom core S 0603Ha-
Yaercs siJ[po MHOXKeCTBa, S, a cumBosiamu lin S, cone S u aff § — coorBercrBeHHO JinHeliHAS,
KOHUYecKasd n adpduaHas 060109KT S:

coreS={zeX: (Vye X)Fe>0)z+[0,elyC S}

linS = Z)\ixi:nEN, Tlyeoy T €8, Ay, Ay €R > U{0}
i=1

cone S = Z)\ixi:nEN, T, 0,20 €8, A, A €RT B U{0};
i=1

aff S = Z)\izni: neN, z1,...,2, €5, A\i,..., A\ € R, Z)\izl
i=1 =1

Bamermm, 9T0 cone S — HAMMEHBINNI IO BKIIOYEHNIO KIUH B X, cogepxKaruii .S.

2.1. Ilycrp B — BoimykJjoe nogmuoxkectso X . Torma

(1) coneB={Az: z€ B, A>0}U{0};

(2) ecin A — acppunnoe nmoamnpocrpancreo X, 0 ¢ A u B C A, ro ANcone B = B;
B wacraocru, ecjmu 0 ¢ aff B, To aff BN cone B = B;

(3) econ 0 ¢ B, 10 kyun cone B sIB/IsI€TCST KOHYCOM.

TepMuH <«IIOJIIPOCTPAHCTBO» 1O YMOJYAHUIO O3HAYAET «BEKTOPHOE IOIIPOCTPAHCTBOY.
IIpamvimu 1 Aywamu Ha3BIBAIOTCS MHOXKeCTBa Bufa x + Ry u x + R1y, rme y # 0.

s npoussosbaOro Muoxecrsa I cumposiom s(I) 0603Ha9aeTCs BEKTOPHOE IPOCTPAHCTBO
Beex ynkuuit x: I — R, a cumBosiom s, (1) — ero BEKTOPHOE MOAIIPOCTPAHCTBO, COCTOSIIIEE
u3 byskuuit © € s(I) ¢ koreunbiM HocureseM suppx = {i € I : z(i) # 0}. ApxumenoBbl
konycol {x € s(I): (Vi € I) z(i) > 0} u s7(I) N sgu(]) 0bo3HAUAIOTCS COOTBETCTBYIOMIMME

cuvsosavu st (1) m sg (I). Mer Takzke ncrombsyem cokpamennst: S := $(N) u Sgy, := sgn (N).
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CumBosom X7 0603HAMAETCS IPOCTPAHCTBO BCEX JIMHEHHBIX (DYHKITMOHAIOB HA BEKTOD-
HOM 1pocTpaHcTBe X, a cuMB00oM X' — IPOCTPAHCTBO BCEX HEIPEPbIBHbIX JIMHEHHbIX (yHK-
[[MOHAJIOB HA, TOIOJIOTUYIECKOM BEKTOPHOM IpPOCTpAHCTBE X .
Besikoe KOHEUHOMEPHOE BEKTOPHOE MPOCTPAHCTBO MO YMOTYAHUIO HAJESIETC CTaH apT-
HOIT (eMHCTBEHHOI) Xaycnopd 0BOil BEKTOPHOI TOMOIOTHEN.
Mo A0KGALHO BBNYKAVIM NPOCMPAHCTNEOM TIOHIMAELTCS BEIECTBEHHOE BEKTOPHOE ITPO-
CTPAHCTBO, CHADXKEHHOE XayCop@dOBOil JIOKAJIBHO BBITYKJION BEKTOPHON! TOMO/IOrHUed.
[Tockosbky B paccMaTpuBaeMOM Kpyre BOIIPOCOB BaKHAs POJIb OTBOJUTCH CHUJIbHEIIen
JIOKQJIBHO BbIHyK.HOfI TOIIOJIOTX, Mbl HAIIOMHUM HECKOJIBKO €€ 9KBHBAJICHTHbBIX onucaHui
(cm., mampmmep, |1, 3|).
2.2. Cuexyrorue CBOHCTBA TOIOJOMAA T H& BEIIECTBEHHOM BEKTOPHOM HpOCTpaHcTBE X
PABHOCHJIBHBI:
(a) T — cubHelasT JIOKAJILHO BbILyKJIasi TOIO0rus Ha X ;
(b) mmoxecrBo U C X sBisiercss T-OKpeCTHOCTBbIO TOYKH T € X Torga H TOJBKO TOLJA,
rorga x € core C C U it HGKOTOPOro BeiLykJjioro muoxecrsa C

(c) T — JIOKaJIbHO BBIIYKJIasi TOMOJIOTHSI, B KOTOPOH BHYTDEHHOCTBH JIFOOOTO BBILYKJIOTO
MHOXKECTBa COBHAJAET C €r0 SAPOM;

(d) T — JI0KaJIbHO BBIIYK/Iasi TOMOJIOTHSI, B KOTOPOH HEIIPEPBIBHBI BCE IIOJIYHOPMBI;

(e) T — rakas rononoruss Maxkm na X, aro (X,7) = X7.

3. ApxuMen0BbI MHOXKECTBA

W3 rexnuyueckux coobpazkeHuil y100H0 06001IUTH OHATHE aPXUMeI0Ba KOHYCa Ha CJIydaii
MIPOU3BOJIBHBIX BbIITYKJIBIX MHOXKECTB. BbIHyK.HOG IO MHOZKECTBO C BEIIECTBEHHOI'O BEKTOD-
HOT'O MPOCTPAHCTBA X HA30BEM aPLUMEIOSbiM TIPUA BBITOJTHEHUN C/IEIYIOIIEro yCJIOBUS:

ecnﬂx,yGXHaz+%y€Cﬂ;ﬂﬂBcexneN,ToxGC.

Cortacuo |2, 1.11]| B ciiyqae, korga C' gB/ISeTCs KOHYCOM, MOC/IEIHEE OMPEEICHIe DABHOCUTb-
HO TIpUBeneHHOMY B § 1.

3.1. Cuenyromue cporicta BolIyk/a0ro Maoxecrsa C' C X paBHOCHIIBHDIL:

(a) muoxkecTBO C' apxumMenoBo;

b) st mr06bix x,y € X me >0 u3 x+ (0,e]y C C caenyer x € C;

c) X\ C =core(X\C);

d) mepeceuenne C' ¢ yoboii mpsvoii B X 3aMKHYTO;

e) nepeceuenne C' ¢ yi06biM mopnpocrpancrsom X pazMepHOCTH < 2 3aMKHYTO;

) mepeceuenne C' ¢ 1H06bIM KOHEYHOMEPHBIM IOIIPOCTPAHCTBOM X 3aMKHYTO;

g) C cekBeHIHAIBLHO 3aMKHYTO B HEKOTODOIi Xayc/10pgoBoii BEKTOPHOI TOIoIOrHH Ha X ;

(h) C cexBennuasbHO 3aMKHYTO B CHJIbHEHIICH JIOKAJIHHO BBILYKJIOH Tomosoruu Ha X .

< Nmvnmukarmun (2)<=(b)<=(c)<=(d)<«<=(e)«=(f)«<=(g)<(h) oueBnamsL.

Yrobbl nokazars (a)=-(f), paccMoTpum 1POU3BOJILHOE KOHEYHOMEDPHOE [1O/IIPOCTPAHCTBO
Xo C X u monoxkum Cy := C' N Xg. Moxuo cuurars, uyro 0 € Cy. IlockonpKy B moi-
npocrpanctee lin Cy C Xg muOokecTBO Cj UMEET HEIMYCTYI0 BHYTPEHHOCTh, K Cj IPUMEHUMBI
pacCyzKIeHusl, IPUBEJEHHbIE B |2, 2.4|, 13 KOTOPBIX C/IEIyeT, 9TO apXuMes0Bo MHOKeCTBO Cj
3aMKHYTO B (KOHEeuHOMEpHOM) 1o upocrpanctse lin Cpy, a 3nauur, u B X.

[Tokazkewm, aro (f)=-(h). Ilycts 7 — cuipHefinIas JTOKaJbHO BBITYK/Ias TOIOIOrHs Ha X.
Baarogaps (f) mocrarouno nokazarb, uro jmHelinas 060/104Ka 000 cxopgmeiics B T no-
CJIEJIOBATE/ILHOCTH T, — & UMEET KOHEYHYIO Pa3MEpHOCTb. B mpoTuBHOM ciiydae u3 (T )neN
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MOXKHO ObLI0 OBl U3BJ/IEUb TaKyIO MOANOCAEI0BATENLHOCT (Y )neN, 94T0 = ¢ lin{y, : n € N},
U TOIJIA CXOJUMOCTb Y — T B T NPOTHBOpednsa Obl Hajmauio HenpepbiBHOro (cm. 2.2 (e))
quHeitHoro dyuknuonana, pasaoro 0 ua {y, : n € N} u 1 B rouke x. >

N3 3.1 ¢ 09eBUTHOCTBIO BBITEKAIOT CJIEAYIONINE CBOMCTBA apXUMEIOBBIX MHOYKECTB.

3.2. (1) Eciiu C' — BBIILYKJIO€ IOJMHOXKECTBO KaKOr0-1100 BEKTOPHOIO HOJIPOCTPAHCTBA
Xo C X, ro apxumemoBocts C' B X paBHOCcHIbHA apxumenopocta C' B X.

(2) Ecoiu X u'Y — BemecrBenmbie BekTopubie npocrpamcrsa, T: X — Y — jmneiinas
uabekius, y € Y u C — apxumenoBo Bbimykioe mnojmuoxkecrso X, ro T(C) + y sasisercs
APXUMEIOBBIM BbIIIYKJIbIM 1I0MHO2KECTBOM Y

(3) Besikoe adunHOE MOAIPOCTPAHCTBO APXHMEOBO.

(4) Ilepeceuenne Jiroboro cemericrBa apXUMeOBbIX MHOXKECTB apDXUME0BO.

3.3. Eciu muoxecrBo F C X jmmneiino mezaBucumo, To cone B — apxumesjoB KoHyc B X .

< JIOoCTaTOuHO 3aMETUTD, YTO CTaHIAPTHBIH JuHelHbIH n30Mopdusm sg,(E) <> lin E oTob-

pakaer apxumesios kouyc sg (E) na cone E, n upusieus 3.2 (1), (2). >

3.4. Ilycrs B — Brimykioe noavuoxkecrso X, 0 ¢ aff B. MuoxkecrBo cone B saJjisiercs
apXUMEJIOBBIM KOHYCOM TOI/[a H TOJIBKO TOIJa, KOrjga B apxumeaoBo u He COMEPXKHUT JIydeH.

< Heobrodumocms. U3 apxumenosBoctu MuO)kecTB cone B u aff B (cum. 3.2 (3)) BeiTekaer
apxuMenoBocTh ux mepecederus B (cm. 2.1(2)). Homycrum, daro B coaepKuT Kakou-u60
aya z + RTy, rme y # 0. Torga %:17 +y = %(:17 + ny) € cone B mua Beex n € N, orkya
B cuiiy apxumenoBocru cone B cienyer y € cone B. Ilockonbky y # 0, Haiijgercs Takoe
aucao A > 0, uro Ay € B (cm. 2.1(1)). Takum obpazom, x,\y,x + \y € B, a 3unauwr,
0=+ Ay — (x+ \y) € aff B Bonpeku ycyioBuio.

Jlocmamounocmo. Cornacho 2.1 (3) kaun K := cone B siBasiercs konycom. OCHOBbBIBasICh
ma 3.1 (f), paccMoTpuM POU3BOIbHOE KOHETHOMEPHOE HOAIPOCTPAHCTBO X9 C X U IOKaXkKeM,
aro nepeceuenne Ky := K N Xy 3amxayro B Xg. Kak jterko Bugers, Ky = cone By, r1e
By := BN Xy. llockoibky B KOHEYHOMEPHOM IpOCTpAaHCTBE X( BBIIMYKJ/0€ MHOXKeCTBO By
apXMMEJIOBO U HE COJEPKUT Jiydeil, OHO 3aMKHYTO u orpanundeHo B Xo. Kpome roro, 0 ¢ By.
U3 |4, 11.3.4] crenyer, uro Ky = cone By — 3aMKHYyTbII KOHYC B X(. >

4. He3aMKHYTbIE apxXuMe10BbI KOHYCHI

N3noxxkeHne UMeIOIUXCcd Ha JTaHHBIM MOMEHT CBeJIeHUN 0 He3aMKHYTBHIX apXUMEJIOBBIX KO-
HyCax Mbl IIPEJIBAPUM YKa3aHUEM OJHOI0O U3 MPOCTHIX CIIOCODOB MX IMOCTPOEHUS.

4.1. Ilycrp Y — moanmpocrpancrBO TOIOJIOrHYECKOr0 BEKTOPHOI'O IPOCTPaHCTBa X,
C C Y — mesamkHyTOoe B Y apXHMEIOBO BBIIVKJ/IOE MHOXKECTBO, He coaepzKaliiee JIyded,
uz € X\Y. Torga cone(C + z) — He3aMKHYTbIE apxuMen0B KOHyC B X .

< Momoxkum A ;=Y 4z, B := C'+ 2. dcHo, ar0 B — apXuMe0BO BBIIYK/I0€ MHOYXKECTBO,
He cojepzxaiee jydeii, npuuem aff B C A u 0 ¢ A. Craenosarenbuo, cone B — apxume/ios
konyc (cm. 3.4). Konyc cone B ne 3amkuyT B X, HOCKOJIbKY B IPOTUBHOM CJIy4ae IIepPecedeHune
ANcone B =B (cum. 2.1(2)) 610 651 3amkHyTO B A, @ Torma C 66110 OB 3aMKHYTO B Y. D>

Nrak, ajist TOro, 9rodbI IOCTPOUTH HEBAMKHYTHIM aPXUMEI0B KOHYC, JIOCTATOYHO B KAKOM-
760 COBCTBEHHOM IIOAIPOCTPAHCTBE HANTH HE3aAMKHYTOE apXUMEI0BO BBIILYKJI0€ MHOKECTBO,
He coepzKaliiee JIydei.

Kak m3BecTHO, CH/IbHElIIasg BEKTOPHAs TOMOJIOIHs Ha npocrpancTse X = Sq,(I) He aB-
JISIETCsI JIOKAJIbHO BBIMYKJION B CJIy4ae HECUYETHOIO MHOXKECTBa [. DTO Cjeiyer, HallpuMep, u3
Toro daxra, aro muoxecrso V = {z € X : >, /[z(i)] < 1} e comepxur HE omHOrO
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BBIMTYK/IOTO MTOLVIOIIAOIIEro MOAMHOXKeCTBa (CM., Hampumep, |5, 6.1]). Ilpu srom momosnenue
X \V «apxumenoso» (manpumep, B cmbicse yciaosus 3.1(f)), HO He 3aMKHYTO HEM B OJHOI
U3 JIOKAJBLHO BBILYK/IBIX Tonosioruit Ha X. Pasymeerca, muoxkectso X \ V' He gBjisercs Bbl-
IYKJIBIM U COJEPZKUT JIyuu, HO M3 HEr0 YyJIaeTCsl «BbIPe3arThby (parMent, 00/1a aomui Bcemu
HY?KHBIMH HaM CBOHCTBAMHU.

4.2. Teopema. B jr060M JIOKaJIbHO BBIIIYKJIOM MPOCTPAHCTBE HECYETHOH Da3MEPHOCTH
CYIIIECTBYET BBIITYKJIO€ MHOXKECTBO, KOTOPO€ HE COAEPXKHUT JIy9IEH W SIBJISETCS apXUMEIOBBIM,
HO HEe 3aMKHYTBIM.

< Hocrarouno GuUKCHPOBATH KaKOe-TnOO HECIETHOE MHOXKECTBO [, pacCMOTperh Mpo-
crparctBo X = sg, (1), cHabXKEeHHOE IPOU3BOJIBHOI JIOKAJIBHO BBILYKJION TOMOIOrHel, u Haii-
TH B HEM TAKOE apXMMEJIOBO BbIykKj0e MHOkecTBO C, He copepxaree jyuqeii, uro 0 ¢ C' u
0 € clC. Ilokaxem, 910 TpebyeMBIME CBOMCTBAMHU 00/IaTaeT MHOKECTBO

C:=< zest(I): Zaz(z) <1, Z\/x(i)21 .

iel il

Kaxk sierko sugiern, 0 ¢ C', muozxkectso C' BbIILYKJIO U HE COAEPKUT Jiydeil, a apxumenoBocts C
BBITEKAET W3 OUEBUIHONW 3aMKHYTOCTH €r0 IMepecedeHuil ¢ KOHETHOMEPHBIMHU ITOIPOCTPAH-
cramu Bugia {x € X : suppx C J}, rae J — KOHEYHOE MOAMHOKECTBO 1.
Ocraercs obocroBarh ryrouerue 0 € clC. C 3100 1ebl0 PACCMOTPUM TPOU3BOIBHY IO
BBIMTYKJTYI0 OKpecTHOCTD Hyada U C X m mokaxkem, aro U NC # &. Jlna n € N momoxum
N - .1 —
I, = {z €l: . xq) € U}. Iockonbky 0 € core U, nmeer mecro paenctso |J, oy In = 1. Ue-
[0JIb3ys HECYETHOCTH I, pukcupyem kakoe-junb0o qucyio n € N, g KoToporo MHOXKECTBO [,
6eckoHEeYHO, U BbIOEpEM IIPOU3BOJIbHBIE TIOMAPHO PA3IUYHbIE i1,...,1, € I,. Henocpencreen-
1

Hasl IPOBEPKaA 10KA3bIBAET, YTO BblyK/lad KoMOMHAIUA (%X{il} + -+ %X{in}) 3JIEMEHTOB

1
X{i,} € U upunajiexur xkak U, rak u C. >

4.3. CaencrBue. B j11060M JIOKa/JIbHO BBIITYKJ/IOM IIPOCTPAHCTBE HECYETHOH Pa3MEPHOCTH
CYIECTBYET HE3AMKHYTHIH apXHUMEJIOB KOHYC.

< Ilycts Y — kakoe-jinb0 HeCcYeTHOMEpPHOE COOCTBEHHOE IOIIPOCTPAHCTBO B PAcCCMaTpU-
BaemoMm mnpocrpanctee X. CornacHo 4.2 B Y umMeercs HE3aMKHYTOE apXUMEI0BO BBIITYKJIOE
muO)kecTBo C, He comepxkaiee jydeil. Boibupas z € X \ Y u ucnonssys 4.1, 3akarodaeM,
qro cone(C + z) — HE3aMKHYThIN apXxumesoB KoHyc B X. D>

Takum o06pa3oM, B HECYETHOMEPHOM ClIydae HE3aMKHYTbIE apXUMEJOBbI KOHYCHI CYIIlEe-
CTBYIOT JlaXKe B CUJIbHEHIEH JIOKAJbHO BbITYKJI0# Tornojoruu. C Apyroit CrOpoOHbI, B KOHEY-
HOMEPHBIX ITPOCTPAHCTBAX BCE ApXUMEOBbI KOHYChl 3aMKHYThI. B cuerHOMEpHOM 2Ke ciryuae
MHTEPECYIOMi HAC BOIPOC OKa3blBAETCd Haumbojiee CA0KHbIM. Ha JIaHHBIH MOMEHT MbI HE
BJIAJIEEM HUCUYEPIBIBAIOIIUM OMMCAHUEM TOIMOJIOTHH, JIOMYCKAIOIUX HAJIMINE HE3AMKHYTBIX ap-
XUME/IOBBIX KOHYCOB B CYeTHOMEPHOM IpocTpaHcTBe. OCTaBIIasCd 9aCTh 3aMETKHU [TOCBSIIEHa
U3JI0YKEHUIO HEKOTOPBIX PE3YyJIBTaTOB, MOJYUYEHHBIX HA [IyTH K PENICHUIO TOM 3a/1a9u.

Kaxk u3BecTHO, BO BCEX TOIOJIOTHAX, COTVIACOBAHHBIX C JAHHOM JBOMCTBEHHOCTHIO, 3aMKHY-
ThI€ BBITYK/IbI€ MHOYKECTBA OJHU U Te Ke (CcM., HampuMep, |1, 10.4.9; 3, 8-3.6]). CiemoBaresn-
HO, U3y9aeMO€e HaMU CBOMCTBO JIOKAJIBHO BBITYKJIOTO MPOCTPAHCTBA X MOJTHOCTHIO OLPEIes-
eTCsl ero TOIOJIOMMYECKM COLPSAXKEeHHbIM HpocrpaHcrsoM X', a TouHee, pacuosiozkenuem X'
B X7. Ilpu 5TOM MOXKHO CUMTATDH, YTO HPOCTPAHCTBO X CHAOKEHO Ci1aboii Tomosorneii, co-
LJIACOBAHHOMN ¢ JBOTICTBEHHOCTHIO Mexky X u X'

N3 cka3aHHOrO BBIIIE SICHO, 9TO Mbl HE OIPAHUYUM OOIIHOCTH, HEPeiis K PacCMOTPEHUIO
JIOKAJIbHO BBIIYKJIBIX IIPOCTPAHCTB BUIA Sgp | Y := (Sﬁn,a(Sﬁn]Y)), rie Sqn = san(N), ¥V —
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sekToproe noznpocrpancTeo S:= $(N), a 0(Sgy|Y) — cnabas ronosorust Ha Sgy,, HaBeeH-
Hag Y mocpejcrsom jpoiicrsennocru (x|y) = ) cnz(n)y(n).

[ToCKOIBKY HCIIONIB3yeMO€e HAMMU IIOHSTHE JIOKAJTBHO BBIITYKJIOrO IIPOCTPAHCTBA, BKJIIOYAET
TpeboBaHue XaycqopdOBOCTH, YMECTHO Cpa3y OMUCATH MOANPOCTPAaHCTBa Y C S, HaBOJsIIMe
OT/IEJTMYIO TOOJIOrHIO 0 (Sgy | Y).

4.4. Cuexyromue CBOHCTBa BEKTOPHOTO moanpocrpancrea Y C S paBHOCHJIbHBI:

(a) caabast ronosorust o(Sgy|Y) xaycaopgosa;

(b) (Vo € Spn\{0})(Jy €Y) (z|y) # 0;

(¢) Y wrorno B S orHOCHTE/IbHO (THXOHOBCKOH) TOMOJIOIHH MTOTOYEYHOH CXO[UMOCTH;

(d) ¥neN)VzeR")(3yeY)yl) ==2(1), ..., y(n) = z(n);

(€) (VneN)FyeY)y(l)=-=yn-1)=0, y(n) =1.

[Ipocrpancrso Y, obaasgaromee jiiobbiM u3 paBHOCHILHBIX CBOTicTB 4.4 (a)—(e), Oymem Ha-
3BIBATDH NPEICTNAGUMENLHIM.

B pamkax BBej€HHBIX Bblllle 000O3HAUeHUiT uMeer MecTo paseHcTBo (Sg,|Y) = ?, re
Y = {y : y € Y} — mpocrpancrso ker-dyukiumonanos y = (-|y) (cm. [1, 10.3, 10.4]).
Takum o6pasoM, ¢ TOUHOCTBIO J0 m3oMopdusMa z — z Mexay S u Sf pacnosnoxenue Y

B S mosropsier pacmosioxkenue (Sg,|Y) B Sgén, a MHTepeCcyouii HAC BOIPOC IpuodpeTaer
CTIEIYIOMIYT0 (DOPMYJIHPOBKY.

4.5. 3AJIAYA. BrbliscHuTb, st KAKUX LIPEJACTABUTEIbLHBbIX BEKTOPHBIX I[IOAIIPOCTPAHCTB
Y C S B npocrpancrse Sgy, |Y cymecrByer He3aMKHYTBII apXUMe0B KOHYC.

[Tpocrpancrsa Y, y/J0B/I€TBOPLIOIIUE YCIOBUIO 3ajaduu 4.5, yCJIOBUMCH Jijisd KPaTKOCTH
HA3BIBATL MOHKUMU.

Besyc/ioBHO, ueM MeHbIle npocTpancTBo Y, TeM cyiabee romosorus o (S, |Y) u Tem 601b-
e B npocrpancTie Sgy, | Y HesamkHyThix KOHYyCOB. CiiegoBareibHO, BCAKOE (IIPEJICTaBUTE b
HOE) MOJIIPOCTPAHCTBO TOHKOIO MPOCTPAHCTBA TAKIKE sABJISETCI TOHKMM. B gacrHoCTH, eciiu
Obl TOHKMM OKa3aJI0Ch BCE LIPOCTPAHCTBO S, 3aja4a 4.5 ObLia Obl TPUBUAJILHOIA.

4.6. IIpocTpaHcTBO S HE SIBJISIETCS TOHKUM: B Sgy |S Bce apXuMeOBbI BBIILYK/IbIE MHOXKE-
CTBa 3aMKHYTHI.

< Kak usBectno, na Sg, CuibHelas JOKaIbLHO BbiyK/aas Tonoaorust T(Sgy |S) aBasercs
cexBernuanpHoii (cM. |3, 12-3.113]). C yuerom 3.1 (h) orcioma cremyer, YTO BCe apXuUMeIOBLI
BBINYKJ/IIE MHOKECTBA 3aMKHYTbI B T(Sg, |S), a 3naunt, u B 0(Sg,|S). >

Urak, camo mpocTpancTBO S He gaBagercda TOHKEM. C Jpyroif CTOPOHBI, KaK MOKA3aHO
HUXKE, B S UMEIOTCsI TOHKHE IOJIIIPOCTPAHCTBEA.

4.7. Eciam B xaycqop@oBoM TOIOJIOrHIECKOM BEKTOPHOM mpocrpaHctBe X CYIIECTBYET
HEe3aMKHYTO€e JINHEHHO HEe3aBHCHMOE MHOXKECTBO, TO B X CYIIEeCTBYET HE3aMKHYTHIH apXuMe-
JIOB KOHYC.

< Wcnonp3ys chopMyInpoBaHHbIE YCIOBHA, HECI0KHO HAWTH JTUHEHHO HE3aBUCHMOE MHO-
xecrBo E C X u snement x € X makwme, uro z € clFE \ linE. Cornacuo 3.3 muo-
JKeCTBO cone F §B/Is€TCS apXUMeIOBBIM KOHYCOM. ODTOT KOHYC HE 3aMKHYT, IIOCKOJIBKY
x €clE\linE C clcone E \ cone E. >

Kak Jsierxo Busers, ycsioBuio 4.7 yaoBiaeTrBopser Jii000e OECKOHEYHOMEPHOE HOPMUPOBAH-
moe npocrtparcTBo X. OTCOfa, B 9aCTHOCTH, CJIEIYET, YTO IPUMEPOM TOHKOTO TPOCTPAHCTBA
cayxur £°(N) (kak un 11060€ ero mpejcTaBuTeIbHOE MOAIPOCTPAHCTBO).

EcrecTBeHHO BO3HHMKAIOIIAsl TUIOTE3a O TOM, 4TO B Sg,|Y Bce juHEHO He3aBHCHMbIE
MHOXKECTBA, 3aMKHYThI JIUIIb B Caydae Y = S, OUpPOBEPraercsi CJAepyIOnuM HEeTPUBUAAIBLHBIM
KJIACCOM KOHTPIIPUMEDOB.
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4.8. Teopema. Ilycts A — mpowmsBosbHOE HeorpanmdeHHOE moaMHOXKecTBo R. Torma
B HpocTpaHcTBe Sgy, | lin AN Bce JmmeitHO HE3aBHCHMBIE MHOXKECTBA 3aMKHYTHI.

< JTocTarouHo paccMOTpeTh IPOM3BOJIbHOE JIMHEHHO HezasucuMoe MHOXKeCTBO F C Sgy
u mokazaTh, uTo 0 ¢ cl E B Tomosormm o (Sgy, | lin AN). C sroit mepio MBI mocTpomy mocie-
nosarensroCcTh Yy € AN yrosnersopsiomyto yemosmio |(e|y)| > 1 aaa Beex e € E. UckoMbie
aucaa y(n) € A oupenenum caenyomeit pexypeuneit no n € N: ecsm y(1),...,y(n — 1) € A
y2Ke ompejesiensl, BeibepeM y(n) € A tak, 9To6bI

g Beex e € By, rne B, = {e € E :e(n) # 0, (Vi > n) e(i) = 0}. (Brarogaps suneii-
HOl HE3aBMCUMOCTU MHOXKECTBO F, KOHEYHO, M 1109TOMY HyKHOE€ 4uCa10 Y(n) CyniecrByer.)
Hepasencrso |(e|y)| > 1 cupasenuso Jyist Beex e € F, Tak Kak 1pu € € E, Mbl nMeeM

n—1

> eli)y(i)

i=1

1
ol > o (14

n—1

> e(i)y(i)

i=1

n

> e(iy(i)

i=1

{ely)| =

> le(n)y(n)| - >1

i, Kpome 1oro, | J, oy En = E. >

Bamernym, uaro lin AN # S| manpumep, B ciyaae A C Q. Teiicrsurensro, R mpejcrasisier
cob60ii HECKOHEYHOMEPHOE BEKTOPHOE NPOCTPaHcTBO Hau mnosem Q, B TO Bpemsi kak obpas
{y(n) : n € N} moboit nocaeposarensuocru y € lin QY comepaxurcs B mogmpocrpancrse R,
UMEIOIeM KOHEYHYIO pasMepHocTh Has Q.

[TpuBeaeHHbIl TPUMED HE CHUMAET BONPOC O TOM, BCE JIM MPOCTPAHCTBA, OTJIUYHBIE OT S,
SIBJIAIOTCSA TOHKUMU. TeM He MeHee UMEIOTCs OIIpe/Ie/IeHHbIE apryMEHTBI B II0JIb3Y CJIeIyFOIIEro
HPEJITOIOKEHNSA.

4.9. Tunoresa. IIpocrpancrso lin QY me sBisiercs TonkmM, T. €. Bce apxumMe0Bb KOHYCBI
B IIPOCTPAHCTBE Sgy, 3aMKHYTBI OTHOCHTE/IBHO cy1aboii Tomosorun o(Sgy | lin QN).

Crout oT™MeTHTD, YTO 33/a4a KapAUHA/JbHO YIIPOIIAETC IIPU 3aMeHe KOHYCOB K/IMHbIMU.
ITockosibKy BCSIKOE BEKTODHOE I0J{IIPOCTPAHCTBO $BJIAETCH APXUMEJOBbIM KJIMHOM, OIMCATH
CYeTHOMEpHble JIOKAJIbHO BBIIIYKJIble LIPDOCTPAHCTBA, COJepKalllie He3aMKHYTbI apXuMe/loB
KJIHH, HE COCTABJSET TPYJa: TO B TOYHOCTH Te MPOCTPAHCTBA X, /I KOTOpeIX X' # X7
AnasornyHasa 3a7a49a it CIydas KOHYCOB OKa3bIBAETCS HETPUBUAIBHOM.

Asropsr npusnarensint K. B. CTopoxKyKy 3a MI0I0TBOPHbBIE 00CY K IEHUS.
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1. Introduction

The aim of this note is to examine a Boolean valued interpretation of the concept of
atomic Banach lattice and to give a complete description of the corresponding class of injective
Banach lattices. Some representation and isometric classification results for general injective
Banach lattices were announced in [1, 2].

Section 2 collects some needed Boolean valued representation results following [3]. In
Section 3 we demonstrate that a Boolean valued interpretation of atomicity yields some
“module atomicity” over a certain f-subalgebra of the center. Section 4 deals with Boolean
valued Banach lattices of summable families, which turn out to be “building blocks” for
general module atomic injective Banach lattices. Section 5 exposes the main results on
representation and classification of injective Banach lattices with atomic Boolean valued
representation, i.e. those which are atomic with respect to their natural f-module structure.

The needed information on the theory of Banach lattices can be found in [1, 5]. Recall
some definitions and notation. A real Banach lattice X is said to be injective if, for every
Banach lattice Y, every closed vector sublattice Yy C Y, and every positive linear operator
Ty : Yo — X there exists a positive linear extension T : Y — X of Ty with ||Ty|| = ||T|; see
[5, Definition 3.2.3]. Equivalently, X is an injective Banach lattice if, whenever X is lattice
isometrically imbedded into a Banach lattice Y, there exists a positive contractive projection
from Y onto X; one more equivalence definition states that each positive operator from X
to any Banach lattice admits a norm preserving positive extension to any Banach lattice
containing X as a vector sublattice, see [3, Theorem 5.10.6]. This concept was introduced
by Lotz [6]; a significant advance towards the structure theory of injectives was made by
Cartwright [7] and Haydon [8].

© 2015 Kusraev A. G.
! The study was supported by the Russian Foundation for Basic Research, projects Ne 12-01-00623-a,
Ne 14-01-91339 HHIMO-a, and Ne 15-51-53119 I'OEH _ a.
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In what follows X stands for a real Banach lattice. We denote by P(X) the Boolean
algebra of all band projections in X. A crucial role in the theory of injective Banach lattices
is played by the concept of M-projection. A band projection 7 in a Banach lattice X is
called an M-projection if ||z| = max{||wz||, |7tz||} for all z € X, where 7+ := Iy — 7. The
collection M(X) of all M-projections in X is a subalgebra of the Boolean algebra P(X).

Throughout the sequel B is a complete Boolean algebra with unit 1 and zero O, while
A:= A(B) is a Dedekind complete unital AM-space such that B is isomorphic to P(A). The
unit of A is also denoted by 1. A partition of unity in B is a family (b¢)¢cz C B such that
VgeE be = 1 and be A b,y = O whenever § # 1. We let := denote the assignment by definition,
while N, @), and R symbolize the naturals, the rationals, and the reals.

2. Boolean Valued Representation

Boolean valued analysis is an useful tool in studying of injective Banach lattices [9]. We
need some Boolean valued representation results as presented in [3] and [25].

Applying the Transfer and Maximum Principles to the ZFC-theorem “There exists a field
of reals” we find an element % € V® for which [ is a field of reals] = 1. We call %
the reals within V®) . The following remarkable result due to Gordon [28] tells us that the
interpretation of the reals in V® is a universally complete vector lattice with the Boolean
algebra of band projections isomorphic to B.

Theorem 2.1. Let # be the reals within VB). Then %] (with the descended operations
and order) is a universally complete vector lattice with a weak order unit 1:= 1". Moreover,
there exists a Boolean isomorphism x of B onto P(#]) such that the equivalences

x(b)x = x(b)y <= b< [z =y],
x(b)z < x(b)y <= b< [z <y]

hold for all x,y € #Z] and b € B.
< See [3, Theorem 2.2.4] and [25, Theorem 10.3.4]. >

DEFINITION 2.2. A complete Boolean algebra of M -projections in X is an arbitrary order
complete and order closed subalgebra B C M(X). A Banach lattice X is said to be B-cyclic
whenever it is a B-cyclic Banach space with respect to a complete Boolean algebra B of M-
projections. If X has the Fatou and Levi properties (see [3, 5.7.2]), then M(X) itself is an
order closed subalgebra of the complete Boolean algebra P(X).

DEFINITION 2.3. Let A = #1 be the bounded part of the universally complete vector
lattice Z]; i.e., A is the order-dense ideal in #Z| generated by the weak order unit 1:= 1" €
#|. Take a Banach space 2" within V®) and put 2 := {z € 27| : |z|] € A}. Equip
2|} with some mized norm by putting ||z| := |||z|||cc for all x € X, where the order unit
norm | - || is defined as [[Al|co := Inf{0 < « € R : |A| < al} (A € A). In this situation,
(Z°U,] - 1) is a Banach space called the bounded descent of 2 . The terms B-isomorphism
and B-isometry mean that isomorphism or isometry under consideration commutes with the
projections from B, see [3, 5.8.9].

Theorem 2.4. A bounded descent of a Banach lattice from the model V® is a B-cyc-
lic Banach lattice. Conversely, if X is a B-cyclic Banach lattice, then in the model V(®)
there exists up to the isometric isomorphism a unique Banach lattice 2  whose bounded
descent is isometrically B-isomorphic to X. Moreover, B = M(X) if and only if [there is no
M-projection in 2" other than 0 and 2] = 1.

< See [3, Theorem 5.9.1]. >

(G)
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DEFINITION 2.5. The element 2" € V®) from Theorem 2.1 is said to be the Boolean-
valued representation of X.

Theorem 2.6. Let X be a Banach lattice with the complete Boolean algebra B = M(X)
of M-projections, A be a Dedekind complete unital AM-space such that P(A) is isomorphic
to B. Then the following assertions are equivalent:

(1) X is injective.

(2) X is lattice B-isometric to the bounded descent of some AL-space from V®),

(3) There exists a strictly positive Maharam operator ® : X — A with the Levi property
such that X = LY(®) and ||z|| = ||®(|7|)||e for all z € X.

(4) There is a A-valued additive norm on X such that (X, |-|) is a Banach—Kantorovich
lattice and ||z|| = H|x|”OO for all x € X.

< See [3, Theorem 5.12.5]. >

Theorem 2.7. Suppose that X is a Banach lattice and % is the completion of the metric
space X" within V®) . Then [ 2 is a Banach lattice] = 1 and 2\l is lattice B-isometric to
C4(Q, X) equipped with the norm |[¢| = sup{lle(q)] : ¢ € dom(p) C Q} (p € C4(@Q, X)).

< The proof is a due modification of [25, 11.3.8]. >

3. Boolean Valued Atomicity

In this section we present Boolean valued interpretation of atomicity.

DEFINITION 3.1. A positive element x of a B-cyclic Banach lattice X is said to be B-
indecomposable or a B-atom if for any pair of disjoint elements y,z € X, with y + 2z < «
there exists a projection 7 € B such that 7y = 0 and 71z = 0, while X is called B-atomic if
the only element of X disjoint from every B-atom is the zero element.

Denote by at(Z2") and B-at(X) the sets of atoms in 2" and B-atoms in X, respectively.
Let at1(27) := {z € at(Z") : ||z|| = 1}, while B-at;(X) consists of all z € B-at(X) with
||[rz|| =1 for all = € B. It is easy to see that B-aty(X) = {z € B-at(X) : |z| = 1}.

Proposition 3.2. Let X be a B-cyclic Banach lattice identified with the bounded descent
2| of a Banach lattice 2, its Boolean valued representation 2 € V®) . Then the following
assertions hold:

(1) B-at(X) = at(2)J.

(2) IB%-atl(X) = atl(%)ll.

(3) X is B-atomic if and only if [Z" is atomic] = 1.

< (1) Observe that = € at(2") if and only if x € 27 and for any two positive disjoint
elements z1,xy € 2 with 1 + z2 < & we have 1 = 0 or 3 = 0. Now, given x € at(2")|
with y + 2z < z for some disjoint y,z € X4, we put b:= [y = 0] and 7 := x(b). Since
[y #0 — z = 0] = 1, we have [y # 0] < [z = 0] and thus b* = [y # 0] < [z = 0]. By (G) we
have my = 0 and 72z = x(b*)z = 0. Thus, at(2")| C B-at(X) and for the converse inclusion
the argument is similar.

(2) Taking into account the representation B-atq(X) = {z € B-at(X) : || = 1} the claim
follows easily from the following chain of equivalences:

zeati](Z) <= [reati(Z)] =1 <= [rcat(X)] =[lz]l2 =1] =1
= zeB-at(2) A |z]| =1 <= z e B-at;(X).
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(3) Let for a while 1, I, and 1L stand for disjoint complements in 2", X = 27|}, and 27},
respectively. The third claim is immediate from the first one, since the disjoint complement
and the descent commute: (A+)] = (A])L, see [3, 1.5.3]. Indeed,

(AN =AYINX = (A)T N X = (AlnX)' nX = (Aht,

hence putting A:= at(.2") and making use of (1) we deduce that at(.2 )+ = {0} within V(&
if and only if (B-at(X))* = {0}. >

Corollary 3.3. Let B, X, and 2" be the same as in Proposition 3.2 and A = A(B). Then
the following assertions hold:

(1) z € X, is a B-atom if and only if for each 0 < y < x there exists A € A withy = Az.

(2) If x and y are B-atoms in X then there exist a pair of disjoint projections 7,p € B
such that mx 1 7y, pr = Au and py = pu for some p, A € Ay and u =z + y.

< Interpreting in the model V® the well-known claims corresponding to that particular
case when B = {0, Ix } (see [13, Theorem 26.4.]) and using Proposition 3.2 yields the required
properties. >

DEFINITION 3.4. Given a cardinal v, say that a B-cyclic Banach lattice X is purely (B, v)-
atomic if X = g+ for some subset %y C B-at1(X) of cardinality v and for every nonzero
projection 7 € B and every subset 2 C B-at(7X) with 71X = 21+ we have card(2) > 7.
Evidently, X is purely ({0, Ix},y)-atomic if and only if X is atomic and the cardinality of
at1(X) is v or, equivalently, X is atomic and the cardinality of the set of atoms in B(X)
equals . In this case we say also that X is y-atomic.

Proposition 3.5. A B-cyclic Banach lattice X is purely (B, ~)-atomic for some cardinal y
if and only if [y" is a cardinal and 2 is v"-atomic | = 1.

< Sufficiency. Assume that 4" is a cardinal and 2" is 4"-atomic within V®) . The latter
means that 2" is atomic and card(at;(2")) = 7" within V®). If A := at;(2") then there
exists ¢ € VB such that [¢ : v — Ais a bijection] = 1. Note that ¢] embeds v into A}
by [3, 1.5.8] and A| = B-at;(X) by Proposition 3.1. It follows that the set 2 := ¢](v) of
cardinality 7 is contained in B-at;(X) and X = 21+, since A = 21 and 2 = AL, Take
b € B and a set 2’ of cardinality 5 which is contained in B-at;(X) and generates bX, i.e.
bX = (2')*+. Then 2’1 is of cardinality card(8") and 2~ = (2'1)*! within the relative
universe VIO, By [3, 1.3.7] [y = card(y") < card(8") < 8] = 1 and so v < S.

Necessity. Assume now that X is purely (B,~)-atomic and X = 2+ for some 2 C B-
at1(X) of cardinality . Then within V&) we have A:= 21 C at(2"), 2" = AL and and
the cardinalities of A and 4" coincide, i. e. card(A) = card(y”"). By [3, 1.9.11] the cardinal
card(y") has the representation card(y") = mixa<ybo”, where (ba)a<y is a partition of
unity in B. Tt follows that b, < [A*+ = X and A is of cardinality o] = 1. If by, # O
then (by A A)*t = by A Z and by A A is of cardinality card(y") = o < 4" in the relative
universe VI®l (Concerning by A A and by, A 2" and their properties see [3, 1.3.7].) It is
easy that by A A = (b, 2)1 and so (b,2)*+ = bX. By hypothesis X is purely (B,~)-atomic,
consequently, a > card(b,Z) = v, so that a = =, since o < 7 if and only if a” < +”. Thus,
card(y") = 7" whenever b, # O and 7" is a cardinal within V&), >

DEFINITION 3.6. Let v is a cardinal. A complete Boolean algebra B (as well as its Stone
representation space) is said to be y-stable whenever VB = 44 = card(y"), i.e. [y is a
cardinal | = 1. An element b € B is called 7-stable if the relative Boolean algebra [0, b] is
~-stable, see [25, Definition 12.3.7]. Finally, say that a partition of unity (7,)yer in B with I’
a set of cardinals is stable if 7, is y-stable for all v € T'.
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Theorem 3.7. Let X be a B-atomic B-cyclic Banach lattice. There exist a set of
cardinals I' and a partition of unity (m) er such that B, := [O,n,] is y-stable and 7, X is
purely (B.,,vy)-atomic for all v € T.

< If a B-cyclic Banach lattice X is B-atomic then its Boolean valued representation 2
is atomic within V& according to Proposition 3.1. Denote ~o := card(at;(2")). By [3,
1.9.11] = is a mixture of some set of relatively standard cardinals. More precisely, there are
nonempty set of cardinals I' and a partition of unity (by),er in B such that x = mix,ep by7y"
and V®) = 4" = card(y") with B, := [0, b,] for all v € T. Tt follows that b, A 2
is atomic Banach lattice and 7" = card(ati(by A Z7)) within VB). It remains to apply
Proposition 3.5. >

4. The Banach Lattices I'(I', A) and Cx(Q,!*(T"))

We now consider some special injective Banach lattices that are building blocks for the
class of all B-atomic injective Banach lattices. Recall that A = A(B).

Given a non-empty set I', denote by [*(I'") € VB the internal Banach lattice of all
summable families x:= (z),ern in Z with the norm ||z 1= >_, cpa [z4].

Let I*(I', A) stand for the vector space of all order summable families in A, i.e.

IMD,A) = {x = A x| = O-Z 1x(7)| € A}.

yer
The order on (', A) is defined by letting x < y if and only if x(vy) < y(v) for all v € T.
Evidently, I'(T", A) is an order ideal of the Dedekind complete vector lattice A", hence so
is [T, A). Moreover, I*(T,A) equipped with the norm ||x| := [||x|;]l (x € I}(T,A)) is a
B-cyclic Banach lattice, since B = B(A).

Proposition 4.1. [}(T") is a Boolean valued representation of I*(T', A) and thus I*(T', A)
and [*(T"){} are lattice B-isometric.

< Straightforward verification shows that I}(T, A) is a Banach f-module over A, see [3,
Definitions 2.11.1 and 5.7.1]. The modified ascent mapping x ~ x7 is a bijection from (% )"
onto (Z"")], see [3, 1.5.9]. It follows from [3, 2.4.7] that |-|, is the bounded descent of
| - |l1 and hence x € I*(T,A) if and only if [xt € [}(I'")] = 1. Moreover, in this event
[1xl; = [|xtlli] = 1 so that the modified descent induces an isometric bijection between
IY(T', A) and (I'T*){}. Making use of the definition of modified descent it can be easily checked
that this bijection is A-linear and order preserving. >

Proposition 4.2. The Banach lattice I*(T, A) is B-atomic and injective with M(X) iso-
morphic to B. Moreover, I*(T', A) is purely (B, )-atomic if and only if [y" = card(I'")] = 1.

< By Theorem 2.6 (2) and Propositions 3.2 and 4.1 X is injective with M(X) ~ B and
B-atomic. The second part follows from Propositions 3.5 and 4.1, since I}(I'") is card(I'")-
atomic within V®, >

Proposition 4.3. The norm completion of R*-normed space I*(T')" within V®) is a Ba-
nach lattice which is lattice isometric to the internal Banach lattice [*(T'").

< Denote by £ the completion of I*(I')" inside V®). Let A be the set of all norm-one
atoms in I'(T") which is of course bijective with I'. Then A" and I'* are also bijective and
A" can be considered as the set of all norm-one atoms in [*(I'"). Denote by Q-lin(A) the
set of all linear combinations of the members of A with rational coefficients. Then by [12,

8.4.10] we have (Q-lin(A))" = Q"-lin(A"). Clearly, Q"-lin(A") is a dense sublattice in [*(T"),
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while (Q-lin(A))" is a dense sublattice in I}(T')" and thus in %}, since Q-lin(A) is dense in
I*(T"). Moreover, the norms induced in (Q-lin(A4))" by {*(I'") and I*(I')" coincide. Indeed, if
r € (Q-lin(A))" is of the form ), . (k) u(k) whith n € N, r : n — Q, and u : n — A, then
it = QN ut int — AN and 2" = ), o A " (k)u” (k); therefore,

lelly = llall* = (32, Ir®)l) =D 1 ®)] = el

It follows that .#; and [*(I'") are lattice isometric. >

Corollary 4.4. Let Q) be the Stone representation space of B = P(A). Then the injective
Banach lattices I1(T', A) and Cx(Q, 1 (1)) are lattice B-isometric.

<1 This is immediate from Theorem 2.7 and Proposition 4.3. >

Corollary 4.5. Given an arbitrary infinite cardinals v; and ~ys, we may find a Boolean
algebra B such that the injective Banach lattices I*(y1, A) and ' (y2, A) are lattice B-isometric
provided that A = A(B). If Q is the Stone representation space of B then the injective Banach
lattices Cy(Q, 11(y1) and Cx(Q, 1 (y2)) are also lattice B-isometric.

< The claim follows from Proposition 4.3 and Corollary 4.4 making use of the cardinal
collapsing phenomena: There exists a complete Boolean algebra B such that the ordinals 77
and 74 have the same cardinality within V®), see [3, 1.13.9]. >

DEFINITION 4.6. A B-cyclic Banach lattice X is called B-separable, if there is a sequence
(z5,) C X such that the norm closed B-cyclic subspace, generated by the set {bz, : n € N, b €
B}, coincides with X. In more detail, X is called B-separable whenever for every x € X and
0 < £ € R there exist an element z. € X and a partition of unity (m,)nen in B such that
|z — x| < e and mx = mxy, for all n € N. It can be easily seen that X is B-separable if and
only if its Boolean valued representation is separable within V(). Denote by w the countable
cardinal and put I!:= ' (w).

Corollary 4.7. For every infinite cardinal -y, there exists a Stonean space () such that the
injective Banach lattice C(Q,1' (7)) is B-separable, with B standing for the Boolean algebra
of the characteristic functions of clopen subsets of ).

<1 Apply Corollary 4.5 with ~; := v and - := w, where w is the countable cardinal.
It follows that C(Q, I'(v) and Cy(Q,I'(w)) are lattice B-isometric. Moreover, [I*(w”) is
separable] = 1 by transfer principle. Taking into account Proposition 4.1 it remains to
observe that [2" is separable] = 1 if and only if 27|} is B-separable. >

5. The Main Results

Now we are able to state and prove the main representation and classification results for
B-atomic injective Banach spaces.

DEFINITION 5.1. Let X be an injective Banach lattice. Say that X is centrally atomic
if X is B-atomic with B = M(X). According to corollary 3.3 this amounts to saying that there
is no nonzero element in X disjoint from all A-atom, while a A-atom is any element x € X,
such that the principal ideal generated by x is equal to Az:= {Az : X\ € A}. Given a family of
Banach lattices (X, || ||ly),er, denote by (E?er b,YX)lOo the [°°-sum, the Banach lattice of all

families x:= (x(v)) . with x(y) € X, for all v € I" and ||x||:= sup{[|x(7)|, : v € ['} < o0.

vel
Lemma 5.2. For a centrally atomic injective Banach lattice X there exist a set of cardi-
nals I' and a stable partition of unity (my) er in M(X) such that 7, X is purely (,B)-atomic

with B, := [O, 7] for all v € I' and injective and the representation holds:

X ~p (Zip bVX)loo.
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<1 This is immediate from Proposition 3.7. >

Lemma 5.3. Suppose that the injective Banach lattices C4(Q,1 (7)) and Cx(Q,1(6))
are lattice B-isometric, where () is the Stone space of B, while v and § are infinite cardinals.
If B is «y-stable and d-stable then v = 4.

AT Cu(Q,11(T)) and Cy(Q, 1 (A)) are lattice B-isometric then V®) =<1 (y4) and 11(5")
are lattice isometric” and thus V®) k= card(y") = card(6"). It remains to observe that B is
-stable (d-stable) if and only if V(&) = card(y") = 4" (respectively card(6") = 6"). >

Theorem 5.4. Let X be a centrally atomic injective Banach lattice. Then there is a set
of cardinals T and a stable partition of unity (m)yer in B = M(X) such that the following

lattice B-isometry holds:
S|
X >p (ZveFl (7’A7)>l°®’

where Ay, = m,A (v € I). If a partition of unity (ps)sea in B satisfies the same conditions as
(my)~yer, thenI' = A, and ny = p, for all y € I

<1 The required representation follows from Proposition 4.2 and Lemma 5.2.

Assume now that a partition of unity (ps)sca in B satisfies the same conditions as (7 )er.
Fix 6 € A and put 0,5 := m,ps for arbitrary v € I'. If 0,5 # 0, then the injective Banach
lattices I!(v,0,5A) and I*(3,0,5A) are lattice [, 04, ]-isometric to the same band 05, X. By
Lemma 5.3 v = 0 and thus A C I" and p; < 7y for all § € A. Similarly, I' C A and ps > 7y
forall y e I'. >

REMARK 5.5. Let @@ be the Stone representation space of B. Corollary 4.4 enables us to
replace I'(v,Ay) by C(Q~,1'(7)) in Theorem 5.4 with a stable partition of unity (Q4)yer
in he Boolean algebra of clopen subsets of ). Moreover, if some partition of unity (FPj)sca
satisfies the same conditions, then I' = A, and P, = @, for all y € T".

Corollary 5.6. Let X be an injective Banach lattice and () the Stone representation space
of B =M(X). If X is B-separable, then X is lattice B-isometric to Cy(Q,1'), I' = I} (w).

< In Theorem 5.4 each component [! (7, AA,) is B,-separable and hence its Boolean valued
representation is a separable Banach lattice which is lattice isometric to the internal Banach
lattice I'(w"). It follows that I'(v,A,) is lattice B,-isometric to Cg(Q,1") for all v € T
by Proposition 4.1 and Corollary 4.4. From this it is obvious that X is B-isometric to
Cu(Q,1%). >

Proposition 5.7. A B-cyclic Banach lattice is atomic if and only if it is B-atomic and
the Boolean algebra B is atomic.

< The complete Boolean algebra B is atomic if and only if B = Z(A) for some set A
and then X is the [*°-sum of a family of Banach lattices (X,)qea. This [°°-sum is evidently
atomic if and only if X, is atomic for all a € A. >

The following corollary should be compared with [7, Theorem 5.6].

Corollary 5.8. An injective Banach lattice X is atomic if and only if there is a set of
cardinals I' such that the following lattice isometry holds:

X = <Zir ll(V)))loo'

< In Remark 5.5 each @ is a one-point space by Proposition 5.8 and hence C (QW, I*(v))
is lattice isometric to I'(v). >

DEFINITION 5.9. The partition of unity (7y)yer in B = M(X) satisfying the claim of
Theorem 5.4 is called the decomposition series of X and is denoted by d(X). Say that
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the decomposition series d(X) = (7,)yer and d(Y) = (py)yer of centrally atomic injective
Banach lattices X and Y are congruent if there exists a Boolean isomorphism 7 from M(X)
onto M(Y") such that 7(my) = p, for all y € I'.

Theorem 5.10. Centrally atomic injective Banach lattices X and Y are lattice isometric
if and only if the Boolean algebras M(X) and M(Y') are isomorphic and the decomposition
series d(X) and d(Y') are congruent.

< Sufficiency. Let X and Y be centrally atomic injective Banach lattices with d(X) =
(my)yer and d(Y) = (py)yer and let 2" and % be their respective Boolean valued repre-
sentations. We identify X and Y with 27|} and #|}, respectively. Denote B:= M(X) and
D:= M(Y) and assume that there exists a Boolean isomorphism 7 from B onto I such that
7(my) = py for all v € I'. Recall that there is a bijective mapping 7* : V® — v®) such that
a ZFC-formula p(z1, . .., x,) is true within V®) if and only if p(7*z1,...,7%z,) is true within
V®) for all zy,...,2, € VB see [3,1.3.1, 1.3.2, and 1.3.5(2)]. It follows that 7*(.2") is an
atomic injective Banach lattice within V(®). Moreover, the mapping = — 7*(z) (z € 21} ia
a lattice isometry from 2" | onto 7*(2°){. If a = card(at1(Z")) and 8 = card(at;(%)), then
(o) = mixyer 7(my)y" and f = mixyer py”, so that 8 = 7%(«). By [3, 1.3.5(2)] we have
7*(a) = card(at1(7*(Z7))) and card(at1(#')) = card(at1(7*(2"))). It follows that 7%(.2")
and & are lattice isometric and hence 7%(Z2"){| and %} are lattice B-isometric.

Necessity. Suppose that h is a lattice isomorphism from X onto Y. Then the map-
ping 7 from B onto I defined by 7(7) = ho71oh~! is a Boolean isomorphism. Moreover,
h(B-aty(7X)) = B-at1(7(7)Y). Now it can be easily verified that 7X is ([O, 7], ~y)-atomic if
and only if 7(m)Y is ([O, 7(7)],v)-atomic. It follows that d(X) and d(Y') are congruent. >

Corollary 5.11. Let X be a centrally atomic injective Banach lattice. Then there is
a family of Stonean spaces (Q~)~er, with I' a set of cardinals, such that Q. is y-stable for all
~v € I' and the following lattice B-isometry holds:

X =g (Zip Cy(Qs, 11(7))>lw-

If some family (Ps)sca of Stonean spaces satisfies the above conditions, then I' = A, and P,
is homeomorphic with Q. for all v € T

< This is immediate from Theorem 5.10 and since Corollary 4.4 (see Remark 5.5). >

DEFINITION 5.12. The second B-dual of a B-cyclic Banach space is defined by X##:=
(X#)*:= L (X#,A). A B-cyclic Banach space is said to be B-reflexive if the image of X
under the canonical embedding X — X## coincide with X## see [3, p.316].

Theorem 5.13. Let X be a B-reflexive injective Banach lattice with B = M(X). Then
there are a sequence of Stonean spaces (Qk)ken, and an increasing sequence of naturals (ny)
such that the following lattice B-isometry holds:

X~ ( ZfeN C (Qr, (nk))>l°°

If some family (Py)ren of Stonean spaces satisfies the above conditions, then Qy and Py are
homeomorphic for all k € N.

< Again identify X with 27|}, where 2" is an AL-space in V®)_ It follows from Theorem
[3, Theorem 5.8.12] that 2*|| = Z|* and 2**| = 2 |##. Therefore, X is B-reflexive if
and only if [Z" is reflexive | = 1. Since a reflexive AL-space is finite-dimensional, we have

1=[3neN")dim(2)=n] = \/neN[[dim(%) =n"].
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This relation enables us to choose a countable partition of unity (b,) in B such that b, < [Z
is a n"-dimensional AL-space]. Pick the sequence (ny) of indices of nonzero projections in

(bn)

and denote by @ the Stonean space of a Boolean algebra By := [0, b,,]. Now, by the

Transfer Principle we conclude that V&) = “b, A 27 is lattice isometric to I'(n})”. The
proof is concluded with the help of Theorem 5.10 taking into consideration that for each finite
cardinal v every complete Boolean algebra is v-stable and 4" is a finite cardinal within V(&) >

10.

11.

12.
13.
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ATOMUNYHOCTD B NTHBEKTNBHBIX BAHAXOBBIX PEIIETKAX

Kycpaes A. T

ITens 3amerku — paccmoTpers OyIeBO3HAYHY 10 NHTEPIIPETAIMIO [IOHATUS ATOMIIECKO ODaHaXxoBOU pemrer-
KM U JATh IIOJIHOE OIHMCAHUE COOTBETCTBYIOMIEr0 K/IaCCa MHbHEKTUBHBIX OAHAXOBBIX PEIIETOK.

KurroueBble cjioBa: HHbEKTUBHAA OAHAXOBA PENIETKA, ATOMUYECKasd 0AHAXOBA pemrerka, OyjIeBO3HATHOE
[IPE/CTABIIEHUE, KIIACCUDUKALIMS.
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SAMEYAHUE Ob ABCOJIIOTHO CXOZAAIIINUXCH PATAX
B ITIPOCTPAHCTBAX POCTKOB AHAJIUTUYECKIUX ®YHKIINIT

C. H. Mejauxos

K 70-aemuro
Cémena Camconosuua Kymamenadse

B pabore j10ka3aH0, 910 JIFOOOH aOCOIOTHO CXOAAUIMUCH Pl B IPOCTPAHCTBE POCTKOB BCEX aHAJATAYE-
cKkux Ha npou3BosibroM MHOkecTBe M C CV (yHximil, HameeHHOM TOmO/IOrHell IPOEKTHBHOIO IIPEEIa,
cxonuTcst abcoIoTHO B mpocrpaHcTBe Ppemre Bcex (DyHKIWI, aHAJIUTHIECKHMX B HEKOTOPOU OTKPBITOMR
okpecrHocTu MHOkKecTBa M. DTO HO3BOJILET, B 9aCTHOCTH, OCBODOAUTHCHA OT IIPEIIOJIONKEHUN O pocre
[IOKa3aTe el PAIOB SKCIOHEHT, /1e/IABIINXCA B HEKOTOPBIX YTBEPXK/ICHUIX DAHEE.

KurroueBbie cjioBa: IIPOCTPAHCTBO POCTKOB AHAJIUTHIECKHX (DYHKIUN, aOCOJIOTHO CXOLANINECH PAIbI,
BBIIIYKJIO€ JIOKA/JIbHO 3aMKHYTO€ MHOXKECTBO.
s p, z € CN momozxmm

N N 1/2
<,U,,Z>Z: Zﬂjzja eu(z):: eXp<N7Z>7 ‘,U,‘: Z‘M]’Q
j=1 j=1

B pa6ore [2] Gblim nccsieoBatbl abCOIOTHO [IPECTABIISIOLIME CUCTEMbI IKCIIOHEHT (e )\k) kEM
(M — 6eckoneunoe mommuozkectso NV) B mpocrpamcrse A(Q) pocTkoB Beex (byHKImil, aHaTH-
TUYECKUX Ha BbIHyK.}IOM JIOKQJIBHO 3aMKHyTOM MHO>KECTBE Q B (CN HeKOTOpre yTBep)K,E[eHHS{

B |2] OBbLIM yCTAHOBJIEHBI [IPH JIOMOTHATETBHOM TIPEIITOI0KEHIH

log|k|
koo | k]

0. (1)

B s70it cTarhe TOKA3BIBAETCA OIHO CBOWCTBO abDCOIOTHO CXOISIIUXCS PSIIOB B MPOCTPAHCTBE
POCTKOB aHauTHIecKuX (pyHKIuii (Teopema 1), KOTOpoe MO3BOJISIET, B 9aCTHOCTH, OT YCJIO-
Bust (1) ocBobosUTHCS.

[IpuBesieM HEKOTOPBIE CBEEHMs O MPOCTPAHCTBAX POCTKOB AHATUTHICCKUX (DYHKITHIL [4].
Eciun Q € CV orxpsiro, 1o A(2) — npocrpancrso Beex anasmTuuecknx B ) dynxmnuii ¢ To-
[OJIOrMell PAaBHOMEPHOM CXOMMOCTH Ha, CeMeNCTBEe BCeX KOMIAKTHBIX Mo AMHOkecTB (). Ecin
K — xomnaxr B CV, 10 A(K) — mpocTpancTBo pocTKOB Beex (byHKIHMI, aHaIuTHIecKuX Ha, K,
T. €. B HEKOTOPOil OTKpbITOil OKkpecrHocTu K. B srom cayuae A(K) najensercs Tomnoaoru-
eii MHIYKTUBHOTO mpesesa npocrpancts A(2), rae ) mpoberaer ceMeicTBO BCEX OTKPBITHIX
oxpecruocreit K. Ilycrs teneps M — nponssosuoe nogmuoxecrso CV. Yepes A(M) obo-
3HAYUM I[POCTPAHCTBO POCTKOB BceX (pyHKIHUil, aHajurudeckux ua M, T. e. B HEKOTOPOi

© 2015 Mesuxos C. H.
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oTKpbITOil OKpectHocTH M. B obmem ciaygae B A(M) MOXKHO BBOJUTH JBE €CTECTBEHHBIE
ronosoruu. Tonosorust pr 8 A(M) — rononorust npoekTuBHoro npejena npocrpancrs A(K),
rae K mpobGeraer ceMeiicTBO BCeX KOMIAKTHBIX mogMuoxkects M. Tomosorus in 8 A(M) —
TONOJIOrUST UHJLYKTUBHOIO npejesna npocrpancts A(Q), rue 2 npoberaer cemeiicTBo BCEX OT-
KPBITBIX OKpectHOCTeit M. Tomosorus in Bcerga ue ciaabee Tomosoruu pr. CoracHo |4, mo-
Ka3aTe/bCTBO yrBepxkaeHus 1.2] Besikoe orpanndentoe B (A(M), pr) MHOXKECTBO COAEPKUTCSE
u orpannueno B A() masg HekoTopoit OTKphITOH Okpecrnoctu ) muoxkecrBa M. Orcioza,
B 9aCTHOCTH, caedyer, 9ro orpanundennsie B (A(M),pr) u B (A(M),in) MHOXKeCTBa — OHU U
re 2ke. OKa3blBaeTCs, aHAJOIMYHbBIA (HaKT UMEeT MECTO U ik aDCOIIOTHO CXOAMIIUXCs PAIOB.

g muoxkectsa S C CV, bynxmm f: S — C momoxum pg(f):= sup,eg |f(2)]. Hamee,
M — nopmuoxecrso CN.

Teopema 1. ITycrs pag y oo fn cxonurcs abcomorno B (A(M),pr). Toraa cymecrByer
OTKpBITasi OKpecTHOCTH §) MHOKecTBa M Ttakas, uro Bce ¢pyHKImH fr, n € N, aHauTHIeCKH
npogoskatorcs B Q) u psg Yy oo fn cxoaures abeomorao B A(L).

< Muoxecrso {f, : n € N} orpanuueno B (A(M),pr). ITo pgokasaresbcrBy npeiioze-
s 1.2 (cm. [4]) cymecTByeT OTKpbITas OKPECTHOCTh w MHOXKecTBa M Takas, 9TO KazKias
dbyuknus fp, n € N, (omHO3HATHO) aHATUTHYIECKH IPOJO/KaeTcd B w. [lycts K — KoMmakT
B M. Tak KaK pag y o fn cxomures abcommorno B upocrpancrse A(K) u (LB)-npocrpancrso
A(K) perynspuo (cm., Hampumep, [1]), To cymecTByer oTKpbiTasg 0KpecTHOCTD 2x C w MHO-
xecrBa K rakast, uro f, € A(Qk), n € N, u > 7 pa,(fn) < +oo. Iycrs Q := (Jy Ok
(K mpoberaer cemeiicTBO BCex KOMIAKTHBIX moaMuokecTB (). Torma 2 — orkpbiTas oKpect-
HOCTE M, B KOTODYIO aHAJIMTHYECKU HPOJOJKaioTcs Bce dyukuuu f,, n € N. Bosbmem
kommakT R B ). Haiinerca xoHednoe cemeiictBo KommakToB Kj, 1 < j < J, B M, ana

KoTopbix R C szl Qk,. Snaunt,

o o o
z:lpR(fn) < Z:l ax po, (fn) < Z; Z:poKj (fn) | < -+oo.
n= n= J]= n—

CiesoBaresbHo, psag > oo frn cxogures abcomoro B A(L). >

CaencrBue 2. Abcosrorno cxousiuecs psabt B (A(M),pr) u B (A(M),in) — oquu u re
Ke.

U3 Teopemsr 1 BeITEKaeT, uro 3amedanue 7 (6), Teopema 8, ciegcrsus 9 u 10, Teopema 14
crarbu 2] cupasemiusbl 6e3 upeunosioxkenus (1). B uacrnocru, umeror mecro cieiyonye
yTBepKeHns. B Hux Q) — BBIIYK/IOE JOKAIbHO 3aMKHyToe MEOKecTBO B CIV, 1. €. BhIIyKIIOE
MHOZKECTBO, obsazaromee (byHIaMEHTAJIBHON [TOCIEJI0BATEIBHOCTHI0 KOMIIAKTHBIX ITOJMHO-
xkecrs (eMm. [2, §1)).

Caencrsue 3. Ilycrs Q ob1a1aeT 6a3UCOM OKPECTHOCTER, COCTOSIIAM U3 00JIACTE TOI0-
moppuocru. Ecnn B (A(Q), pr) cymecrByer abcogOTHO NPEJACTAB/ISAIONIAS CHCTEMa (e#n)n N’
10 nepeceyerue () ¢ 000 OLOPHOI I'HIIEPILIOCKOCTHIO K @ KOMITAKTHO.

< Bozemem f € A(Q). Cymecryer nocaemosarensuocts ¢, € C, n € N, rakas, aro
[ = >0, cney,, u nocaequnit psn abeomorno cxomures B (A(Q),pr) (k f). Ilo reopeme
1 Haiijercs orkpblTas OKPeCTHOCTH ) MHO2KeCcTBa, (), JJi KOTOPOIi Psijl, Zzozl Cn€y, CXOIUT-
ca abcomorao B A(Q). Torma on cxoaurca abcomorao B A(conv () (cM. 10Ka3aTesbCTBO
reopembl 8 B [2]); conv ) oboznavaer Bbiykiyio obosouky 2. I[Tosromy f ananurnyecku
mpomoskaercsa B conv {). CremoBarenbHo, () 0bmamaer 6a3uCcOM OKPECTHOCTEH, COCTOSIITIM
U3 BbIIYKJ/bIX OOsiacreil. 3nauutr [2, nemma 3|, nepecedenue ) ¢ JirobOi ONOPHOI IUIIEPILIOC-

KOCTBIO K () KOMIIAKTHO. [>
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SAMEYAHUE 4. ) obamaer 6a3ucOM OKPECTHOCTE, COCTOATIIM 13 0bJIacTell ToToMOpd-
nocru, nanpumep, ecim 1) Q C C; 2) nepeceuenune @ ¢ 11060l KOMILIEKCHOI OMOPHO# runep-
MI0CKOCTBIO K @ KommakTao; 3) Q@ C RY [3, sameuanue 3.12].

CaencrBue 5. Ilycrs () obiagaer 6a3uUCOM OKPECTHOCTEH, COCTOSAIUM H3 00JacTel ro-
JIOMOP(PHOCTH, U CyIIeCTBYeT OIOpHAas THIEPILIOCKOCTh K (), Ilepecedenme KoTopoli ¢ () He
spJisiercs komnaktaeiM. Torga B A(Q) He cymecrByer Hu 0jHOH abCOJIOTHO MPEJCTAB/ISIO-
1reti CHCTeMbI (eun)n ey B gacrrocry, sTo rak, eciu Q C RN u Q mexommaxTHO.
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A REMARK ON ABSOLUTELY CONVERGENT SERIES
IN SPACES OF GERMS OF ANALYTIC FUNCTIONS

Melikhov S. N.

It is proved that each absolutely convergent series in the space of germs of all analytic functions on a some
set M C CV endowed with the projective topology converges absolutely in the Fréchet space of analytic
functions on an open neighborhood of M. In particular, this allows us to remove the assumptions about
the growth of exponents of exponential series, posed in some previous statements.
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AIIIIPOKCUMATUBHBIE CBOIMCTBA
BEIBJIET-PS1/I0B YEBBIIIIEBA BTOPOT'O POJA

M. C. Cynranaxmeos

B pabore BBOmgaTCcs BeiiBaeThl n MacimrTabupyiomue (GbyHKINM, OCHOBAHHBIE HA IIOJMHOMAX JebblnreBa
BTOPOrO POJA, JOKA3bIBAETCH UX OPTOrOHAIBHOCTH. Ha MX OCHOBE 1HOCTPOEH OPTOHOPMHUPOBAHHBIN 6A3HC
B upocrpascrse (GyHKUui, UHTErpUPYyEeMbIX ¢ KBajparoM. VICCiie0BaHbl AlllIPOKCUMATHBHBIE CBOHCTBA
YACTHUYIHBIX CYMM COOTBETCTBYIOUIUX BeUBJIeT-PsII0B.

KurroueBble ciioBa: OJIMHOMAAJIbHBIE BEHBJIETHI, TOJIUHOMBI Ue0bINeBa BTOPOr0 po/ia, OPTOrOHAIBHOCTD,
dopmyna Kpucrodbders — Hapby, annpoxkcumarus byHKIuil, BelBaeT-PAIbI.

1. BBenenue

B nocsennaue rojibl MHTEHCUBHOE PA3BUTHE IIOJIyYH/Ia TEOPHUS BEHB/IETOB, OCHOBAHHBIX HA
TpUroHomerpudeckux GyHkuusx u ajrebpaudeckux nosmuomax. Tak, B [1] Buepsbie BBeje-
HBl B DACCMOTPEHHE BEBJIETHI HA OCHOBE TPUTOHOMETPHUIECKHUX MOJIMHOMOB. llo3smee, B [2]
BMECTO TPUTOHOMETPUIECKUX OBbLIN UCIOIb30BAHbI ajredpanviecKue Io/JIMHOMbI, JOKA3aHa Op-
TOrOHAJIBHOCTH B CMBICJIE 9E€0BIIIEBCKON0 BECA IEPBOIO PO MEXKJIy BelBeTaMu U COOTBET-
crByfomuMu Macinrabupyomumu Gyakruavu. B [3| u [4] paspaborana o6obienHas Teopust
KOHCTPYUPOBAHUsI TOJIMHOMUAJIBHBIX BeiiBjieToB. B ajibHeleM TeXHUKa, Pa3/IoKeHnst (DyHK-
Uil B PAJIBI 110 TIOJIMHOMHUAJILHBIM BeliBJIeTaM I0Jydu/ia pa3BUTHUE B paboTax MHOIUX aBTOPOB
(cMm., Haupumep, [5-7]). B nexasueit pabore [8] npejcraBien HOBbIN, OTJIMYHBI OT OIUCAH-
HBIX paHee, CII0CcOD MMOCTPOEHUsI OPTOTOHAJILHBIX BEB/IETOB C KCIO/JH30BAHUEM ITOJTMHOMOB
YebpImmreBa, mepBOToO poja.

B saHHOI crarbe KOHCTPYUPYIOTCS BelBJIeThl HA OCHOBE [OJIMHOMOB UebbliieBa BTOPOI'O
pona u ux myseit. Vcmoib3ys cBoiicTBa caMux MoJuHOMOB YeObilieBa, Takue Kak OpPTOrO-
HaabHOCTh U (popmyna Kpucrobdens — dapby, mokazaHa OpToroHabHOCTH BEHBJIETOB U
coorBeTcTByIOmmX macimrrabupyonmx ¢yuknuit. Ha nx ocrHoBe mocrpoena cucrema dyHK-
1uit, obpa3yomias OPTOHOPMUPOBAHHBIN 0a3UC B MPOCTPAHCTBE (DYHKIUH, UHTErPUPYEMBIX
C KBa/IpaTOM, IIOJIy9€HO HepaBeHCTBO Jlebera s Hee.

B nmanbreitnrem HaM MOHAIO0ATCS HEKOTOPBIE CBOMCTBA MOJMHOMOB YeOBINEBa BTOPOTO
POJIa, KOTOpBIE MBI cobepeM B CIeAyIomeM pasfese (cM., HampuMep, |9]).

© 2015 Cynramaxmenos M. C.
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2. Hekoropsble cBesieHus 0 nojimHoMax debdbilieBa BTOPOro poja

Yepes Lo, ([—1;1]), e w(z) = V1 — 22, 0603Ha4MM €BKJIMI0BO HPOCTPAHCTBO MHTErPU-
pyembix bysKImii f(z) Takux, 910 f_ll f?(x)w(x) dr < co. CraagapHOE HPOU3BEICHHE B HEM
OLPEJIEUM C TIOMOIIBIO PABEHCTBA,

1

<ﬁm=/}umum@Mw (1)

—1
XOpOIII0 U3BECTHO, YTO OJUHOMBI UebbIlieBa BTOPOro poja

i 1
U, (z) = S +1 zaxrgcosx), n=0,1,2,...,

00pasytor oprorosaabuelii 6azuc B Lo, ([—1;1]), a umenno

0 z n=m;
<Un Um> - = 5nm — 2 ’ (2)
’ 2 0, n #m,
rje Opm — cumBos Kponekepa. st mosmmuomos Uk (x), k= 0,1,..., umeer mecro dbopmysa

Kpucroddena — Hdapby

Kol9) = 3 Un(a) Up(y) = |21 0= et 0002 )
m=0
V3ib1 (1)
n n m(k +
5,2 ) :COSHI(Q ) :cosﬁ, k=0,...,n—1,
aBystioTcs Hysisimu nosmaoma Uy, (x), 1.oe. Uy, ({,(Cn)) =0,k=0,...,n—1.

3. BcmomoraresibHbIE yTBEP>K/IEHUS

B namnom pasjiesie ycTaHOBUM HEKOTODBIE YTBEDKJIEHUS, KOTOPbIe Oy/IyT HCIIOJIb30BAHbI
[IpY JI0KA3aTeJIbCTBE OCHOBHBIX PE3YJIbTATOB.

Jlemma 3.1. JList 1r06bIx flgn) um < N CHPaBeI/IMBO PABEHCTBO

Ui (67) = U ().

<1 BocmosibzoBasumcs hopmysioit mpousBe/ieHnsi CUHYCA U KOCUHYCA, YIPOCTAM BbIPaKe-
Hue

2sin ((n + 1)9,(:)) - COoS m@,gn) = sin ((n +1+m) 9,(:)) 4+ sin ((n +1— m)@,(gn)).

)

PazniesiuB 0be gactu Ha sin 9,&" , IIOJIy9uM
U (6") - cos mb") = Urgon (67) + U (67):

OTKY/Ia, C yueroMm Toro, uro Uy (52")) = 0, npuxo/uM K TpebyeMOMy pPaBeHCTBY. >
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Caencrsue 3.1. Eciim m < n, T0 uMeeT MeCTO PaBEHCTBO

Ut (657 ) Ut (6") = Unon (67 ) U ().

N3 cinepcrBust 3.1 HEOCPECTBEHHO BHITEKAET

JIlemma 3.2. st s1i106bIx JByX Hys1€it g}j‘) u £l(n) nomuoma Uy (x) cupaseainBo

2n n—1
S U(EU(E™) = S Ui e Ui ™).
i=n+1 Jj=0

Jlemma 3.3. /[y sirobbix f,(gn) u fl(n) HMEET MEeCTO PaBEHCTBO

n) n n+1
éhl Z Ui(&")Ui(& ) - 2 (ki Ok
2sin n+1

< [Mycrs cuavana k # [. Torpa

(n 1
fk 7£l ZU ))25

Ecim xe k=1, 10

<2 (s (n)
fk af ZU2§ ZU2 COSH(n _Zsm ((]—I_(l))ek )

.2 p(n
=0 sin® 0,

g — g

n

1 ) (n) 1 = o (1)
:72 1—cos ((j+1)20 = [n+1- cos (726 .
(n) =~ [ (( ) k ):| 2sin2 elgn) |: Z ( k )

2 sin2 0, j=1
Hastee,
ntl n sin ((n + 1) 260"
n . n 1 2 k
S cos (j2007) = 143 cos (7260) = o + ( o )
- = 2 2sin 6,
L ey ) e
=35 . omw(k+1 9 9 iy (kD) -
2 2sin % 2 2 sin (n-i-l )
U3 (5) u (6) mmeem
(f ) B n+1
ko k o a(ktl)
2 sin? P

YrBepkienue jgeMMbl BeiTekaer u3 (4) u (7). >

Jlemma 3.4. [lins jrobpix 0 < k,l < n crupaBeimBo paBeHCTBO
(n+1) (n+1) n+2
Ko (& 7.6") = PE
n+2

< IIpeobpazyem dpopmyny Kpucrobdenas — Hdapdy k cieayromemy Bupy

K, (g](gn—i-l)’gl(n—i-l Z U; £(n+1 £(n+1 )

_ Z Uz(gl(gn-i-l))UZ(gl(n-i-l)) . n 1(6(71 +1) ) n+1(€l(n+l))'

Uni1(647)0 = Unia (& ))0] _o
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OTcroa, BOCIIONB30BABIINCH TeM, 9T0 Uy 41 ({,g"“ VUn (g("ﬂ ) = 0, maxomum
Kn( (n+1) ,gln—l-l ) (g(n—i-l ’g(n—i-l )

[Ipumensisi Teneps jemmy 3.3, npuxoaum K TpedyeMOMY yTBEPKIEHUIO. [>

4. KoHcTpyupoBaHue MacHITAOUPYIOIINX U BeliBjiaeT-PyHKIINIT

OUPEAEJIEHUE 4.1. Macwmabupyrowet dynkyuets Yebviwesa 6mopozo poda HA30BEM

IIOJITMHOM BH /1A
1
e zu ),

rmen=12...uk=0,1,...,n
Teopema 4.1. Cucrema Mactrabupyomux (ynximii {¢r, () }}_, AB/IgETCT OpTOroHaIb-
HOIT B L ,([—1;1]). IIpu sroM nMeer Mecro paBeHCTBO

m(n+2)
(D> Pnt) = — oty Oki-

< Bocrnosb3oBaBIIncy CBOMCTBOM OPTOTOHAIBHOCTH (2), nMeeM
1
¢n k> ¢n l /

(n+1 ] ZU mﬂ))]w(x)da:
“p Li=0

1
:/w ZZU (N U () U (€YY dae
1

=0 j=0

n n 1

_ Z(é.(n—I—l ) (é.(n—I—l )/Uz( )U (z ) da: _ ZU é.(n—I—l (é.(n—I—l )

i=0 j=0 2

Orcrosa, npumMensisi jemmy 3.4, IPUXOAUM K TPeOyeMOMY paBEHCTBY. [>

OnPEAEJEHUE 4.2. Hazosem setisaem-ynkyuet Yebviuwesa 6mopozo poda mOTUHOM

2n
Vi) = > Ui@)U; (6)
j=n+1

qutst iiobeix n=1,2,...uk=0,1,...,n— 1.
Teopema 4.2. Cucrema BeiiBiaeT-QyHKIHI {wnk(x)}z;é SIBJISIETCST  OPTOTrOHAJIBHOI
B Lo ([—1;1]). IIpu srom mmeer Mecro paBeHCTBO

m(n+1)
(Unks Yny) = ———— Ont-
4 sin? ”S:J_rll)

< Ucnionb3ys paccyk/ieHusi, aHAJIOTUYHbIE TEM, KOTOPbIE IIPUMEHSIIUChH [IPU JI0KA3ATE/Ib-
cTBe TeopeMHbI 4.1, JIerKo 3aMeTUuTh, ITO

(s Pnt) = Z AGRIAGRE

i=n+1
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Ob6parumMcs Ternepb K jieMMe 3.2, Tor/ia MpaByio 9acTh [IOC/IEIHEr0 PABEHCTBA MOXKHO IEPern-
caTh CJIEIYIOMM 00PaA30oM:

(Un,ks Yny) = g > U (&™) U (™).

Yro6b1 yOEIUTHCA B CIPABEIIMBOCTH TEOPEMBI, OCTAETCS BOCIIOIB30BATHLCA JjieMMoit 3.4. >

Teopema 4.3. IIpu kax10m pukcupoBanHOM 1 QyHKIHA ¢y, 1, (T) 1 Yy 1(T) OPTOrOHAIBHBI
B L27w([_1; 1])7 T. €. <¢n,k7¢n,l> =0

< JIj1st CKaJSIPHOTO TIPOMBBEIEHNS UMEEM

(Drfs ) /[ZU Gar) H QZ U, (a 5/‘)] (2) da

_ j=n+1
n 2n 1
= Ui ( ,g"“ /U, w(x) dx
i=0 j=n+1 1
n 2n
=Y Y U(ET)U(EY) = 0.
1=0 j=n+1

Od4eBUIHBIM CJIEICTBHEM TEOPEMBI 4.3 SBJIAETCS CAeIYIONee YTBePK IeHIe

Canencreue 4.1. st obix n=1,2,... 1 k=0,1,...,n—1, BeiiBaer 1, (x) oproro-

nasen K ¢10(x) 1 ¢11(x), T e. (¢o,1,Yn,) =0 1 (1,1, %) =0

5. BeiiBier-psaa YebbliliieBa BTOPOro poja

ITostoxum o 1)‘
J’_
~ o Ggmplx) 2 |sin ge

Pmk(T) = (P2m ko P2m k) P2 4(2) T(2m +2)’

7(k+1)

. B ¢2m’k(x) B 2 ‘sm T ‘

V() T ) Vom i(z )7(2m+1)

U BBeZleM 0003HAUeHUS
@0 = {oo(@), doa(@) ). 1= {doo@)}, ¥2={dro(@)bra@)},...
= {Fn10@) P11 @), o121 1 (2)
L N R R o) W

~ ~ ~

Py = {‘Po,‘l’l,\l’z, . -,\I’m} = {ao,o(x),50,1(33),wo,o(x),wl,o(w)ﬂbl,l(ﬂi),---7

1Zm—l,O($)7 Tz)\m—l,l($)7 s 772)\m—1,2m1—1(x)}'
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Kak ormeueno peime (cresncteue 4.1), macirrabupyromue bynkmun u3 $o opToroHa bHbI
ko BceM BeiiBiaeram {Vn i(z), k = 0,1,...,n — 1}32,. C apyroii cropoHsl, CIPaBEIIHBA
CJIe Ty IOTIAS

Teopema 5.4. Eciu m # S, TO BeiBI€THI Jmk(x) eV, u TZJ\SJ(J)) € U, oproroHaJibHbl
B Ly w([—1;1]).

<1 C yuerom roro daxta, aro {2™ + 1,27 +2,..., 2"V N{28 +1,2° +2,..., 2"} = &
B CJIydae m # S, umeeMm

2m+1

1
sty = [ | 5 o)
e}

i=2m 41

2s+1

Z Uj(x)U; (5528)) w(x) dx

j=254+1

2m+1 2s+1 1
> Y GEE) [ @) da
i=2m 41 j=254+1 2
2m+1 2s+1

= Z Z 5ijUi(£](€2m))Ui(£l(2s)) =0. >

i=2m 41 j=25+1

Hanee, nycts Hom ,,([—1;1]) — moanpocrpamctso B Lo, ([—1; 1]), cocrosmiee u3 anrebpa-
MYECKUX HOJMHOMOB crenenn He Bbime 2. Torma cupaseymBa cieyomas

Teopema 5.5. Cucrema ¢Gyaknuit &2, o00pa3yer OpTOHOPMHPOBAHHBIH 6a3uc
B Hom o([—1;1]), = e. moboii nomunom Pp(x) € Hom 4([—1;1]) crenenn n < 2™ mpejcra-
BHM B BHJ€ JIHHEHHOH KOMOHHAITHH

m—127—1

Po(@) = agdoo(@) + a0 () + Y D bjxthju(z

7=0 k=0

< ITo nocrpoenunio BuaHO, 4T0 cucrema Py, cocrout u3 2™ + 1 pas/ju4HbIX OPTOHOPMHU-
POBAHHBIX I[MOJMHOMOB, KaK/bIil U3 KOTOPBIX MMEET CTelleHb, He mpeBocxojdiiyio 2. Cie-
JIOBaTeJIbHO, ), UpejcTaBisier coboil JMHETHO-HE3aBUCUMYIO CUCTEMY I[OJIMHOMOB M3 I10/I-
npocrpancrsa Hom o,([—1;1]), pasmepuocrs koroporo pasaa 2™ + 1, n3 49ero u BBITEKAeT
CIIPABE/IMBOCTD YTBEPKJIEHUS TEOPEMbBI 9.0, [>

Teopema 5.6. Cucrema ¢pyunkiuii

'@ = {®07 \:[117 \1127 ey \IlWH o } = {(;50,0(:1:)7 (%\0,1(',1:)7 12}\070(‘T)7 {51,0(‘%)7 {b\l,l('x)u ey
QZ)\m—l,O(Qj)a 1Zm—l,l(x)v s 7Jm—1,2m*1—1(x)7 s }

obpasyer B Ly ,,([—1;1]) opromopmupoBanubiii 6asuc.

< ITockoiibKy MHO2KECTBO BCeX aarebpanyecKux HOJIMHOMOB BCIOAY 1I0THO B Lo 4, ([—1;1]),
TO CHPABEJIMBOCTH YTBEPAKIEHUS T€OPEMbI 5.6 BbITEKAeT U3 TEOPEMbI d.D. [>

13 reopemst 5.6 crexyer, uro npoussosbHas dyakims f(x) € Lo, ([—1;1]) moxer 6biTh
npejcrasiena B Buje cxogsierocst B Lo, ([—1;1]) psaa

(@) =Gdooo(@) + argo (@) + Z_: ik (T (8)

7=0 k=0
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riae

bk = /f(t)zzm(t)w(t) dt, j=0,1,....,m; k=0,1,...,2/ —1.
-1

Yepes Vom (f, ) obo3uauuM qacruanyio cymmy psja (8) ciepyromero Buja;

Von (f, ) = Godo.o(x) + drdo (x) + Zbké%k(x)- (9)
j 0

Il
=
>
I

6. AnnpokcMMaTUBHBIE CBOMCTBA YaCTUYHBIX CyMM Vom (f, )

Kak ormeuasocs Bbimte, cucrema {Up(x)},—, obpasyer B Lo, ([—1;1]) oproronanbubrii
6asmuc, caemoBarespHo, mobast dyukims f(x) € Lo, ([—1;1]) npeacraBuma B Buze psaga Pypoe
110 Hel:

f@) = Su()(@) + Ru(f)(@) =Y fillk(z) + > frlk(@),
k=0

k=n+1
e fr = %f_ll F@Ug(t) w(t) dt. B wacraocrn,
f(x) = Sam (f)(x) 4+ Rom (f) ().

C apyroii croponbl, nockosbky Vom (f,x), B cuiy reopembl 5.5, npejcrasisier coboii -
HEHHBIH OllepaTop, IPOEKTUPYIOMU IpoCTPancTBO Lo o ([—1;1]) ma Hom 4, ([—1;1]), npuaem
rakoit, uro Vom (U, z) =0 (k > 2™ + 1), 1o

Vom (f,2) = Vom (Sam (f), ) + Vam (Rom (), ) = Som (f)(x).

Takum 006pazoM, BOIpPOC 00 AIMMPOKCHMATHBHBIX CBOCTBAX dacTHYIHBIX cyMM (9) psma (8)
CBOJIMTCS K aHAJIOMMYHOM 3a1a4e 1is yactuaabix cymm Som (f)(2) psga @ypbe no mosmaoMam
YebrpI1reBa, BTOPOro poja;

f(@) = Vo (f,2) = f(x) = Sam (f)(2). (10)

Xo0poI110 U3BECTHO, YTO OTKJIOHEHUE YaCTUIHON cyMMbl Som (f)(z) ot dynkuuu f(z) Mmoxer
OBITH OIEHEHO C TTOMOIIBIO HEPpABEHCTBA JIebera

|[f(z) = Som (f)(2)] < Eam (f) (1 + Lom(x))

rjae Eom(f) — norpemmnocts mamaydimero pasHoMeprnoro na |[—1,1] npubnmxenns dynk-
nun f(x) anrebpamueckum noauHOMOM crenenu He Boime 2 Lom(z) — dbynkuus Jlebera
pana Pypbe 1o moguHomam YebbimieBa BTOPOro pojia, T. €.

1 om
Lom () = / " Oe()0u(t)| wi(t) dt.
Y1 k=0
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g knacca wenpepeiBabix dyukimit f € C[—1, 1] u3 pesyapraros [10] ciaexyer acumnro-
tudeckas omnenka pynxmuu Jlebera

Lom () 2m +0(1), re[-1+e1—¢],
2 —
o(2™), re[-1,-14+¢e)U(l—eg1]

rJie € — OPOU3BOJIBHO MaJIoe YHCIIO0, yAOBIeTBOpsomniee yeaosuio 0 < & < 1.

Acumnrornyeckoe noBejeHne BepXHEil rpaHn OTKJIOHEHus dactudnbix cymm Sy (f)(z) or
dbyukumii f(z) w3 kracca Jlummuna Lipa (0 < o < 1) uccaenosano B pabore [11]. U3
I0JIy YEHHBIX TaM Pe3YJIbTATOB BbITEKAET PABEHCTBO

w/2

sup rf<x>—-sem<fxa»r=:2—am{}a+l(\/fi?;5)“91?7n (= sintdt

feLipa m 9
sin 2™ arccos &

koropoe g 0 < « < 1 BbINOJHSETCI PABHOMEPHO OTHOCHTEJNBHO = € [—1 + g,1 — £]
(0<e<1),amnis a=1— paBHomepHO Ha BceM cermenre [—1,1].
B kauecTBe C/IeACTBUS YKa3aHHBIX OIEHOK MbI OTMedaeM Jyuid x € [—1 4+ ¢,1 — €]

@) = Van(f.2)] < Ban() (252 m+ 00 ) fe Ol

sup |f(x) — Vam(f,2)|
fE€Lipa,
0<a<l

w/2

aln?2 sin 2™ arccos &
— g—am g+l (\/ 1-— x2> —m [ t¥sintdt + O <— + 1) .
[ ™ ) V1— 22

Kpowme roro, g x € [—1, 1] umeem

sup [f(z) — Vo (f, )]
feLlip1l

w/2

41n2 sin 2™ arccos &
=27 m\/l—x2/tsintdt+0<—+1> .
[ T ) V1— a2

B 1o ke Bpemsi ciejyer orMeruTh, 4T0, Kak lokazaHo B [12], mis dynkuun f(xr) =

oo cos (k* arccos ) " i1
dohel 2, IpHHaIexKameil Kraccy Jlummmma Lip g, mpesen mocsienoBaTe bHOCTH

qacruunbix cymm Sy (f)(7) Ha konuax orpeska [—1;1] He cymecrByer.

Aprop 6uiarogapur a.¢.-m.u. W. W. [lapamnyauHoBa 3a IOCTAHOBKY 331841 M UEHHbIE COBETHI LIPU
ee peleHun.
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APPROXIMATIVE PROPERTIES
OF THE CHEBYSHEV WAVELET SERIES OF THE SECOND KIND

Sultanakhmedov M. S.

The wavelets and scaling functions based on Chebyshev polynomials and their zeros are introduced. The
constructed system of functions is proved to be orthogonal. Using this system, an orthonormal basis in the
space of square-integrable functions is built. Approximative properties of partial sums of corresponding
wavelet series are investigated.
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OUEHKU HA MOJIYJIM CEMEINCTB KPUBBIX J1J1s1 OTOBPAYKEHUIT
C BECOBBIM OI'PAHUYEHHBIM (p, q)-UCKAKEHNEM

M. B. TpaMKuH

Cemény Camconosuuy Kymamenadse
K 70-aemnuemy 106usero

Mpbt dopmysupyem anasnoru Hepasercrs Ilosenxoro u Baiicans qys orobpazkenuii ¢ (0, 1)-BecoBbim orpa-
HUYEHHBIM (D, ¢)-UCKaXKeHneM 06e3 TOMOJTHATEIHHOTO MpeInosokenus 00 4 -cBoiictse Jly3una.

KuiroueBbie ciioBa: 0TOOpaKeHne ¢ OrPAHUIEHHBIM BECOBBIM (P, ¢)-ICKaKEHUEM, MOLYJIb CEMEHCTBA KPHU-
BoIX, byukiua [losemnkoro.

1. BBeaenue

[MonstTue Mo/yJist ceMelicTBa KPUBBIX HA IJI0CKOCTH 06110 BBeeHO B 1950 1. JI. Anibdopcom
u A. Beepsimarowm [1], a 3aTem pacopocrpaneHo Ha MEOrOMepHBIe mpocTpancTtBa b. @yreze [2]
u b. B. Illa6arom [3|. Ha s3bike 3T0r0 nousatus 66110 chOpMYyTHPOBAHO OJHO U3 SKBUBAJICHT-
HBIX ONMUCAHUI KBA3UKOH(MOPMHBIX OTOOPAXKEHUl, B CBA3M C YeM METOJ MOJyJeil mpuodbpet
Ba)XHOe 3HAUeHHe B paboTe ¢ 9TUM KJIACCOM OTOOPAYKEHHUI, MO3BOJUB HAWTH aJbTepHATHB-
HBIN 1OAX0 K uX u3ydenuio. HeobxoauMoCTh B TAKOM IMO/X0/1€ ObLIa BBI3BAHA OTCYTCTBUEM
B MHOTOMEPHBIX TPOCTPAHCTBAX TeOpeMbl Pumama.

B 60-e roaer mpomnuioro peka FO. I'. Pemernsik nagai cucreMarmveckoe HCCIe0Ba-
HUEe 0TOOpAYKeHW C OTPAHNYEHHBIM MCKAYKEHNEM, PEICTABJISIONIX CODO0M HEeOTHOJINCTHRIH
aHaJIor KBa3MKOHMOPMHBIX 0TOOpazkeHuit (HOAPOOHOE W3JI0KEHUE COJAEPKUTCA B MOHOIDA-
dbun [4]). Ilycrs 2 — obmacte B eBkanmoBoMm mpocrpancree R™, n > 2. Orobpaxe-
ave f = (f1,...,fn): @ = R" knacca Cobosnesa WilOC(Q) Ha3bLIBACTCH 0Mobpasicenuem
C 0ZDAHUYEHHBIM UCKANCEHUEM, €CTU T TOYTH BCeX x € () BBIMOJIHIETCS HEpaBEHCTBO

|IDf(x)|" < KJ(z, f), tne K € [1,00) — nocrosiunas, Df(z) = <g—£;(x)> . — Mar-

puna Adxobu, |Df(x)| u J(z, f) — ee oneparopHas HOpMa U OIPEJIEIUTEH COOTBETCTBEHHO.
OcHoponostaraforuit ronoyiorudeckuit pesyibrar FO. I'. PererHsika 3ak/IH09aeTCa B TOM,
YTO BCAKOE HEITOCTOSHHOE 0TODparKeHne C OrPaHUYEeHHBIM NCKAKEHUEM HEIPEPBIBHO, OTKPBITO
u auckpertHo (cM. |4, rr. 2, §6]).
Buepsbie meroj mojysieit K UCCAEJOBAHUIO OTOOPAXKEHUN C OrPDAHUYEHHBIM HCKAXKEHUEM
npumenut E. A. Ilosenkuit 8 1970 r. |5]. Onupasch Ha yIOMSHYTbIE TOMOJOITIECKIE XapaK-
repuctuku, E. A. Ilomerknii ¢ MOMOIIBIO TPONEAYPHI MOTHATHS MyTeil YCTAHOBWJI CBONCTBA

© 2015 Tpamkuu M. B.

! PaGora BBIIOAHEHA TIpU HacTUUHOM mouep:kke Poccuiickoro ¢omma (ByHIAMEHTAIbHBIX HCCIIEI0Ba-
nwmit, upoexr Ne 14-01-00552, u Cosera no rpanram IIpesunenra Poccuiickoit @enepauuu, npoekr Ne HITI-
2263.2014.1.
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HEKOTOPOIO CIEIUATBLHOrO 0TODpazKeH!sl, H3BECTHOTO CeroHsa Kak (pyukiws [Tomenkoro. Do
MO3BOJIMIIO IOKA3aTh, 9TO /I 0TOOPaKeHMit ¢ OrpaHMYeHHbIM CKasKeHUeM MO/yJIb 00pa3a ce-
MefiCTBa KPUBBIX HE [IPEBOCXOAUT MOAYJist 1Ipoobpasa [5, reopema 1]. Ilocsennee yrsepxenne
B HAIIM JHU Ha3blBaeTcsa HepaseHcTBoM lloserkoro. B Toit ke pabote |5| mosydeno nekoTo-
poe yJIydIlleHre 9TOr0 HePaBeHCTBA B HOPMAJIbHBIX ob1actax (cM. |5, reopema 2|). [lone3nas
MHTepLpeTalys nocseanero oouia noaydena FO. Buaiicsana [6, 3.1] u nassiBaercs B smrepary-
pe umepaBencrBoMm Baiicsansg. Hemuorum panee Obuin yCTaHOB/IEHBI aHAJIOIUYHBIE OLEHKHU JIJIsT
emroctu (cMm. |7, 8]). OrmernM, 0HAKO, 9TO MOIY/IbHBIE HEPABEHCTBA CyTh OosIee obIIne, dem
COOTBETCTBYIOIIE eMKOCTHBIE (CM., HampuMmep, |9, mpumep 1]).

Orenku 710 MOJTYJIS U EMKOCTU UTPAIOT KJIFOYEBYIO POJIb B UCC/IE0BAHUN IIOBEIEHUsT OT00-
paXKeHus Ha TPAHUIE, B TEOPUHU PACIIpe/e/IeHnst 3HadeHuii B Tyxe HeBaHuHHbBI (TeopeMbr THIA
Jluysuiist u Ilukapa, ycrpanenue ocobennocreii) (cm. [10]), cBsizu pusaranuu ¢ MUHUMAIIb-
HOII KPATHOCTHIO BeTBJieHUs u Jp. Kpome Toro, Mojy/ibHas TEXHUKA HAILIA IPUMEHEHNE B
METPUYECKUX IIPOCTPAHCTBAX C MEPOi, YTO MPUBEJIO K PACCMOTPEHUIO TAK HA3BIBAEMBIX IIPO-
crpancrs Jlesuepa (cm., nanpumep, [11]).

Merox Mozysieil, Kak MOKa3bIBAET PsiJT HEJTABHO BBIMIEANINX pabor (CM., HApUMED, MOHO-
rpacuio [12]), a rakxke crarbu [13-17], npojoiKaer 0craBaTbCst OCHOBHBIM UHCTPYMEHTOM B
U3Y4YEeHUN Pa3/IMIHbIX 00001IeHuiT 0ToOparKeHuit ¢ OrpaHnYeHHbIM UCKaxKeHneM. B kxure [12]
paccmaTpuBaioTces (Q-romeomopdusMer ¢ byHKIHeNH () U3 pa3IuIHbIX KIaCCOB (MHTErpUpYe-
MbI€, C OPPAHUIEHHBIM CPEJIHUM W C OTPAHMYEHHBIM KOHETHBIM KOJeOaHueM), 0TOOpazKeHus
C KOHEYHBIM MCKAXKEHUEeM JJIUHBI 1 ¢ KOHEYHBIM UCKAXKEHUEeM TLIOMIAJIM, U JIJIsi HUX YCTaHABJIM-
BAIOTCsl PE3Y/IbTATHL 0 I MEPEHIUPYEMOCTH, TOBEIEHUU Ha TPAHULE, YCTPAHEHUN OCODOEHHO-
cTeil, HOpMAJIbHBIX ceMeiicTBax u mp. B crarbsx |13, 14| eMKOCTHbBIE OIEHKH YCTAHOBJICHDI JI/IsT
HEKOTOPbIX 06001eHui 0TOOpaKeHuil ¢ OrpaHNYEHHbIM UCKAXKEHneM (B 4aCTHOCTH, HA IPyI-
nax Kapno) c¢ rpebosanuem .4 -coiicra Jlysuna. B pabore [15] ycranossienbl MoysibHbie
U eMKOCTHbIE HEPABEHCTBA I OTOOpaKeHUl C KOHEYHBIM HMCKAYKEHWEM I[IPU MUHUMAJIbHBIX
YCJIOBUSIX PEryJIAPHOCTHU B IIPE/IIIOJIOKEHUU O TOM, 9YTO UCXO/HOE OTOOPAXKEHUE TAKZKE Y/IOBJIE-
rBOpsier A -coiicrBy. B crarbe [16] aHasiornyHble HEPABEHCTBA 1O/ Y€HBL JIjIsi 0TOOPaKeHuit
¢ KOHe4YHbIM (P, ¢)-uckazkenuem Jyimsbl. B [17] ouenka Ha MOysib JoKa3aHa JIjisi HEKOTOPOI'O
CHEIUa/IbHOI0 KjIacca 0ToOpazkeHuil, 06JIaaionux CaeyouMI CBOICTBAMU: OTKPBITOCTb,
JIMCKPETHOCTD, MuddepennupyeMocTh IouTH BCioay, A4 - u .4 ~l-cpoiicrso Jlysuna, n Tak
HA3bIBAEMOE €80UCMB0 abCOAOMHOT HENPEPHIEHOCTIU 6 00PAMHOM HANPABACHUL.

Bajlaua Harrer paboThl — YCTAHOBUTH MOJIYJIbHBIE HEPABEHCTBA JIjIst €CTECTBEHHOIO 0000-
IeHUs KJIacca OTOOpaXKeHUil ¢ OrpaHuYeHHBIM HCKaKeHreM 0e3 HEKOTOPBIX aHAJIUTHIECKUX
[PEJIIOJIOKEHUT, XapPAKTEPHBIX JIJisi BbIBOJ/IA, PE3YJIbTaTOB YIIOMSHYTHIX Bbiie pabor. B Ha-
CTOSIIIER CTaThbe OCHOBHBIM SIBJISIETCSI CJIEJLYIOIIEE

OnpeJEJEHUE 1 [18]. Ilycrs 0,0: R® — [0,00] — JioKasibHO cymmupyemble (yHKIUN
(masbIiBaeMble ecosvimu) Takue, 910 § > 0 u o > 0 mouru Bcrogy. Orobpaxenue f: ) — R”
HasbiBaercs omobpasceruem ¢ (0, 0)-6ecosvim oepanusernnom (p,q)-uckarcenuem, n — 1 <
q < p < o0, ecnu:

1) f HempepbIBHO, OTKPHITO U JUCKPETHO;

2)
3)

)

4) oTobpaxenue f UMeeT KOHEUHOE UCKANCEHUE:

f upunajexur kiaaccy Cobosiea quJOC(Q);
J(x, f) > 0 ays mourn Beex x €

nuis moutu Beex € ) pasencrso J(z, f) = 0 Baewer D f(x) = 0;
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5) dyuknua sokaabHOro (6§, 0)-BeCOBOro g-uCKazKeHust

1
_E@IDIGL e (e ) £ 0
Q3 KP7(x, f) = { o7 (@) (@.)?

0, ecau J(z, f) =0,

npuaaexuT kiaaccy L, (§2), rae s HaXomuTes U3 yCaoBus % =

Yepes Ko (f;9Q) 0603uauuy seuauny |Ko? (-, f) | L.(Q)].
B sTom ompe/esiennn Hasmdme MyHKTa 1) CBs3aHO ¢ TeM, 4TO mpu ¢ € (n — 1,n) 0Tob-

(50 = 00 npu q = p).

=
=

paxKeHue MOXKeT u He 00/1a/iaTh TPeOyeMbIMU TOMOJOIMIECKUME CBOMCTBaMu. OTMETUM, 9T
mpu § = o =1 u p=q=n Ml nosydaem orobpaxkenns, seegennsie ). . Pemrermakom.

B pabore [18] 1mosyueHbl eMKOCTHbBIE HEPABEHCTBA /I BBEJIEHHOIO KJIACCa 0TOOpazKeHuil
6e3 TpeboBammsa .4 -cBoiicrBa Jlysmma. lloggepkmem, 9To pamee MOIYJbHBIE W €MKOCTHBIE
HEPABEHCTBA yCTAHABIMBAJINCH B IPEIION0KEHUH, 9TO 0TODpazkenune obianaer 4 -CBOHCTBOM
Jly3uHa, KOTOpoe 3aK/IF0YaeTCsd B TOM, 9TO 00pa3 MHOXKECTBA MEPBI HYJ/Ib TAKXKEe UMEET MEPY
HyJIb. DT0 TpeboBaHue HEODXOAUMO OBLIO JIJIsi TOrO, 9T00bI 00pa3 MHOXKECTBA TOYEK BETBJIE-
HUs UMeJT HyJieByIo Mepy. B Hacrosdmeil crarbe Mbl JOKA3bIBaeM MOJIY/IbHBIE HEPDABEHCTBA Oe3
JTOTIOTHUTETBHOTO TIPenoiozkenns: 06 A -cBoiictBe Jly3uHa. DTO OKAa3BIBAETCS BO3MOXKHBIM
Burarozapsi ciaeAyiomemMy 3amedaresbHoMy (akry, ycraHoBjieHHOMY B crarbe [19] (cm. rak-
ke |18-22|): wacrable mpomsBozgubie dyHKIWH [logenkoro obpamaoTcs B Hy/Ib MOYTH BCIO-
Jly Ha 00pasze MHOXKECTBa TOUYEK BermjeHus. B §3 Mbl ckaxkem 00 5TOM HOApOOHEE. IDTOT
dakT ucnospzoBasca B padore [18| s mosmyuenus orenok Ha eMrocTd. OTMETHM, YTO MpH
q € (n —1,n) orobpaxenue f He obazarenbno obaagaer A -ceoiicrom Jlysuna, 4To npoje-
MOHCTPHUPOBAHO B [23].

Bo Bcex Hammx 1moc/ieyonmumx paccMorpenusax orobpaxenue f umeer (0, 1)-secosoe orpa-
HUYeHHOE (P, q)-MCKaXKeHue, T. e. o = 1.

[TosHbIl BapuaHT 9TOM 3aMETKH € MOJAPOOHBIM M3JI02KEHUEM JI0KA3ATEJbCTB Oyj1er ormy0-
JINKOBAH B |24].

2. IlpeaBapuresibHbIE CBEAEHUSA

2.1. Bcroay B rekcre cumBot € 0603Hauaer 00/1acTh (T. €. OTKPBITOE CBI3HOE MHOZKECTBO)
B pocrpanctse R"™, cumBost m,, — n-mepuyto mepy Jlebera 8 R". s obactu U C R™ 3amuch
U € Q ozuauaer, uro muoxectso U orpanuueno u U C €.

IIycrs f: Q@ — R™ — menpepsiBaoe orobpaxkenue, U € Q, y ¢ f(OU). Cumposom
w(y, f,U) mbl Oygem obo3Hauars cmenenb omobpasicenus f 6 mouke y. Ioapobuyio uudop-
Maruo 00 9TOM HMOHATHM MOXKHO HaiiTi, Hanmpumep, B [4, 2.1| u [10, 1.4|. Ecmu u(y, f,U) >0
st ii060it obnacrn U € Q u ro6oii toukn y € f(U)\ f(OU), o roBopsr, uro orobpaxenune f
COTPARAE, OPUEHIMAUUIO.

PaccmoTpuMm HempepbIBHOE OTKPBITOE M JHCKperHoe orobpaxkenme f: 2 — R™ um Touky
r € Q. Torga cymecrsyer obacts V € Q makas, uro z € V u VN f71(f(z)) = {«}. Eciu
V' €@ Q — apyrag o6/acTh ¢ TAaKUM CBOICTBOM, TO MOXKHO Tokazarb (cm. [10, c. 18]), uro
w(f(x), £,V) = pu(f(x), f, V). Hosromy pasencrso i(x, f) = u(f(x),x,U) KoppekrHo onpe-
Je/iger Beinanny i(z, f), Ha3plBAEMYIO A0KAAbHbM uHdeKcoM omobpasicenus [ 6 mouke .

Obaacrs D € ) HazbiBaercs HOPMasbHOL Jjisi HEIIPEPBIBHOIO OTKPBITONO U JIMCKPETHOIO
orobpaxenus f: Q — R" eciu f(0D) = df(D). Eciu x € Q u D — nopMmajbHast 006/1aCTh
rakas, uro D N f~1(f(z)) = {x}, 10 D naseisaercs HOpMaAbHOL OKPECHOCTILIO TOYKHI .
Cortacuo |10, 1.4.9] Besakas Touka x € ) MMeeT HOPMAIBHYIO OKPECTHOCTb.
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Ormerum, uro ecoiu D — HOpMmasibHasg objacTh st orobpaxenusa f, to u(y, f, D) ue
saucur or y € f(D) (cm. [10, c. 18]). D1y nocrosuuyio mbl 6yem obozuadars w( f, D).

Touka x € () HA3BIBAETCA MOUKOT 6eMBAEHUA HETPEPBIBHOTO oToOpaxkenusa f: ) — R™,
ecian f He sABASeTCsd roMeoMOP(MU3MOM HU B KaKOH OKPECTHOCTH TOYKM X. MHOXKECTBO BCex
TOUEK BeTBJICHHA OTOoOpaxkeHms f obosmadmm cuMBosoM Bjy. 3amermm, uro x € By Torma u
TOJILKO TOra, Korga i(x, f) > 2.

[Mycrs f: @ — R™ — menpepwiBHoe orobpaxkenue, u U C . Qyuxyuel xpammocmu
HasbIBaeTca orobpazkerme R™ > y — N(y, f,U) = #{f (y) N U}. Obozmauamu Takze:
N(f’ U) = SUPycRrn N(y’ f’ U)

2.2. 3ech MbI IPUBEJEM HOHSITHS W yTBEPXKICHUS, HEOOXOAUMbIE JIjis OIUCAHUS QHAJIV-
THYIECKUX CBOMCTB OTOOPAKEHMIA.

[Tycrs u: @ — R — dynkius kaacca Ly joc(€2). Ecnu cymecrsyer dynkims v; € Ly joc(€2),

i=1,...,n, Takasg, 9To g a060it Gynknun ¢ € C5°(§2) cupaBeuBO PABEHCTBO
dp
u(x dr = — | vi(x) p(x)dx,
Ju@5Zde =~ [ui@) )
Q Q

TO v; HA3BIBAETCS 0000UeHHOt Yacmuol npoudsodnoli pyHKIMN u 1 0003HATALTCH Yepes %.
K3

Oyurmusg u:  — R, umeromas B obacTu 2 06001IeHHBIE YaCTHBIE IPOU3BOIHEIE 10 BCEM
nepeMeHHbIM, npuHanexnt npocmpancmey Coboaesa WI}(Q), p =1, ecm u € Ly(Q) u
g—; € Ly(Q) st kaxxporo i =1,...,n.

Orobpaxenne f = (fi,...,fn): @ — R" npumagnexnr xmaccy W, (Q) (W1217100(Q))7
ecau Bce f; € Wpl(Q) (Bce f; € WI}(D) s oboit obimactu D € Q). Yepes Df(x),
|Df(z)| u J(x, f) Mbl o6o3HauaeM Mmarpuily fAxkobu (ng;)i,j:L---ma ee OIepaTOPHYI HOPMY
sup|p|=1 | Df(z)h| u axobuan det D f(x) coorsercraento.

I (n x n)-marpurpst M = (a;;) depe3 adj M Mol obo3nagaeM (1 X n)-MaTpPHUILY, TDAHC-
noHUpoBaHHy10 K Marpute (A;;), rae A;j — anrebpamdeckoe JIONOIHEHNE SIEMEHTa, ;.

Beenem npoeknuio 7;: R™ — R"~! koropas TouKe T = (x1,...,Ty) CTABAT B COOTBET-
crBue 104Ky 7;j(r) = (T1,...,%5-1,%j41,...,%pn). Obosnaunm T; = 7mj(x). Touky x € R"
OyaeM 3aluChIBaTh B Buje & = (Z;,2;). LoBopdr, 1T0 HempepsiBHOe oTobpaxkenue f: 1 — R"
npunadaesrcum kaaccy ACL(Q), ecim ast soboro j = 1,...,n orobpaxkenne xj — f(T;,2;)
npy moduTH Beex T; € mj(€2) abGCOMIOTHO HEIpepbIBHO Ha JI000M OTpe3Ke [a,b] TakoMm, dTO
7;(Q) x [a,b] C .

UNseecrro (cm. |25, 26.4]), aro ecim f € ACL(Q2), ro f umeer mouru By B €2 00bIYHbIE
YaCTHBIE [IPOU3BOJHBIE, KOTOPLIE Oy/1yT HopeeBCKUMU (PYHKITUIMU.

Orobpaxenue f: Q — R™ npunadaescum waaccy ACLP(Q2), p > 1, ecoin f € ACL(Q) u
BCe JaCTHBbIE IIPOU3BOJHBIE f IPUHAIEKAT KIACCy Ly joc(€2).

IIpengioxkenue 1 [10, 1.1.2]. Orobpazkenne f: Q — R™ npunasrexur kinaccy ACLP()

TOIJIA M TOJBKO TOrda, Korja f HeupepbiBHO u [ € VVp1 (Q). Ipu s1oM 06001IEHHBIE N

loc
OOBIYHBIE YACTHBIE IIPOU3BOJHBIE COBHAIAIOT IIOYTH BCIO,ZQ;.

2.3. DTOT MyHKT HOCBAIIEH HOHSITUIO MOJYJIs CEMENRCTBA KPUBBIX, KOTOPOE MbI 0000IUM
HYKHBIM HaM 00pa3oM.

Kpusasa B mpocrpanctee R™ — sr0 HempepsiBHOE orobOpakenme a: I — R" tme I —
npoMexkyToK B R (1. e. MHO)KecTBO Buia (a,b), rie Kax/asa u3 yrJOBBIX CKOOOK MOXKET ObITh
Kpyraoii uim kBaaparHoii, a < b, a,b € R; nonyckaorcs Tak:ke 6ECKOHEUHBIE MPOMEKYTKH).
KpuBas « naszwiBaercs samxnymot (omxpwumoti), ecnu uaTEepBas | KOMIAKTEH (OTKPBIT).
O6o3znauum |af = a(l). Bamucs 7/ C v Oyjer o3Ha4aTh, 9T0 KpuBasg ' €CTh CyKeHue KPUBOIi
~ Ha MOJBIHTEPBAJ WU TOUKY.
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Ecmu a: I = [a,b] — R"™ — 3aMKHyTast Kpusas, TO ee JAunol HA30BEM BEJIUUUHY

I
o) =sup Y at:) — altip)),
i=1

I7Ie TOYHAs BEPXHss I'PAaHb Oepercsd M0 BCeM KOHEUHBIM pasbmennsam a =t < iy < ... <t <
t;+1 = b. Ecim kpuBas o He 3aMKHYTa, TO N010KUM ee juny pasuoit £(a) = sup £(«a|y), rae
cympeMmyM Oepercs 10 BCeM 3aMKHYTBIM MoJbIHTepBaaaM J unrepsaja [.

Kpusas a: I — R™ nazeiBaercsa cnpamasemot, ecin (o) < oo. Kpusas nazbiBaercs
NOKAALHO CIPAMAAEMOT, €CITN KazZK/Iasd ee 3aMKHYTas IMOJKPUBAg CIPAMJISEMA.

Paccmorpum 3aMkHyTyI0 KpuByio «: [a,b] — R™. Tlpeanosoxkum, 4ro oHa CHpsIMJIsIEMA.
Onpesemav YHKIHIO 8o : [a,b] — R paBenctBom s4(t) = £(aq,). At copamigemoii Kpu-
BOil o cymecTByeT equHcTBenHadA KpuBag a: [0,£(a)] — R", moqydenHasg m3 o MOHOTOHHO
BO3pacTaoleil 3aMeHOil napamMerpa, Takas, 4to Sqo(t) =t u a = a o s, [25, 2.4]. Kpusas
o maspIBaercsa namypaavroti napamempusayuet; KpEBOI .

[Iycrs T' — cemeiictBo kpusbix B R™, n > 2. Bopenesckas dyuknus p: R™ — [0, o0]
HaspiBaercsa donycmumol aus I, ecam

/ pds > 1
5

JUTS Ka2KJT0# JIOKAIBHO crpsamMiisieMoit kpuoit v € I'. CoBOKyITHOCTB BCEX JOMYyCTUMBIX (DyHK-
nuit obosnadaem admI'. [Insa Becosoit dyukmuum w: R™ — [0,00] u p € [1,00) ompenesrnm
w-6€c060T P-Modyab cemeiictBa, I' dopmylioit

d“T = inf dm., .
mod, I'= inf / prw dmy,
Rn

CeoiicrBa BecoBoil (bYHKIMH MBI OyIeM OroBapuBaTh OTAETBHO (KAK MHUHHMYM, IPEIIOJIa-
raercst, YTO OHA JIOKAJIBHO CymMMmupyema u nouru BCiogy w > 0). IIpu w = 1 mbl noayvaem

OOBIYHOE OIIpE/IeSIEHIe P-MO/JTyJisi, U BMECTO modll,F oyaem nucarb mod, I'. Ecan admI' = &
(3TOT CoTydail peasm3yercs TOJIBKO TOTA, KOTJa B ceMeiicTBe I ecTh XoTs ObI OfHA KpUBasd,
3a/iafomast HOCTOAHHOE 0ToOpazkenue), To nojmaraem mody, I' = oco.

Ecaum I' — cemeiicrBo kpuBbix B obactu 2 u f: () — R™ — menpepsiBHOE 0TOOpakeHne,
1o uepe3 f(I') mbr 06o3HaMaem cemeiicTBo kKpuBbix f oy, rue v € T

SAMEYAHUE 1. Kak cieyer u3 onpejeseHus MOJLyJisi, KPUBbIE, KOTOPbIE HE SIBJISIIOTCS
JIOKAJIbHO CIIPAMJIACMbIMU, MOXKHO HE€ YYUTbIBATL. TOque, eCJin F — ceMelicTBO KPUBBIX,
u 'y — cemeiictBo Takux v € I, uT0 v ;MokambHO crnpamigema, To mody (I') = mody (T'y).
B cBsa3u ¢ sruM, 10mycKas n3BECTHYIO BOJIBHOCTB, MbI Oy/€M IOBOPUTH, YTO CEMENCTBO Kpu-
BBIX, KOTOPbIE HE AB/IAIOTCA JIOKAJTBHO CIPAMJISEMBIMI, HIMEET HYJIEBOH MOLYJIb.

IIycts o — cupgamisiemas 3aMkHyTas Kpusas B R™. Orobpaxenue g: |o| — R"™ nazbiBa-
eTca abcoaommo nenpepuienvm na o, ecmm g o o abcomorao HempepsBHO Ha [0, ().

3. AmnaJjior jgemmbl Iloseimkoro

B nokazaresibcrBe MOJYJIBHBIX HEPABEHCTB MPOBOJATCH PACCY2KJICHUS, 000CHOBBIBAIOIINE
BO3MOYXKHOCTH IapaMeTpU3alii KPUBOI HEKOTOPBIM CIIeNUaJIbHBIM 0o0pa3oMm. Brepsbie d1u
paccy/ieHusi ObLin peasin30Banbl B [5, semma 6], koropas B jaiabHeiiem no/ydnia Ha3Ba-
uHue aemmos Honeyrozo. Ham norpebyerca ee anajor. [lpexe yem ero cdopmysinpoBaTh,
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BBISICHUM COJIepyKaHue MOHATHs abCOIOTHON TIpeTHePEPLIBHOCTH, KOTOPOE 3aKI0YAET B Ce-
Oe onucaHue CIEUAJbHOIO THUITA, TAPAMETPU3AIUN.

[pemmonoxum, aro f: Q2 — R™ — HempepbIBHOE OTKPBITOE TUCKPETHOE OTOOpasKeHwe.
IMycrs B: Ip — R™ — 3amkHyTas cupsimjsemasi kpubas, u «: I — () — KpuBast Takasi, 910
foaCp,re IC Iy Ecm dynxkuua sg: Iy — [0,£(3)] mocrosinna Ha HEKOTOPOM HHTEp-
Baste J C I, To m oTtobpaxkenue [ mocroguuo Ha J. B cBoto ouepens, BBy auckperHoctu f
oTobpakeHne (¢ Takke MOCTosHHO Ha J. CjiefoBare/ibHO, CYIIEeCTBYeT eIMHCTBEHHOE 0T00-
pazkenue o : sg(I) — Q rTakoe, uro o = a* o sg|,. Jlerko BUJETH, YTO @ HENPEPBLIBHO M
foa* C 8. Kpusas a* mazsiBaerca f-npedemasumenem xpusoti o (ommocumenvho ), ecim
B = f o «. Ilpeamomoxum Tenepsb, ato § = f o a. OTobpaxkenne f Ha3BIBAETCI GOCOANOMHO
NPEFHENPEPBIBHBIM HA (v, eciit & abCOIIOTHO HELPEPLIBHO.

[IpuBesem anasor sjemMmbl [losernkoro.

Jlemma 1. Ilycrs f: Q — R™ — orobpaxenune c (0,1)-BecoBbiv orpanunuennbiv (p,q)-

nckaxennem, n — 1 < g < p < 00, a BecoBass pyukiusa w(r) = 0_#11)(:17) JIOKaJIbHO
cymmvupyema. Ilpenmonoxkum, aro I — cemetictBo KpuBbIx B () Takoe, 4To A5 OO0 KPUBOIt
v € I BormosiHeHo caejpyromiee: KpuBasi f o 7y JIOKAJIbHO CHPSIMJISIEMAa, W 7Y HMEET 3aMKHYTYIO
HOAKpUBYIO «, Ha KoTopoi f me abcosmorno npexnenpepeBao. Torma mod,y f(I') = 0, rze
V= ey

B okazaresibcTBe 9100 JieMMbI 00JIbIITIOE 3HaUeHNE UMEIOT cBoiicTBa dpyrkmmu [lojerkoro,
KOTOpag ompeegerca ciaemytomnmum obpaszom. Ilyers f: Q — R — HempepbIBHOE OTKPBITOE
JMCKpeTHoe oTobpakeHue, coxpaHsiouiee opuenrTauuio, U C {2 — HOpMaJ/ibHas 00/aCTrb, U
N = pu(f,U). Ha muoxkectBe V = f(U) onpegennm orobpakenne gy: V — R", nazsiBaemoe
Pynryuets Horeyrozo, paBeHCTBOM

Voyswl) =y O e (1)

zef~1(y)nU

Heobxoaumble nam cBoiicrsa orobpakenust (1) OyjyT npuBejeHbl B 1IpeJIOKeHUn 2,
uist (hOPMYIHPOBKH KOTOPOTO HYXKHO CHejJaTh Ciaeayiomiee 3aMedanne. [IockosbKy 0T006-
paxenue f: Q — Q' = f(Q) upunagnexur kmaccy Cobosiea, TO OHO AINIPOKCUMATHUB-
Ho nuddepennupyemo mouru Bcogay. (CremoBaTesibHO, CYIIECTBYET OOPEEBCKOE MHOXKE-
crBo X C Q, m,(X) = 0, Bue xoroporo f obnagaer A -coiicteom Jlysuna. OGoznauum:
Z ={zx € Q\X: J(z, f) = 0}. C 104HOCTBIO /IO MHOXKECTBA MEPbI HyJIb MHOXKECTBO Z MOXKHO
cunraTs OopereckuM. Kpome Toro, m,(Z) = 0. Taxxke MoxkHO caurars, 4r0 By C Z U X,
rak kak Df(x) = 0 B Toukax x € By, rue D f(x) cymecrsyer.

Homorerne ) \ ¥ MOXKHO Pa3joKUTh HA CIETHYIO COBOKYIHOCTH JU3BIOHKTHBIX H3Me-
pumbix MHOXKecTB Fj, k € N, rakux, uro UF, = Q\ ¥ u orobpaxenue f|p : F —
qunmmneso s Beex k € N. Kaxkmoe muoxkectso Fy \ Z npencraBumo B Buje 00be/[MHEHUS
CYETHOT'O CEeMENCTBA JU3bIOHKTHBIX U3MEPUMBIX MHOXKECTB Fl,,, m € N, Takux, 9To orobpa-
xKenue f| Fi,, - Fem — Q) 6umunmuneso aiag Bcex m € N. CormacHo Teopeme Pajemaxepa
orobpaxenust f|p, : Fip — Q' auddepennupyemsr nouru Bciogy Ha 06/1aCTu OLPEEICHUSL,
a B cujay rTeopembl Jlebera o mudpdepennupoBanuy auTuBHON (DyHKIUU MHOXKECTBA Flypy,
MOXKHO CUYHTaTh COCTOAIIAMK TOJBKO M3 TOYeK ImoTHocru 1. Ilepeobosmadmm ceMeicTBO
JU3bIOHKTHBIX MHOKECTB { Flpp b kax {E;}. Mbl nosyuum paszioxkenue

Q=xuzUlJE,
leN
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B IIPaBOii 9aCTUH KOTOPOTO BCE MHOXKECTBA JU3BIOHKTHBI My COOTBETCTBYET Da3siOzKeHHe
B oOpase:
o=zuxulJE,
leN
e Z' = f(2), X = f(Z), E] = f(E;), npudem m,(X') =0, a Z’ MoKeT HMeTb OJOKUTE/Ib-
HYI0 My-Mepy. Moxuo cuurars, uro f(By) C Z'UX.
Tenepsb MBI rOTOBBI chOpMyIUpPOBaTh CBOMCTBa (byHKIMU Ilosenkoro.

IIpengoxkenne 2 [19, reopema 1|. Ilpeiio/ioxum, 910 HEIPEPHIBHOE OTKPHITOE U JIUC-
kperHoe orobpazkenue f: ) — R"™ mpunajiexur Kiaccy W(}JOC(Q), g>n—1,J(x, f) >0
nouru Beroay, u f mveer koneunoe kouckaxkenue: adj Df = 0 mourw BCIOgy Ha MHOXKECTBE
Z={x€Q: J(z, f) =0} Torga

1) f coxpamsier opuenranuio;

2) orobpakenue gy, onpeieneHHoe papeHCTBoM (1), HEPEPBHIBHO, MPHHAIEKHUT KJIACCY
Cobonesa Wi (V) u umeer koneunoe uckaxenue, 1. e. Dgy(y) = 0 nourn scrofy na MuoxecTse
mysneii skobuana det Dgy(y). Bouaee roro, f(XU Z)NU) C {y € U: Dgy(y) = 0}, B
gacraocrn, f(ByNU) C {y € U: Dgy(y) = 0}.

BAMEYAHUE 2. Orobpazkenue ¢ (6, 1)-BecoBbiM OrpaHnveHHbIM (P, ¢)-UCKAKEHUEM B CULY
KOHEYHOCTH MCKayKeHUs MMeeT KOHEYHOe KOMCKAXKeHMe, U MO3TOMY COIVIACHO II. 3 OIpejieie-
Hug 1 ¥ IpeIIoKeHnIo 2 CoXpaHsdeT OPUEeHTALUIO.

Takzke HaM TOTPEOYeTCs CIIe/IyIOIee

IIpennoxxenne 3 [20, ciencrsue 4], Ilycrs romeomopgpusm ¢: Q@ — Q' obracreii npo-
crpaucrea R"™ npunasiexur kaaccy CoboseBa W(}JOC(Q), n—1< g < 00, 1 HMeeT KOHETHOE
kouckaxkenne: adj Dy = 0 nouru scrogy na muaoxecrse Z = {x € Q: J(x,¢p) = 0}. Torna
o6paTHELi roMeoMopgusM ¢~ npunanexur xiaccy Coboesa Wibc(Q/) U mMeeT KOHeTHOe
uckaxenue: Do~ (y) = 0 nourn serony na muoxkecrse Z' = {y € Q': J(y, ¢~ 1) = 0}.

Jtst Toro 9Tobbl 0Ka3aTh jgeMMy 1, Mbl CHa4aJia yCTAHABIMBAEM CJIEIyIONIAE JIEMMbI 2

3.

Jlemma 2. ITycrs f: Q — R™ — orobpaxenune ¢ (0,1)-BecoBbiv orpanmaenabiv (p,q)-
1

n

nckaxennem, n — 1 < q¢ < p < 00, a BecoBas Qynkiusa w(r) = 0 0= () jg0KagabHO
cymmmpyenma. Torna orobpazkenne gy, oIpeeseHnoe paBeHCTBOM (1), npunagiexxur Kaaccy
ACLP(V), e p' = ﬁ.

[Tepen Tem Kak chopMyIupoBaTh JeMMy 3, purcupyem obgacts D € . Ymaanm u3 Hee
MHOKECTBO TOUeK BeTB/eHus. Torma s Beaxoro x € D\ By maiimercs aucio 7(x) > 0 taxoe,
aro orkpeiThiii map B(z,r(x)) C D\ By u f uabexrusuo va B(z,7(x)). B cury reopemsr
Besukosuua B cemeiictse {B(x,7(x)): « € D \ By} Haiigerca cuernslii mabop mapos {5}
TAKUX, 9TO

D\Byc | JBj, > xs(=) <C(n),
jEN jEN
Ile LOC/Ie/iHee HEPABEHCTBO BBIIOJIHACTCA i Ji000it Touku © € D\ By, a nocrosunas C(n)
3aBUCHT TOJIBKO OT PA3MEPHOCTU [POCTPAHCTBA.

Coryacro npejyiozkennio 3 obparusie orobpaxenus h; = (f|p,) " : f(B;) — B; upunaj-
nexar kiaccy Cobosnesa Wi (f(B;)) u umeior koneunoe nckaxkenue. depes A; 0603HAqHM
bopesieBckoe MHOKeCTBO Todek y € f(Bj), B KOoTOpbIX oupesesena marpuia SAxobu Dhj.
Hockonbky h; € Wi npunamnexur xmaccy Cobomesa, my(f(Bj) \ A;) = 0. Ionoxus
Dhj(y) = 0 B roukax y € f(Bj) \ A;, noayunm 6openesckyio dyukuuio |[Dhj|: f(Bj) — R.
Ompesremy Gopestesckyto ynkmmio po = supjen |[DhjlX f(B;)-
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Iomoxxum
B]'?:{:EED:i(x,f):k}, k> 2.

Kaxmgass Touka = € B’; obsrastaer HOpMaJIbHOIN OkpectHOCThIO U C D. Tlokpoem mHOXKe-

CTBO B’]? TaKUMU HOPMaJbHbIMEU OKpecTHOCTAMU Up;, ¢ € N, m oboznaamm uepes gi; orobpa-
KeHus gy,,, oupenenennsle dopmysoi (1). Uepes Gy; obosHatum 6opesieBCKOe MHOXKECTBO
rouek y € f(Ug;), B KOTOpBIX Onpejesnena marpuna Axkobu Dgg;. Ilockonbky orobpazenue
gki cobosiesckoe, My, (f(Ug;) \ Gi;) = 0. Tonoxus Dgg;(y) = 0 8 roukax y € f(Uki) \ G,
nostyunm 6openesckue dyukuuu |Dggi|: f(Uk;)) — R. Oupeunenum 6openesckue yHkuuu
Nki = |DgrilX f(vy,;)- BBeneM Takxe 6opeTeBcKoe MHOKECTBO

F= U(f(Bj) \4;) U U(f(Uki) \ Gii)-
jEN k>2
€N
Jlerko Bujers, uro my,(F) = 0.
JIemma 3 (cp. c [10, I1.7.2]). ITycrs f: Q — R"™ — orobpazenue c (0,1)-Becobim orpa-

n—

HuYeHHBIM (P, q)-HcKaxenneMm, n — 1 < ¢ < p < 00, a BecoBas pyuknus w(x) =0 a-0=1 (x)
JI0KasIbHO cymmupyema. depes 'y obosnadnm cemeiicTBO 3aMKHYTBIX KPDUBBIX v B 0bsiactu D
TaKuX, 4TO JIHOO KpuBas f o o HecpsamMisgeMa, Jinoo f o o« CpsaMsgeMa I 110 KpaiiHei Mepe
OJIHO U3 CJEAYIONUX YCJAOBHE HEBEPHO:

1) ffoaxp ds = 0;

2) [foaPods < 00;

3) ecsn B — 3amKHyTast mojkpuBast Kpupoii « u || C By, 1o hj abco/oTHO HElpephIBHO
Ha f o [3;

4) ecom B — zamkHyTas nogkpusas kpusoit o u || C Uy, 10 gr; abCOMIOTHO HENPEPHIBHO
Ha f o [3;

5) ecou B — samkHyras noakpusas kpusoii o u |B| C Uy, 10 [ fop ki ds < 00.

Torga mod,y f(T'g) =0, rue p’ = 1%'

4. MonynpHbIE HEPABEHCTBA

Cdopmynupyem anamor mHepasenctsa Ilosernkoro (cp. ¢ |5, Teopema 1]).
Teopema 1. Ilycrs f: Q — R™ — orobpaxenune ¢ (0,1)-Becobim orpanmaenabivm (p, q)-

__n—1
uckaxkennem, n — 1 < q¢ < p < oo, a BecoBas Qynkiusa w(r) = 0 0= () jg0KajabHO
cymmupyema. Ecau I — cemeticrBo Kpusbix B obsiacru ), TO cpaBeInBO HEPABEHCTBO

(mod,y f ()7 < Ky (f: )" (mody )M,

!/ p !/ q
P = p=tn=1 4 = =(n-1)
Hepasencrso Ilosienkoro mmeer o6obienve, u3BeCTHOE B JUTEPAType KaK HEPABEHCTBO
Bsiicansa |6, 3.1|. Chopmyaupyem ero amasior.

Teopema 2. Ilycrs f: Q — R™ — orobpazkenue c (0,1)-BecoBbim orpanmdeHHbIM (P, q)-
n—1

uckaxkenneM, n — 1 < ¢ < p < o0, a Becoasg pyHknug w(x) = 0 0= (z) goKagIbHO
cymmupyema. Ilycrs T — cemeiicrBo kpusbix B 0, TV — cemeiictso kpusbix B R", 1 m —
MIOJIOKUTE/IBHOE 1ejioe 9ucjo. IIpenimonoxKumM, 4To BBITOJHSIETCS C/AEIYIONIee YCAOBUE: JIJIsd
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kaxnoit kpusoit 3: I — R™ B IV cymecrBytor Kpubre Q. .., B ' Takue, 4T0 JJIs Beex
x € Qut € I paencrso a;(t) = x cupasemBo He 6os1ee dem s i(x, f) 3Ha4deHnil nHIeKca j.
Torma

0,1 ¢, -1
Kpjq (f; )"

n1/p’
(mod, I) LS mi/e

(mody) )/,

r_ _»p I_ _ 4
P = o=ty 4 = =(n—1)
13 reopems! 2 BeiBOonuM (cp. ¢ |5, Teopema 2|)

Caencrsue 1. ITycrs f: Q — R™ — orobpaxenne ¢ (0, 1)-BecoBbim orpannuennbim (p, q)-
n—1

uckaxkenneM, n — 1 < g < p < o0, a Becoasg pyHknusg w(x) = 0 0= (z) goKagIbHO
cymmupyema. Ecan D — nopmasbuast obmacrs st f, T — cemeticrso kpusbix B f(D), T' —
cemericTBo KpuBBIX o B D Taxoe, uro foa € IV, T0o

Koa(f;)m!

, n1/p’
Cmody T S 7N (7, oy

(mody DR
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ESTIMATES OF MODULI OF CURVE FAMILIES
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IIJIOTHOCTDB ITPOCTPAHCTBA JINSOPKWHA
B I'PAH/I-ITPOCTPAHCTBAX JIEBEI'A

C. M. ¥YmapxamKuesn
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JlokazaHa [WIOTHOCTD LIPOCTPAHCTBA JIN30PKUHA B HEKOTOPOM [IOIIPOCTPAHCTBE IPAH/-IIPOCTPAHCTBA Jle-
Gera Ha OTKpBHITOM MHOXKecTBe ) C R™.

KurroueBbie cjioBa: rpasHa-upocTpaHcTBO Jlebera, mpocrpasHcTBO JIM30pKuHA, HIOTHOCTH OECKOHEYHO
muddepernupyembix byHKIT.

1. BBenenue

Paccmarpusatorcs momudukanuu mpocrpancts Jlebera, Ha3biBaeMble IPaH-IIPOCTPAHCT-
Bamu Jlebera. Takwme mpocrpancrsa Lp)(Q), 1 < p < 00, IO OrpaHUYEHHOMY MHOYKECTBY
Q2 C R" Beesm B 1992 . T'. Iwaniec u C. Sbordone [11]. OmepaTopsl rapMOHIYIECKOTO AHATI3A
MHTEHCUBHO HCCJ/IEJJOBAJIUCh B TaKUX IIPOCTPAHCTBAX B IIOCJ/I€JHUE I'OJbl U OHU IIPDOIAOJIZKAIOT
[PUBJIEKATH BHUMAHUE UCCIE0BATEEI B CBA3M C PA3IMIHBIME UX TpHiokerusMu (cM. [5-10],
[13-15]).

B crarbsx [2, 17, 18, 20] upe/yiozKeH 1104X0/1, HO3BOJIAIONIMI BBECTH I'PAH/I-IIPOCTPAHCTBA
JleGera Lg)(Q), 1 < p < oo, a € LP(Q), Ha OTKPHITHIX, HEe 00A3ATEJIBHO OIPAHUYEHHDIX,
mmuoxkectBax ) C R”. JleficTBug MakcuMaJjbHOrO omeparopa Xapanm — JluTTtiasyma, omepa-
topoB Kasbiepona — 3urmysia u noreniuasia Pucca B rpanj-npocrpancrsa Jlebera Lg)(Q)
uccae0Banbl B paborax [1, 3, 19].

U3Becrro, aro kmacc Ci°() wioren B mpocrpancrsax Jlebera LP(§2), 1 < p < co. B cra-
ThE JIOKA3aHO0, 4TO B rpas/-npocrpancreax Jlebera Lh () muoxectso «xopommx» dyHKimit
HE SBJISIETCH TJIOTHBIM, HO OHO ILJIOTHO B HEKOTOPOM IIOJMHOYKECTBE IMPOCTPAHCTBA Lg)(Q)
(memma 2.6).

[Ipu u3yyeHun ornepaTopoB THUIIA MOTEHITNA/IA OKA3AJIUCEH I0JIE3HBIMI OCHOBHBIE IIPOCTPAH-
crea & — npocrpancrsa JIuzopkuna. B kuurax [4, 16] jokazana mwiorHocrs Kiaacca ® B LP(2),
1 < p < oc0. Teopema 3.1 pacnpocTpaHseT 3TO YTBEpXK/IeHNE HA HEKOTOPOE MOJIPOCTPAHCTBO
IpaH-TpocTpancTBa Jlebera Lg) (Q).

© 2015 Ymapxaekues C. M.
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2.1. I'pang-upocrpauncrsa JleGera Lg)(Q) u Lg)(Q)

2.1. OcHoBHbBIE Onpe/ieJIeHnss U HEKOTOPbIe cBoiicTBa. Ilycrs ) — oTKpbITOE IOJI-
MHO2KEeCTBO npocTparcrBa R™ u w — Bec Ha (), T. e. HeOTPUIATE/bHAS JTOKAJIBHO UHTEIPUPY-
emas (DYHKIHA, OIpeIeIeHHas 1 HepaBHasd HyJ/IIO IIOYTH BCoAy Ha §). Becosble mpocTpancTsa
Jlebera LP (), w) onpenensirorcs HOPMOit

1f 1l zr () = {/!f(w)!pw(w) dw} , 1<p<oco
Q

IIpr w = 1 mbr oumem LP(Q).
I'pang-upocrpancrsa Jlebera Lp)(Q) [0 OTPAHUIEHHOMY MHOYKECTBY ) OIIpeIesIaroTCs
HOPMOi1

1
||f||LP)(Q) = sup 7| fllLr-e()-
O0<e<p—1

IIpocrpancrsa Lp)(Q) Obl/IM BBEJEHB! U M3YYEHbl B BblllIEyKa3aHHbIX paboTax Jist dyHK-
Ui, OIpPe/IeJIeHHbIX Ha OrpaHuYeHHbIXx MHOXKecTBax 2 C R™. B crarpax |2, 17, 18, 20| 66wt
[IPEJIJIOZKEH 110/1X0/1, [I03BOJILIONIMIT BBECTH I'PaH/I-lIpOCTPaHCTBa Jlebera Ha MHOXKECTBAX 11PO-
U3BOJIbHOI (HEOrPAHUIEHHOI) MepBI TOCPEICTBOM HEKOTOPOil HEOTPUIATEIbHOM (DYHKINA a:

O0<e<p—1

LD(Q) == {f: sup E/ |f(z)Pfa(z)® dx < oo},
0 (1)

1
Wlipey= 32 =W ls@ae

Ob6o3matnm gepe3 Lg)(Q) (Lg)(Q) npu a = 1) moANpPOCTPAHCTBO IPOCTPAHCTBA Lg)(Q),

cocrosiee n3 Qyaknuit f € Lg)(Q), JLTST KOTOPBIX

e—0

Jim / £ ()P [a(2)]F dz = 0.
Q

IIpu a € LP(Q2) umeer MeCTO IENOYKa BIOKEHHI
LP(Q) C LP(Q) C LP(Q) € LP~51(Q,a%) € LP™2(Q,0%2), 0<e;<ea<p—1. (2)

[IpuBenem mpumepsr yHKIMI, TOATBEPKIAIONIUX CTPOrOCTH I[EPBBIX JABYX BJIOXKEHUIT
B (2).
A
[Mpumep 2.1. fo(z) = 2 (In (%)) r,x e (0, %) )
fo €LP(0,1/e), A>1;
fo €L(0, 1/e), A >0;
fo €LP)(0,1/e), A= 0.

1
Heiicrpurensio, aas A > 1 mveeM || fol| r(0,1/¢) = {7 t=Adt}r < oo.
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[Ipu A = 0 mosyunm

1/e 1

p—e 1
—_14+£ - £ —e
1 foll ) (0,1/e) =, sup {6/:17 o dm} = sup (pe P)p < 00.
0

<e<p—1

ITycrs 0 < A < 1. Torga

1/e 00

A
S(p—e)
_ Ay =2 (p— e A<l
E/]fo(x)\p Sdp —ep® a)/e vy S(p a)dyN . 50, £—0.
1—er, A=1
0 €
Boraromaps coeayromeii iemme B JajbHERNIeM HEKOTOPbIE BBIKJIAIKU OyyT CyIIECTBEHHO
YIIPOIEHEI.
JIemma 2.2. Ilycrs a € LP(Q2). Hopmer || f]
KOHCTaHTa, 9KBUBAaJICHTHBDI.

ey 1 HfHL,c,g(Q), e ¢ — HOJIOKHUTeIbHAS

B nmanpmeiimeM, OCHOBBIBasCh Ha JieMMe 2.2, B KadecTBe MapaMeTpa a B OIpee/IeHIN

IPAH/I-IPOCTPAHCTBA Lg)(Q) OyZieM paccMaTpUBaTh HEOTPHUIATETbHBIC U HEPABHBIE HYJIIO I10-
aru Beogy Ha ) dynkinun uz kiaacca LP(§2) rakue, aro

lall e () = 1.

IIycrs § € (0,p—1). B rpang-npocrpancrse JleGera Lg)(Q) Kpome HOpMbI (1) paceMorpum
erie HopMy
1
HfHLZ)(Q;(S) - oiggaepig 1£1l2o-2(0.00)-

JIemma 2.3. Ilycrs a — Bec uz LP(QY). Torua nopmst || f|]
HBL.

Lg) (Q) n ||f||LZ)(Q,(S) S9KBUBAJICHT-

< Hepasencrso ||f]| ) < HfHLZ)(Q) ouesuyHo. Ilycrs 0 € (0,p — 1), nokaxewm, 410

LD (6
cymectByer uucyio Cs > 0 Takoe, ITO

HfHLZ)(Q) g C5||f||L§)(Q;6)' (3)
Nnmeem
110 = max {71l 5y Bs -
rae
1
Bs= sup ev==|fllLr-c(qa0)-
6<e<p—1
[Ipumenus mepaBeHcTBO ['éB€Epa ¢ MOKa3aTETAME T = g%g >1,r = ’E’T_g, OJTY IiM

1 1

p—e P
1Nl o< (,00) = </|f|p_5a5 dx) — </|f|p—€afa6—f d:p)
Q Q

TS50
< fllpe-5(0,00) /ap dx = || fllr-5(0,a%)-

Q
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CnenoBaTesbHO,

1
Bs < sup  er || fl|pr-s(0.a0)
d<e<p—1

1 1 1 1
_ p—<e8 p-3d5p-2 _ < — T pd .
5<§1i£)_1€1’ 6 3673 || f| 1o 5(Qa®) X (p—1)0" 7 ”f”Lg)(Q;cS)

910 [aer omeHKy (3) ¢ KOHCTAHTOM

Cs = max{l,(p— 1)5_715}. >

Jlemma 2.4. MHuoxecTBO Lg)(Q) ecTh 6AHAXOBO IIPOCTPAHCTBO OTHOCHTEILHO HOPMEL (1).

Jlokaz3aTe pCTBO JIEMMBI IPOBOAUTCS CTAHIAPTHBIMU PACCYKIAEHUAMU. [l MOTHOTHI M3-
JIOYKEHUS Mbl IIPUBOJUM €I'0 B IPUJIOKEHUH.

Jlemma 2.5. IIpocrpancrBo Lg)(ﬂ) 3aMKHYTO OTHOCHTEbHO HOpMbI (1) 1, ciegqoBaresin-
HO, €CTh MOJIPOCTPAHCTBO IPOCTPAHCTBA Lg)(Q): Lg)(Q) ¢ Lg)(Q).

< Tor dakr, uro Lg)(Q) ¢ Lg)(Q) BuiHO u3 npumepa 2.1. Yrobsl JoKa3aTh, 4TO MHO-
JKECTBO Lg)(Q) 3aMKHYTO 110 HOpMe (1), pacCcMOTpHM IOCTIEI0BATEIBHOCTD { f} 9s1eMeHTOB
u3 Iig)(ﬂ), CXOASIYIOCs. K HeKoropoit ¢dyukuun f. B cuity Biaoxkenus Lﬁ)(Q) C Lg)(Q) u
[IOJTHOTBI IIPOCTPAHCTBA Lg)(Q) dyuKIHA f TpUHAITEKAT Lg)(Q). Ocrajioch 1moka3arb, 4TO
FelPQ), e

lim ¢ / @) Pla(@)f dz = 0.
Q

Nneem

{a / \f(x)\p—f[au)rdx}” <If = Fill gy + { / rfk<x>rp-€[a<x>rdx}
Q Q

[IepBoe ciraraemoe MOXKHO CIA€IATh CKOJIb YTOZHO MAJIBIM JIJIsI JOCTATOYHO OOIBIINX Kk B CHILY

pP—E€

[IOJTHOTHI IIPOCTPAHCTBA Lg)(Q), a BTOpPOe — g JIOCTATOYHO MAaJIbIX € B CHUJIy TOI'O, YTO
frelP(Q). >

2.2. IlnoTHOCTH MHOXKECTBA TJIAAKUX (DYHKIIU

Teopema 2.6. IIycrs Q@ C R", a — Bec u3 LP(Q), 1 < p < oco. Torua muoxecrso C§°(£2)
IJIOTHO B Lg)(Q).

< JlokazkeMm cHadgaJjia, YTO MHOXKECTBO OIPAHUYEHHBbIX (DYHKIWI [IJIOTHO B L‘?(Q) [Torom
JTOKAZKeM, ITO JTIOOYI0 OTPaHIIEHHYO (DYHKITUIO MOYKHO TPUOJIU3UTD IO HOPME MPOCTPAHCTBA,
Lﬁ)(Q) beckoreuno muddepernnupyeMbIMu (GUHUTHBIME (QYHKITHIMA.

1. Ilycrs f € Lg)(Q). Hyxmo moxasaTh, 9TO CYIIECTBYET IIOCIEI0BATEILHOCTH OTDAHU-
geHHbIX QYHKIMI fy Takas, 910

0
(V6 >0) BNo) IIf = fvllppgy <5 (VN = No). (4)
[TocTpouM Takyio MOCIEN0BATENLHOCTE C IIOMOIIBIO «CPe30K» [y JaHHoil GyHKImun f:

i@ e
I )_{0, f(z)] > N.
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ITo ompesesnenuio Kiacca Lg)(Q) umeeM lime o € [ | f(x)[P~*[a(z)] dz = 0. CremoBarens-

HO,
1

(ep > 0) {5/ |f ()P~ la(z)]® d:p}ps < g (Ve < ep), (5)
Q

riae § u3 (4).
Torma

1

I£ = ¥llin ey = su { / |f<:c>|p-€[a<:c>rd:c} = max {01, 8},

e<p—1

En
e Ey={xeQ: |[f(x)]>N}u

1

B(N) = sup { / \f(x)\p—f[a<x>rdx}”,
€0 EN

1

5(N) = sup { / \f(x)\p—f[au)rdx}“
go<e<p—1 By
c go u3 (5).

Mo 01(N) B cuny (5) u Bnoxenns En C € mosydum

51(N) < sup /If NP la(x)] d <

0<e<eg

Hnsa onenkn Besmumnbl O2(N) BOCIOIB3yeMCs HepaseHCTBOM ['€ibepa ¢ nokasaresiem
_ P—<0 .
r=o— > 1:

p(e—eq)

BN < swp e { / @) P a(x) d:c} { / [a(w)}ﬁdx}
<up{E/ F@Pla@)F d} p—1) { / F@)P (@) dx}

CureroBaTEIBHO, CYIIECTBYET HATYPAIbHOE YUCI0 N TAKOE, 9TO

)
52(N) < 5 (VN > NO).
Taxum obpazom,
)
If =l <5 (VN = No),
970 ¥ TPeDOBAIOCH JJOKA3ATh.
2. Ilycrb menepp f — orpanuuennasi Ha ) yHKIug u3 Lg)(Q). CuretoBaresibHO,

feLP<(Q,a®) gna modoro € € (0,p —1). B cuny mwrorHocrn mHOXKectBa C°(Q2) B LY(€2),
0
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q = 1, moxmoO BeIGpaTh dynkmmo @ € CGO(S2) Takoit, 9ro ||f — ¢[|pr—<(q,ac) < ﬁ. Toraa

HOJIY YAM

| >

1
1F =l =, S e If = @llLr—<(@,a) <
1, nakoner,

I = el ) < IS = fooll g g + 10 = ellp g <0

49TO ¥ TPeOOBAJIOCH J0KA3aTh. >

3. IIpocrpauctBo ¢

Boigesmm B npocrpancrse [Isapua S(R™) noxnpocrpancrso

U={yp:9pes (Dy¢)(0)=0, |j|=0,1,2...}

DYHKITHIT, ICIEIAONUX B HATAIE KOOPIHHAT BMECTE CO BCEMU CBOWMU TTPOU3BOIHBIMI.
Paccmorpum Teneps kinacc ®, npoiictsennsiii Kk W, cocrogmuii u3 npeodbpaszosanuii @ypobe
dyukunit uz U: R
<I>:{<p: =1, zpe\I/}.
UsBecrro (cMm., mampumep, |4, 16]), aro kracc ® cocTOUT U3 TEX U TOJBKO TEX MIBAPIIEBCKUX
dyHKIU, KOTOPbIE OPTOrOHAJbHBI MHOTOY/IEHAM:

/xjgp(x)da: =0, [|j|=0,1,2,...
Rn

B monorpadusx [4, 16] mpuBeieHo J0KA3aTEILCTBO IIOTHOCTH Kaacca ¢ B mpocTpancTBax
Jlebera LP(R™), 1 < p < oo. B caepyromieit Teopeme Mbl PaCHpOCTPAHSAEM TO yTBEDZK/EHUE
na LE(R™).

Teopema 3.1. Kmnacc ® mioren B momnpocrpaHcTse 132) (R™) mpocrpancrsa Lg)(R”),
1 <p<oo.

< Ilyers f € 132) (R™) u 6 > 0. HyxHO nokasarb, 4To CyHIECTBYeT MOCJEJI0BATEIbHOCTD
dbyuximit o € ® Takas, uTo g Besakoro 0 > 0 mepasencrso ||f — on|| @) < 0 BBIIIOJI-
Hsiercs npu Becex N, 6osibmmx HekoToporo Ng.

Tak kak 1o semme 2.6 muoxkecrso C§°(R™) mwiorHo B iv (R™), o cymecrByer dyHKims

fo € C§°(R™) rakas, 4ro

0

||f - fOHLg)(R”) < 5
Tenepb ocranochk npubu3uThb fo dyaxiuavu u3 ®. Ij1s 9T0ro Mbl OCTPOUM MOXOIATIILY FO
[OC/IEIOBATEILHOCTD, PACCYKIasi aHAJOTUIHO MpHBeJeHHBIM B |4, c. 22, 23| u [16, c. 42]

paccyxenusm. s fo € Cg°(R™) paccmorpum nocsteioBarebHocTs byHKIi

N(@) = fola) / K(t)folx — Nt) dt,
J

rae k(t) — upoobpas @ypse dynxnuu 1 — p(N|z|) € Cg(R™), p(r) =1 upur > 2, pu(r) =0
npu 0 <7 < 1u0 < p(r) <1. Oyakuuu ¢y npuHaIe)Rar Kiaccy @, u mocae10BaTeIbHOCTD
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{¢n} cxomures o Hopme npocrpancrsa LP(R™), 1 < p < oo, k dbyskiun fo. Caenosarenbho,
cymecrsyer Homep Ny, Takoil 4To
1o~ nllisier) < grogs (VN > No)
0 — PNI|lLr(R™) 20p— 1) 0)-

[lepexosst K HOpMe B IPOCTPAHCTBE Lg) (R™) u npumenus HepaeHcTBO ['E/1biepa, MOy duM

1

uh—wNuﬂwf:sm>{s/uam—wmmWHmmrm}
Rn

O<e<p—1

1 0
< swp e lfo = onlliren) < 5
O<e<p—1

9TO 3aBeplIaeT J0Ka3aTeJbCTBO. >

4. Ilpunoxenne

JIOKABATEJ/ILCTBO JIEMMBI 2.4. Bocmosibsyemces cxemoii mokasarenbersa u3 [12]. Ilycrs

{fr}, £ =1,2,..., — nocaepoBarensuocrb Komu n3 Lg)(ﬂ), T. €. jus soboro § > 0 cyme-
CTByeT HaTypaJbHoe 4ncyo N Takoe, 94To JjId Beex k,m > N BBIIOJHAETCS HEPABEHCTBO
5

||fk‘ - meLZ)(Q) < g

Nmeem

1 )
1fe = fll 12 ) = N 1k = frnllo-c@.00) < 3
Cnenosarenbho, { fi} — nocaenosaresnsrocrs Komu B npocrpancrse LP~¢(§2, a®) as maro6oro
e € (0,p—1) u nycrs f ecrs ero npegen B LP~E(Q, af).
[lycts k& > N. llo ompejenenuto cympemyMma CyIIeCTBYeT YHUCJIO €, 3aBUCHAINEE OT K,
0 < eo(n) < p—1, rakoe, uro

1

1 — 1)
If - fk\\Lz;)(Q) = 0<§1<113_15"’6 1f = fellr—e(as) <o CIf — fk”LP*EO(Q@EO) + 3

Bouiee Toro, cymecrByer marypaJibaoe ucio Ni Takoe, 9ro st m > Np

1
e 1)
g0 CIlf = fnllr-co(0ac0) + 3

ITosromy
1

1 = Fell gy S €0 I1fm = fillLo—=o(,a%0)
! 6 6 o6 9

+€(1])7—50||fm_f||L7’*50(Q,a50)+§ < §+§+§ = 0.

Takum obpazowm,
”f - fk”Lg)(Q) < 5
e Jiroboro k > N.

Agsrop Beipaxkaer 6iarogaprocts npodeccopy C. I. Camko 3a nosie3noe 00Cy K /IeHIE Pe3yJIbTaTOB
paboThl M PENEH3EHTY 3a 3aMEYaHKs K IIEPBOHAYAILHOMY TEKCTY CTATHH.
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DENSENESS OF THE LIZORKIN SPACE IN GRAND LEBESGUE SPACES

Umarkhadzhiev S. M.

Denseness of the Lizorkin space in some subspace of a grand Lebesgue space on an open set Q C R" is
proved.

Key words: Grand Lebesgue space, Lizorkin space, denseness of infinitely differentiable functions.
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VIIK 517.984.64

O BOCCTAHOBJIEHNH OIIEPATOPA PA3JEJIEHHOII PABHOCTH
I[TO HETOYHO 3AZTAHHOMY IIPEOBPA3SOBAHUIO ®YPBE

C. A. Yuyuek

B pabore paccmarpuBaeTcs 3a/1aa BOCCTAHOBIEHUS k-i pa3e/IeHHOIl PA3HOCTH II0CIeA0BATEILHOCTH IPHU
yCJIOBUU, 9TO HPUOJIMKEHHO U3BECTHO IpeodpazoBanue Pypbe 3TOI 1IOCIEN0BATEILHOCTA HA HHTEPBAJIE.
ITocTpoen onTUMaJIbHBIN METO BOCCTAHOBJIEHUS .

KimroueBble cjioBa: OLTUMAILHOE BOCCTAHOBJIEHHUE, SKCTPEMAJIbHAS 3a/1a4a, Pa3/ie/leHHasd PA3HOCTh, LIpe-
obpazoBauue Pypnbe.

1. BBeneunune

3a/iaua ONTUMAJIBHOI'O BOCCTAHOBJIEHUS JUHEHHOrO (DYHKITMOHAJIA [0 3HAYEHUSAM JPYTHX
JHeHbIX GyHKIMOHAI0B Bliepsble Oblia nocrasieda C. A. Cmossikom [1] B 1965 r. B ocho-
Be 3T0# paborel jexaan wien A. H. Komvoroposa o mammydreM TpuOIIAKEHIN HA KJIACCE
dbyukuuit, uznoxkennsie B paborax [2] u [3]. Bazada 06 onTUMAILHOM BOCCTAHOB/IEHUH 110
HETOYHO 3aJaHHOil nHboOpManuu OblIa mocTaBieHa B pabore |4|. B mammoii pabore m3yda-
ercs 3a/[a9a BOCCTAHOBJIEHUsI CAMOM MOCIe0BATE/IbHOCTU WK ee k-l pa3/iesIeHHOM pa3HOCTH
(1 <k <n—1)B cpeHEKBAAPATUIHON HOPME 10 HETOYHO 33/TAHHOMY Ha MHTEpBaJe Mpeod-
pazoBanmio Pypbe JAHHON MOCIETOBATEIBHOCTH B PABHOMEPHOH HOPME Ha, KJIACCe MOCIeI0Ba-
TeJIbHOCTENl C OFPAHUYEHHON N-il pa3jie/leHHoll Pa3HOCThHI0. 3aja4a OJIHOBPEMEHHOI'O BOCCTA-
HOBJIEHUSI HECKOJTBKUX PA3IEJEHHBIX PA3HOCTEN PA3IUIHOTO MOPSAKA O HETOYHO 3a/IaHHOM
[IOCJIeJOBATEILHOCTH C OrpaHUYeHHON n-i pa3fe/ileHHOI pa3sHOCTBIO B CPEIHEKBaJpPaTUIHOR
HOpMe paccMarpuBaiach B pabore |5]. Bamada BoccranoBienust DyHKIWMHA U ee k-ii mMpPOM3-
BOJHOM 110 HETOYHO 3aJaHHOMY npeodpazoBanuio Pypbe d10it DyHKINM pPACCMATPUBAIACH
B pabore [6]. Pesynbrar, mosydeHHblit B 1aHHOW paboTe, B MPEIEJBLHOM CIIydae MEPeXOIUT
B pe3yJibTar, 1oJy4YeHHblil B pabore [6].

2. OcHOBHbIE IOHATUA

Pacemorpum mpocrpanctso Uy 5 (Z), h > 0, Bcex mocieoBaTebHOCTel & = {T;} je7 TaKux,

qTO
S lail? < oo, Nl @ = 2D |l

= JEZ

1/2

Hanomuum onpejesienne oneparopa pa3ieaeHHbIX PA3HOCTEN:

A}L.’L’ =Apx = Ti+1 — Xy , AI;L.ZL’ = Ay (A]fl_lx)
h JEZ

© 2015 Yuyuek C. A.
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Obo3HaunM

$2nh(Z) = {a: € lg,h(Z) : ”AZ‘T”th(Z) < 1}7

)

L oo(L) = {x € L3)(Z) : (F2)(-) € Loo([=7/h,m/])},

e obpasom Pypee nociepoBarensbHocT & = {Z;}jez € lop(Z) apasiercs bynkms

(Fa)(w) =hY_zje " € Ly([—n/h,7/h]).

JEZ

Ob6pazavu @ypbe /g 0IEPATOPOB Pa3/e/IeHHbIX PA3HOCTEN SABJIAI0TCA (PYHKIINN

(FAw)(w) = by L =i

JEZ
1 . . »
— E (h’z xj+1e—z(j+1)hwezhw —h Z xje—mhw>
JET i€z
(G+1)h —ijhw eihw -1
th e U th] J :T(Fx)(w)
JEL JE€EZ
CrenoBare/ibHO,
A (ez’hw _ 1)k

o n
[TycTb a5 KazKa0i 1M0C/IeI0BATENBHOCTH X € thm(Z) TAKKe LIPUOIUKEHHO U3BECTHO
ee npeobpasosanne @ypre Ha MHOKecTBe (—030), 0 < w/h, B Merpuke Lo (—0;0), T. e.
u3BecTHA HEKOTOpast byHkiusa y € Lo (—0; o) Takas, 4ro

[(Fz)(-) —y(- HLOO( o) S 0.

3a/1ada COCTOUT B ONTHUMAJILHOM BOCCTAHOBJIEHUHU JIMOO CaMOIl IMOCIeI0BATEILHOCTH, JTUO0
omepaTopa PasJeeHHoil pasHocTr k-ro mopsijika mocegoBarenssoctu & € ZoY o (7).
K 9
B kadgecrBe MeTo1a BOCCTAHOBJIEHHSA PACCMOTPHUM BCEBO3MOXKHBIE OTODPAKEHUA

m(y) : Loo(—030) = loy(Z).
ITorpemnocrbio Merosa m OyjieM Ha3bIBATH BEJTUYUHY

(oo @) bm) = ) I(ah) = m(y(DIl,, )
Y€ Loo (—030),
IFD) OOl oo - 010/ <6

HOFpeLHHOCTbIO OIITUMAJIBHOI'O BOCCTAHOBJICHUA HA3bIBACTCA BEJINYMHA

E("ng,Lh,oo(Z)? k, 5) = inf 6(9%27?;%00 (Z), k, (5, m) .

m: Loo (—030) =12 1 (Z)

Meros m, Ha KOTOPOM JIOCTUTIAETCs HUXKHSISI PaHb, Oy/IeM HAa3bIBATH ONMUMGALHYM MEMO-
dom.
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3. OcHoBHOII pe3yJibTaT

()_|eih“’—1|2_ 2sin 2\ 2
g\w) = h2 - h ’

0 — pelienue ypaBHEHUs f_ag 9" (w)dw = %—’;, oo = min(o,0).

Ionoxxum

Teopema 1. IlorpemnrHocTh ONTHMAJIBHOTO BOCCTAHOBJICHUST PABHA

VQ, oo < m/h,
E(L o0 (Z), K, 0) = \/ﬁ [ g*(w)dw, oo=n/h,

2w
|lw|<m/h

e

2 2
Q= ;S_q / g (w) dw + ¢""(00) (1 - ;5_77 / 9" (w) dw).

lw|<oo lw|<o0

IIpu o¢ < 7/h merox m(y) rakoii, 4ro

F’I’/f\l,(y) _ Oé((x))y(OJ), ‘w’ < 00,
07 |UJ| > 00,

(o ()Y e
““‘”‘(1 ) ) T

apistercs onruMaabHbIM. Ilpn oy = w/h merox m(y) rakoi, 4ro

eihw _ 1\k
Finy) = )

e

ABJIACTCA OIITHMAaJIbHBIM.

4. /Toka3aTejabCTBO

Jlemma 1. Hmeer mecTo HEpaBEHCTBO

B(LhoolZ), 1 0) > A .
(Bpe@ib0) 2 s el
[(Fz)( )| oo (—o30) <O

(2)

< st mo6oit mocsiefoBaTebHOCTH & € 25", o (Z) TaKoil, 9TO BBIIOIHEHO HEPABEHCTBO
1"y

1(FZ) ()| Lo (—oi0) < 9, 1 jy1s1 s1106010 MeTOIA M MMEeM

2kl e = 185 - A52) +m©) - mO)],,

< HAI;L('Z') - m(O)Hth(Z) + HAI;L(_'Z.) - m(O)ng’h(Z) < 26("%27?h,oo(z)7k757 m)7

T. e. JJIs JTIOOOTO METOoma 1M

(Lpoe@hbm) > s (Bl
I(F2)O Lo (— 30y <O

Orcioga cienyer HepaBencrso (2). >
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JOKABATE/ILCTBO TEOPEMEI 1. 13 memmbl 1 cegyeT, 9T0 IOTPENTHOCTH ONTUMAJIBHOTO
BOCCTQHOBJICHUYA HE MEHbIIEC 3HAYCHUA SKCTpeMaHbHOﬁ 3a1a49n

HAszlz,h(Z) — max,

n (3)
HAh$Hl27h(Z) <L H(F$)(W)HLOO(—U;U) <o

[lepeiigem k kBaapary 3agaqu (3) u 3anumem ee B obpasax Pypoe. Ilo reopeme [Lnanmie-

pesda nMeem
mo112 1 m 2
AR leM(Z) = or [ F(A] x)(w)HLz([—W/h,n/h])’

9 1 |eihw _ 1|2m )
A7y, @ = 55 g [P de.
(wl<n/h

Tem caMbIM, IPUXOIUM K CIEIYIOIIEN 3a1ade:

1 ‘eihw . 1‘2k
o Tk ’(Fﬂi)(w)]2 dw — max;
|w|<m/h
1 |ethw — 1|20 ) ) ) (4)
o e |(Fo)W)Fdw <1, [(Fr)(w)]” <6
|w|<7/h

. n
JUls IOUTH BeeX w € (—030), x € L3, (Z).
[Iycrs 0 > 0. Tlokaxewm, 4To 3Hauenue 3aja4u (4) HE MeHbIIE, YeM

52 7 i
%/Ag(w)dw.

Beegem dynknmio p(w) = %|(F:E)(w)|2dw > 0. Torma 3azaqa (4) npunuMaer Bu

g% (w)p(w) dw — max;

|w|<7/h
52 (5)
g wplw)dw <1, pw) < 5.
w|<m /R
2 we(-5;5
Honoxkum plw) = § 2™ 7
0, w¢(—0;0).
Tak kak R
52 f
§@)pw) o= [ g @) do=1,
|w|<m/h -0

To dbyuknua p(w) gomycruma B 3agade (5), T. e. 3HAUEHUE STOI 334 He MEHbIIe, TeM

52
T2
|w|<m/h —c

g"(w) dw.
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Ilpu o > 0 uMmeem, 9TO
52 7
B (23, 0(Z),K,0) > - /gk(w) dw,
b b 7-(-

T. €. HOJIy4YeHa OLEHKa CHU3Y IIPU 0( = 0.
Pacemorpum ciiyuait 0 < 7, o < 7/h. onoxum

S(m) = ﬁ(l—% [ weras).

|w|<o

IIycrs m jocrarodno 60JiblIOe HATYPAJbHOE YUCJIO TAKOE, YTO BBIIOJIHSETCH HEPABEHCTBO
o+ % < . Pacemorpum mocnenosaresHOCTD DYyHKIWHI Ty, 718 KOTOPOIL

57 w e (_O-;O-)v
(Fxp)(w) =4 S(m), o<|w| <o+,
0, lw| >0+ L.

Hepapenctso o |(Fay,)(w)]? < % BBIIIOJIHEHO T Beex |w| < o. asee, nmeem

o ‘7+%
1 / g"<w>r<Fxm><w>\2dw=i(2a2 / §"(w) deo + 25 (m) / g”(w)dw>
0

2 2w
|w|<7/h

1( 5 i ™n 52 r 1 1
< = n _oonm . _ n L n - _
< (5 /g (w) dw + n( 1) (1 0/9 (w)dw> g <a+ >> =1,

0

o

T. €. [OC/IeJI0BATELHOCTD (DYHKIHUIT Xy, JOIycTUMA B 3aade (4). 3uadenue 3Toil 3a1a4du He
MEHee BeJIMYIUHBI

o ‘7+%
o / gk<w>\<Fxm><w>\2dw=%<2az / ¢ (@) dw + 25%(m) / g’%w)dw)
wl<n/h 0 o

1 [ & am 2T 1,

0 0

IIpm m — oo BennWUWHA, CTOLAIIAS B IPABOM TACTU, CTPEMUTCI K

Q= <5;/gk(w) dw + g* () - <1 - ij/gn(w) dw)).

0 0

Tem cambM, MBI [OKa3aaW, 49T0 mpu o < 0, 0 < 7/h COpaBemIMBO HEPABEHCTBO

E2( 27}h,oo(Z)7k775) > (L
B cayuae 0 = § < 0 momoxum (Fz)(w) = 0, |w| < 7. Torma, mOCKOIbKY BBIIOIHEHO
2T o Ndo — 1.6 > T n
pasercrBo 35— [7-¢g"(w)dw =1, ¢ > ¥, dbynknus ¢g"(w) HEOTpHIATENbHAS, TO BBHIIOIHEHO

HEPABEHCTBO
2

1 n 2 _5 n
o / & (@) (Fa) @) do = £ / (W) dw < 1.
lw|<m/h |w|<m/h
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D10 o3madaer, uyro dyHKwsd z(-) gomycruMa B 3ajade (4) u 3HaUEHHE 33]aYl HE MEHee Be-
JIMYMHDBI
52
o g"(w) dw.
T

Tem caMbIM Mbl MOKa3aJix, 9ITO

\/ﬁ, oo < 7T/h,
E('iﬂ;h,oo(z)’k’é) = 2 f gk(w) dw, o) = 7T/h

2m
|w|<7/h

[Iycrs 09 = min(0,7), 09 < /h. Hokaxem, aro merog M : Loo(—0;0) = lp p(7Z) Takoi,
qT0

Fﬁl(y) _ Oé((x))y(OJ), ‘w’ < 0y,
07 ‘w’ 2 go,

ABJIACTCA OIITUMAJIBHBIM.

JI71sl OTleHKW ONTUMAJIBHOM TOTPEITHOCTHA BOCCTAHOBJ/IEHUS PAa3/le/IeHHBIX PA3HOCTel pac-
CMOTPHUM IKCTPEMAJIBHYIO 3a/1a9y

1Rz = W), , 2 = max, [[(F2)() = yO)ll gy <6

(6)
T € i@’fh’oo(Z), y € Loo(—0;0).

B obpazax @ypbe KBaapaT 3a1a9d IPUHAMAET BHU/T
A/
27

‘w‘<0'0
+

oo<|w|<T/h

2

thw _ 1 k
(e™ — )" o

hk

Fa(w) = a(w)y(w)

ihw 1‘2k
h2k

e |F:E(w)|2dw) — max,

|Fa(w) - y(w)® <6
JUISL IOYTH BCeX w € (—0,0),

1 |eihw _ 1|2n

lw|<m/h

[Momoxkum z(w) = Fa(w) — y(w), |2(w)| < 0. Torma MakcuMu3upyeMoe BBIDAsKEHHE MOXKHO
npeacraBuUThb B BUAE

D= % ( / ‘ (%7;1% _ a(w)) Faw) + o(w)e(w)| d

|w|<oo

+ / gk(w)|Fa;(w)|2dw> — max.

oo<|w|<T/h
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OnennM HOABIHTErpaIbHOE BBIpAXKEHIE I3 [IEPBOr0 MHTErpaJia, IPUMEHUB HepaBeHCTBO Ko-
mu — ByHskoBCcKOro:

2

eihw _ 1\k
<% _ a(w)> - Fr(w) 4 a(w)z(w)
(eih“’—l)k

¥ _O‘(”)-\/Xl(w)m(ww @) (w)(w)

o~

\/ /)\\1 (w) )\Q(w)

eihw_lk 2
R o) )

<< = + = )-(X1<w>|Fw<w>|2+X2<w>|z<w>|2),

)\1(&)) )\2(&.1)

re Xl(w) > 0, Xg(w) > 0 ayist mouTH Beex w < 0.
[Iyctn

:

(eihw_l)k
T )] e
Qo) =+ 5 <L (8)

Torga 3raveHWe 3343491 HEe OOJbIINE, YeM

1

Dég / Xl(w)]Fx(w)Pdw—F% / Ao (w)|2(w)|? dw

|w|<oo |w|<oo

! / 6" (@) [F(w)|? doo.

4+ —
2m
co<|w|<m/h

IIycTb

(W) = % Na(w) = ¢*(w) — A (w).

Torma

1 g"(w) 2 1 / k 2
D < — — 7 _|F — F
/ = |Fo(w)]” dw + o 9" (w)|Fx(w)|* dw
|w|<oo oo<|w|<m/h

YuurbiBasi, 4T0 (PYHKIIU gk_"(w) HEOTpUIaTe/IbHAsA, YeTHasg u ybbiBatomas mpu w > 0,
nMeeM

i k 2 _i k—n LN 2
v [ IR [ ) @R d
oo<|w|<T/h oo<|w|<m/h
1 -n n
<ord o0 [ P@IFs) do,

oo<|w|<m/h

Taxum obpazom, mojrydaem

9" "(00) n 2 1 ko 9" (W) ()2 duw
e <//hg REC |</ ()~ ZE ) st

D <
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YuureiBag ycsoBug B 3a1a4ue (7), mosydaem
2 6 6 K
D<g""(o0) [1— — " < .
¢ (1-g [ sww)r [ dea
|w|<m/h |w|<oo

Tak Kaxk BEPXHSA U HUZKH:AS OIEHKH IOTPEIIHOCTH COBIAIAIOT, METOX N — ONTHMAJILHBII.
[Tokaxkem, uro ycsaosue (8) Boiosaumo. Ilycrs

a(w) _ )\2(w) ' (eihw 1)k
(W) + Ao(w) h*
Torma ‘ ,
(ethe 1)k
T ) )P e
Q) = (W) * Nw) MW+ W) b

¥l YCJIOBUE BBIIOJIHSACTCS.
[oxazxem, uro upu 0 = § < 0 Me101 M : Loo(—0;0) — lgj(Z) raxoii, 4ro

eihw _ 1\k
Fin(y) = )l <

onTumasien. B arom ciayuae kBagpar 3ajgaqu (7) umeer Bu

™

h

1 (eihw o 1)k
o — Fx(w) —
lw|<m/h

eihw _ 1\k 2
% y(w)| dw — max, o)
|Fa(w) - y(w)* < 62

Jist ot Beex w € (—m/h,w/h),
1 |eihw _ 1|2n

% h2n
|w|<7/h

|Fa(w)]? dw < 1.

YuurbiBas orpanuuenus B 3aja4e (9), OLeHUM EePBbIi nHTErpaI:

1 (ez’hw o 1)k (eihw o 1)k 2
3 TFx(w) - Ty(w) dw
|/
_ 1 / b @) F(w) — y(w)dw < 2 / F(w) dw
o g y = or g ’
|/ w|<m/h

BerHHS{ " HU2KHAA OIIEHKW CHOBa COBIIAJIM, METO/ OIITUMAaJICH.
[Iyctn
WR) = {f() € Ly(R) : f"°V € LACR), f"() € Ly(R)}

— cobosiesckoe npocrpancTso, rjae LAC(R) — muoxkecrBo dynkuuii, abCOMIOTHO HENPEPhIB-
HBIX Ha KaxKJOM KOHEIHOM oTpeske. Paccmorpmm kiace dbyHKIumit

8o (®) = {F() € #P®R) = 7P ()amy < 1 (FA() € Las(®)},

rae (Ff)(-) — upeobpasosanune @ypoe dbyuxiun f.
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Samerum, 4yTo, B upexene npu h — 0 k-g pa3jesienHas pa3HOCTb MOCJIEI0BATETLHOCTH

x € 23, (Z) nepexopur B npoussoznyio k-ro nopsaka dbynkuuu f(-) € Wi (R),

Nneem

1
) 9 o~ (m(2n 1)\ 2T
fyote) =, o= (TCE) T
52k+1 ~
0\ 7@RFT)? 020,
lim E (%5, o (Z),k,6) =
A 5 <75jg,j’ff; + o2 (1 - (%)(2”“’)>, o <35,

Besmunna, crosimiasi B mpaBoil 9acTy PABEHCTBA, COBIAIAET C MOTPENTHOCTHIO BOCCTAHOBIIE-
o . n

Hus k-ii TPOU3BOJIHOM HA KJiacce W2,oo(R) [0 HETOYHO 3a/[aHHOMY mpeobpazoBanuio Pypwe,

noJLy4eHHoil B pabore [6].

Kpowme Toro, mpenesbHBIN ONTUMAIBHBIN METO, COBIIAAET C OMTUMAIBHBIM METOIOM, IO-

JIYHYEHHBIM JIjisi 9TOH 3a/a4u B TOI ke padore.
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ON OPTIMAL RECOVERY OF THE OPERATOR
OF k-th DIVIDED DIFFERENCE FROM ITS INACCURATELY
GIVEN FOURIER TRANSFORM

Unuchek S. A.

This paper considers the recovery problem of the k-th divided difference of sequence, provided that the
Fourier transform of this sequence on the interval is approximately known. The optimal recovery method
is also constructed.
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1. Introduction

Mathematics is the logic of natural sciences, the unique science of the provable forms of
reasoning quantitatively and qualitatively.

Functional analysis had emerged at the junctions of geometry, algebra and the classical
calculus, while turning rather rapidly into the natural language of many traditional areas of
continuous mathematics and approximate methods of analysis. Also, it has brought about the
principally new technologies of theoretical physics and social sciences (primarily, economics
and control).

Of most interest for the author are some contiguous sections of the constituents of
functional analysis and model theory that are promising in search for modernization of the
theoretical techniques of socializing the problems with many solutions.

The traditions of functional analysis were implanted in Siberia by S. L. Sobolev and L. V.
Kantorovich.

Their thesis of the unity of functional analysis and applied mathematics was, is, and should
be the branding mark of the Russian mathematical school. This is the author’s deep belief.

F. Bacon distinquished between pure and mixed mathematics; see [1]. L. Euler used
the attribute “pure,” which has been in common parlance since then; see [2]. S. Feferman
introduced the concept of “scientifically applicable mathematics” as “that part of everyday
mathematics which finds its applications in the other sciences”; see [3, p. 30]. In this article
applied mathematics is understood according to the Feferman definition.

The main areas dwelt upon below are functional analysis, nonstandard methods of analysis,
convex geometry, and optimization. These are listed according to their significance. Each of
them remains in the sphere of the author’s interests from the moment of the first appearance,
but the time spent and the efforts allotted have been changing every now and then. Here
these areas are addressed in chronological order.

© 2015 Kutateladze S. S.
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2. Optimal Location of Convex Bodies

Using the ideas of linear programming invented by L. V. Kantorovich, it turned out
possible to distinguish some classes of extremal problems of optimal location of convex
surfaces that could not be treated by the classical methods in principle. The decisive step
forward was to address such a problem by the standard approach of programming which
consists in transition to the dual problem. The latter turns out solvable by the technique
of mixed volumes, abstraction of the duality ideas of H. Minkowski, and modification of
one construction in measure theory that belongs to Yu. G. Reshetnyak [4]. The revealed
descriptions of new classes of inequalities over convex surfaces in combination with the
technique of surface area measures by A. D. Alexandrov [5] had led to reducing to linear
programs the isoperimetric-type problems with however many constraints; i.e., the problems
that fall beyond the possibility of symmetrizations. In fact, the extensive class was discovered
of the problems whose solutions can be written down explicitly by translating the problems
into convex programs in appropriate function spaces. A few of these results are presented in
the survey article [6]. The conception of H-convexity from this paper is considered now as
definitive in the numerous studies in generalized convexity and search for schemes of global
optimization; in particular, see [7].

The most visual and essential progress is connected with studying some abstractions of
the Urysohn problem of maximizing the volume of a convex surface given the integral of the
breadth of the surface. By the classical result of P. S. Urysohn [8] which was published in
the year of his death—1924, this is a ball as follows from the suitable symmetry argument. In
the 1970s the functional-analytical approach was illustrated with the example of the internal
Urysohn problem: Granted the integral breadth, maximize the volume of a convex surface that
lies within an a priori given convex body, e.g., a simplex in RY. The principal new obstacle
in the problem is that no symmetry argument is applicable in analogous internal or external
problems. It turned out that we may solve the problem in some generalized sense—‘modulo”
the celebrated Alexandrov Theorem on reconstruction of a convex surface from its surface
area measure. For the Urysohn problem within a polyhedron the solution will be given by
the Lebesgue measure on the unit sphere with extra point loads at the outer normals to the
facets of the polyhedron. The internal isoperimetric problem falls beyond the general scheme
even within a tetrahedron.

Considering the case of N = 3 in 1995, A. V. Pogorelov found in one of his last papers [9]
the shape of the “soup bubble” within a tetrahedron in the same generalized sense—this
happens to be the vector sum of a ball and the solution of the internal Urysohn problem. In
the recent years quite a few papers has been written about the double bubbles. These studies
are also close to the above ideas.

3. Ordered Vector Spaces

Of most importance in this area of functional analysis are the problems stemming from
the Kantorovich heuristic principle.
In his first paper of 1935 on the brand-new topic L. V. Kantorovich [10] wrote:

In this note, I define a new type of space that I call a semiordered linear space. The
introduction of such a space allows us to study linear operations of one abstract class (those
with values in these spaces) in the same way as linear functionals.

It is worth noting that his definition of semiordered linear space contains the axiom of
Dedekind completeness which was denoted by Is. L. V. Kantorovich demonstrated the role of
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K-spaces by widening the scope of the Hahn-Banach Theorem. The heuristic principle turned
out applicable to this fundamental Dominated Extension Theorem; i.e., we may abstract the
Hahn-Banach Theorem on substituting the elements of an arbitrary K-space for reals and
replacing linear functionals with operators acting into the space.

The Kantorovich heuristic principle has found compelling juctifications in his own research
as well as in the articles by his students and followers. Attempts at formalizing the heuristic
ideas by Kantorovich started at the initial stages of K-space theory and yielded the so-called
identity preservation theorems. They asserted that if some algebraic proposition with finitely
many function variables is satisfied by the assignment of all real values then it remains valid
after replacement of reals with members of an arbitrary K-space. To explain the nature
of the Kantorovich transfer principle became possible only after half a century by using the
technique of nonstandard models of set theory.

The abstract ideas of L. V. Kantorovich in the area of K-spaces are tied with linear
programming and approximate methods of analysis. He wrote about the still-unrevealed
possibilities and underestimation of his theory for economics and remarked:

But the comparison and correspondence relations play an extraordinary role in economics and
it was definitely clear even at the cradle of K-spaces that they will find their place in economic
analysis and yield luscious fruits.

The problem of the scope of the Hahn—Banach Theorem, tantamount to describing the
possible extensions of linear programming, was rather popular in the decade past mid-1970s.
Everyone knows that linear programs lose their effectiveness if only integer solutions are
sought. S. N. Chernikov abstracted linear programming from the reals to some rings similar
to the rationals in [11]. Rather topical in the world mathematical literature was the problem
of finding the algebraic systems that admit the full strength of the ideas of L. V. Kantorovich.
The appropriate answer was given by describing the abstract modules that allow for the tools
equivalent to the Hahn-Banach Theorem; see [12]. These are K-spaces viewed as modules
over rather “voluminous” algebras of their orthomorphisms. This result was resonated to some
extent in the theoretical background of mathematical economics as relevant to the hypothesis
of “divisible goods.”

One of the rather simple particular cases of these results is a theorem characterizing a
lattice homomorphism. The latter miraculously attracted attention of vector-lattice theorists
who founded new proofs and included the theorem in monographs as Kutateladze’s Theorem;
e.g., |13, p. 114]. Many years had elapsed before Boolean valued analysis explained that the
modules found are in fact dense subfields of the reals in an appropriate nonstandard model
of set theory.

In this area some unexpected generalizations of the Krein-Milman Theorem to noncompact
sets had been found that stimulated a few articles on the abstraction of Choquet theory
to vector lattices; see [14]. Ordered vector spaces have opened opportunities to advance
applications of Choquet theory to several problems of modern potential theory such as
describing interconnections of the Dirichlet problem with Bauer’s geometric simplices in
infinite dimensions and introducing the new objects—supremal generators of function spaces
which are convenient in approximation by positive operators. Note that the conception of
supremal generation which bases on the computational simplicity of calculating the join of
two reals had turned out close to some ideas of idempotent analysis that emerged somewhat
later in the research by V. P. Maslov and his students; see [15].
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4. Nonsmooth Analysis and Optimization

Note the rather numerous papers on convex analysis, one of the basic sections of nonlinear
analysis. Convex analysis is the calculus of linear inequalities. The concept of convex set does
not reach the age of 150 years, and convex analysis as a branch of mathematics exists a bit
longer than half a century. The solution sets of simultaneous linear inequalities are the same as
convex sets which can be characterized by their gauges, support functions or distributions of
curvature. Functional analysis is impossible without convexity since the existence of a nonzero
continuous linear functional is provided if and only if the ambient space has nonempty proper
open convex subsets.

Convex surfaces have rather simple contingencies, and convex functions are directionally
differentiable in the natural sense and their derivatives are nonlinear usually in quite a few
points. But these points extreme in the direct and indirect senses are most important. Study
of the local behavior of possible fractures at extreme points is the subject of subdifferential
calculus.

The most general and complete formulas were found for recalculating the values and
solutions of rather general convex extremal problems under the changes of variables that
preserve convexity. The key to these formulas is the new trick of presenting an arbitrary convex
operator as the result of an affine change of variables in a particular sublinear operator, a
member of some family enumerated by cardinals. The basic results in this area were published
in [16]. The literature uses the term Kutateladze’s canonical operator (cp. |17, pp. 123-125] and
[18, p. 92|). These formulas led to the Lagrange principle for new classes of vector optimization
problems and the theory of convex e-programming. The problem of approximate programming
consists in the searching of a point at which the value of a (possibly vector valued) function
differs from the extremum by at most some positive error vector €. The constraints are
also given to within some accuracy of the order of €. The standard differential calculus is
inapplicable here, but the new methods of subdifferential calculus solve many problems of
the sort. These results became rather topical, entered textbooks, and were redemonstrated
with reference to the Russian priority. The literature uses the term Kutateladze’s approximate
solutions (for instance, cp. [19]). Many years later the help of infinitesimal analysis made it
possible to propose the tricks that are not connected with the bulky recalculations of errors.
To this end, the error should be considered as an infinitesimal, which is impossible within the
classical set-theoretic stance.

Applications to nonsmooth analysis are connected primarily with inspecting the behavior
of the contingencies of general rather than only convex correspondences. In this area there
were found some new rules for calculating various types of tangents and one-sided directional
derivatives. The advances in these areas base on using the technique of model theory as well.

Many extremal problems are studied in various branches of mathematics, but they use
only scalar target functions. Multiple criteria problems have appeared rather recently and
beyond the realm of mathematics. This explains the essential gap between the complexity and
efficiency of the mathematical tools which divides single and multiple criteria problems. So it
stands to reason to enrich the stock of purely mathematical problems of vector optimization.
The author happened to distinguish some class of geometrically reasonable problems of vector
optimization whose solutions can be presented in a relatively lucid form of conditions for
surface area measures. As model examples, the Urysohn problems were considered with extra
targets like flattening in a given direction, symmetry, or optimization of the volume of the
convex hulls of several surfaces; see |20| and [21].
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5. New Models for Mathematical Analysis

In the recent decades much research is done into the nonstandard methods located at
the junctions of analysis and logic. This area requires the study of some new opportunities
of modeling that open broad vistas for consideration and solution of various theoretical and
applied problems.

A model of a mathematical theory is usually called nonstandard if the membership within
the model has interpretation different from that of set theory. This understanding is due to
L. Henkin. The simplest example of nonstandard modeling is the classical trick of presenting
reals as points of an axis.

The new methods of analysis are the adaptation of nonstandard set theoretic models to
the problems of analysis. The two technologies are most popular: infinitesimal analysis also
known as Robinsonian nonstandard analysis and Boolean valued analysis.

Infinitesimal analysis by A. Robinson appeared in 1960 and is characterized by legitimizing
the usage of actual infinities and infinitesimals which were forbidden for the span of about
thirty years in the mathematics of the twentieth century. In a sense, nonstandard analysis
implements a partial modern return to the classical infinitesimal analysis. The recent
publications in this area can be partitioned into the two groups: The one that is most
proliferous uses infinitesimal analysis for “killing quantifiers,” i.e., simplifying definitions and
proofs of the classical results. The other has less instances but contributes much more
to mathematics, searching the opportunities unavailable to the standard methods; i.e., it
develops the technologies whose description is impossible without the new syntax based on
the predicate of standardness. We should list here the development of the new schemes
for replacing the infinite objects as parts of finite sets: nonstandard hulls, Loeb measures,
hyperapproximation, etc. Part of this research is done in Novosibirsk. In particular, the
author’s results on infinitesimal programming [22] belong to the second group.

Boolean valued analysis is characterized by the terms like Boolean valued universe,
descents and ascents, cyclic envelopes and mixings, Boolean sets and mappings, etc. The
technique here is much more complicated that of infinitesimal analysis and just a few analysis
are accustomed to it. The rise of this branch of mathematical logic was connected with the
famous P.-J. Cohen’s results of 1961 on the independence of the continuum hypothesis, whose
understanding drove D. Scott, R. Solovay, and P. Vopénka to the construction of the Boolean
valued models of set theory.

D. Scott foresaw the role of Boolean valued models in mathematics and wrote as far back
as in 1969 (see |23, p. 91]):

We must ask whether there is any interest in these nonstandard models aside from the
independence proof; that is, do they have any mathematical interest? The answer must be
yes, but we cannot yet give a really good argument.

G. Takeuti was one of the first who pointed out the role of these models for functional
analysis (in Hilbert space) and minted the term Boolean valued analysis in [24]. The models of
infinitesimal analysis can be viewed among the simplest instances of Boolean valued universes.

The progress of Boolean valued analysis in the recent decades has led to a profusion of
principally new ideas and results in many areas of functional analysis, primary, in the theory
of Dedekind complete vector lattices and the theory of von Neumann algebras as well as in
convex analysis and the theory of vector measures. Most of these advances are connected
with Novosibirsk and Vladikavkaz; see [25]-[27]. It is not an exaggeration to say that Boolean
valued analysis left the realm of logic and has become a section of order analysis.
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The new possibilities reveal the exceptional role of universally complete vector lattices—
extended K-spaces in the Russian literature. It was completely unexpected that each of them
turns out to be a legitimate model of the real axis, so serving the same fundamental role
in mathematics as the reals. Kantorovich spaces are indeed instances of the models of the
reals, which corroborated the heuristic ideas of L. V. Kantorovich. This remarkable result
was discovered by E. I. Gordon [28].

Adaptation of nonstandard models to the problems of analysis occupies the central place
in the research of the author and his closest colleagues. In this area we have developed
the special technique of ascending and descending, gave the criteria of extensional algebraic
systems, suggested the theory of cyclic monads, and indicated some approaches to combining
infinitesimal and Boolean valued models.

These ideas lie behind solutions of various problems of geometric and applied functional
analysis among which we list the drastically new classification of the Clarke type one-sided
approximations to arbitrary sets and the corresponding rules for calculating infinitesimal
tangents, the nonstandard approach to approximate solutions of convex programs in the form
of infinitesimal programming, the new formulas for projecting to the principal bands of the
space of regular operators which are free from the usual limitations on the order dual, etc.

We can also mention the new method of studying some classes of bounded operators by
the properties of the kernels of their strata. This method bases on applying the Kantorovich
heuristic principle to the folklore fact that a linear functional can be restored from each of its
hyperplanes to within a scalar multiplier. In 2005 this led to the description of the operator
annihilators of Grothendieck spaces; see [29]. In 2010 the method made it possible to suggest
the operator forms of the classical Farkas Lemma in the theory of linear inequalities, so
returning to the origins of linear programming; see [30] and [31].

Of great importance in this area are not only applications but also inspections of the
combined methods that involve Boolean valued and infinitesimal techniques. At least the
two approaches are viable: One consists in studying a standard Boolean valued model within
the universes of Nelson’s or Kawai’s theory. Infinitesimals descend there from some external
universe. The other bases on distinguishing infinitesimals within Boolean valued models.
These approaches were elaborated to some extent, but the synthesis of the tools of various
versions of nonstandard analysis still remain a rather open problem.

Adaptation of the modern ideas of model theory to functional analysis projects among
the most important directions of developing the synthetic methods of pure and applied
mathematics. This approach yields new models of numbers, spaces, and types of equations.
The content expands of all available theorems and algorithms. The whole methodology of
mathematical research is enriched and renewed, opening up absolutely fantastic opportunities.
We can now use actual infinities and infinitesimals, transform matrices into numbers, spaces
into straight lines, and noncompact spaces into compact spaces, yet having still uncharted
vast territories of new knowledge.

Quite a long time had passed until the classical functional analysis occupied its present
position of the language of continuous mathematics. Now the time has come of the new
powerful technologies of model theory in mathematical analysis. Not all theoretical and
applied mathematicians have already gained the importance of modern tools and learned
how to use them. However, there is no backward traffic in science. The modern methods
are doomed to reside in the realm of mathematics for ever, and they will shortly become
as elementary and omnipresent in calculuses and calculations as Banach spaces and linear
operators.
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MATCEJI®N

Kyrarenanze C. C.

Kparkoe 06cy»kmenne HEKOTOPBIX Pa3/1eJI0B BBIIYKJION TeoMeTpun, MyHKINOHAILHOIO aHAIN3A, OITUMU-
3alMy U HECTAHIAPTHBIX MOjesell B cepe HHTEPeCOB aBTopa.

KuiroueBbie cJjioBa: BBIIYKJIbIE 339U U30IIEPUMETPUYECKOr0 THna, llapeTo-onTuMaibHOCTD, £-TIPOT-
pamMMupoBaHUe, Oy/IeBO3HAYHBIN aHAIN3, HHPUHUTE3NMAIbHBIN AHAINAS.



Baumanuioo aBTOpoB

BiagukaBkazckuii maremarmdeckuii xypuana (BM2K) — mayunoe mepmogmaeckoe m3ja-
HUE, BbIXOALAIEe 9eThbIpe pa3a B TI'O. }I{ypHaJI nu3jgaercd I’O}KH])IM MaTEeMaTUYECKUM HWHCTU-
TyToM Biamumkaskaszckoro maydanoro menatpa PAH.

K nybsmmkanuun 8 BM?K npununmaiorcst crarbu, coJepkaliiue HOBble PE3YJIbTaThl B 00J1a-
CTU MaTEMATUKHU U CTaTbu 0630pHOro xapakrepa. Crarbu, paHee omyO/JMKOBAHHBIE, A TAKKe
NpUHATHIE K OIyOJIMKOBAHUIO B JIPDYIUX XKypHAJIAX, PeAKo/uierneil ne paccmarpusaiorcs. 1lo-
crynusiiue B pegakiuio BM2K crarbu npoxondar obs3are/ibHOE HAyYHOE PelleH3upPOBAHUE.

Texkcr crarbu J0JKEeH ObITh HAMCAH HA PYCCKOM WJIN AHIVIMACKOM $S3BIKE U TIIATEJHHO
BoiBepeH. B nauase crarbu ykasbisaerca unjgexc YK, @.U.0. asropa(os), annoranus (He
comepKarias hopMy.1) u Karodesbie cioBa. Hazsanue crarou, @.1.0. aBropa(oB), aHHOTAITIIO
U KJIIOYEBBIE CJIOBA HEOOXOMMO JIaTh HA, PYCCKOM U QHIJIUACKOM SI3BIKAX.

Cuucox JinTepaTyphl e4aTaeTcd B KOHIIE TEKCTa CTaThbu. B HEM J0JIKHBI ObITH yKa3aHbI:
JI/Is CTAThel — aBTOD, IOJIHOE HA3BAHUE CTATHY, XKy PHAJL, MO U3AHUs, TOM, HOMED (BBIILYCK ),
CTPaHUIIBI HAYA/IA ¥ KOHIA CTATbU; Jjid KHUTI — aBTOD, [IOJHOE HA3BAHUE, FOPOJ, U3/1aTe/Ib-
CTBO, TOJ U31aHusd, obiiee KosmaecTBO crpanur. CChUIKA Ha JUTEPATYPY B TEKCTE JAIOTCS
B KBaJIpaTHBIX CKOOKax. /ljig crareii Ha pPycCKOM si3bIKE CIMCOK JINTEPATYPbI ITPUBOIUTCI
TaKKe Ha aHIVIMICKOM si3bike (1101pobHee Ha caiire http://www.vmj.ru/).

CraThs HOAMICHIBAETCA aBTOPOM (KOJIJIEKTUBOM aBTOPOB) € yKazaHueM (haMUInu, IMEHN
U OTYeCTBA, IOJHOIO IIOYTOBOTO ajipeca, MecTa paboThl, JOJIZKHOCTH, [IOJTHOIO CJIy2KEeDHOI0
aJIpeca, aJpeca dJIEKTPOHHON MOYTHl M HOMepa TeaedoHa.

Obbem marepuasa go/KeH ObITh He 6ostee 1,4 yer. med. nucros (A~ 12 crp. dopmara A4).
Crarbu 0oJibIIero 00beMa, MOIYT ObITH HPUHSITHL K IyOJIMKAIMK 10 PEIIEHUIO PEIKOJLIEruI
B UCKJIIOYUTE/IBHBIX CJIydadX.

Crarpio HEODXOUMO IMOANOTOBUTH ¢ MCHOJb30BaHueM Makpornakera LaTeX u odopmurh
COIJIACHO CTAHJIAPTHBIM TPEOOBAHUAM, IPEIbABIAEMbIM K aBTOPCKUM opurunajgam. [lpu mosm-
roroBke daityia 0coboe BHUMAHUE CJieyeT 00PaTUTh HA HEXKEIATETbHOCTh UCIOJIH30BAHUS HO-
BBIX (BBOJMMBIX aBTOPOM IIpU HAOOpPE) KOMAHIHBIX MOC/IEA0BATEILHOCTE, OCOOEHHO C mapa-
Merpamu. Ciiejlyer UCIOIb30BATh B OCHOBHOM CTaHJ/IaPTHBIE CPEJICTBA Makpormakera. Takke
KpaiiHe HeXKeJlaTeJbHO UCI0JIH30BaTh Oe3 HeobxonuMocTu 3Haku mpobena. B pemakiuio cra-
ThU HAIPABJIATH 10 3JIEKTPOHHOU moure B Buje ps- wiu pdf-daitna u tex-daitna, gmbo mo
[0YTe C HPUIOKEHUEM IJIEKTPOHHON BEPCHUU.

Crarbu, cojepzKaliue pUCyHKH, PACCMaTPUBAIOTCS TOJIBKO IIOCJIE COTJIACOBAHUS C PEAaK-
uneﬁ TEXHUYCCKUX BOIIPOCOB IOJATIOTOBKU PUCYHKOB.

[Ipunareie k nybsaukanuun B8 BM2K crarbu npoxogdar pelakiiMoOHHYIO [TOJTOTOBKY, IIOCJIE
9€ero TEeKCT CTATbU HAIPABJIACTCA aBTOPY Ha KOPPEKTYDPY. HﬂaTa 3a HY6HHKaHHIO HE B3bIMa-
ercs.

ABropckue npaBa Ha KypHaJ B [ejioM npuHayiekar HOXKHOMY MareMaTudecKOMY WH-
cruryty BHIL PAH u Penkosernn xxypHasa, KOTOpbie 00IaJa0T NCKIIOIATETHHBIM TTPABOM
[OJIyYaTh U PACIPEIEIATh JIIOObIE [JIATEXKH, CBSI3aHHbIE ¢ [ePeyCTYIKON aBTOPCKUX IIPAaB Ha
Ky PHAJL.

AJIPEC PEAKIUN: 362027, Biaaukaska3s, Mapkyca, 22
TEJIE®OH: (8672) 53 84 62;
E-MAIL: rio@smath.ru

3AB. PEJAKIUEN: Kubuzosa B. B.
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3aB. pemakrmeit B. B. Kubuzosa

Saperucrpuposan B PenepasibHoil ciryk0e o Hag30py B cdepe cBa3H,
uHGOPMAIMOHHBIX TEXHOIOIUHA M MACCOBBIX KOMMYHUKAIIN.
CaunerenbctBo 0 perucrpamun [IV Ne77-50223 ot 15 wions 2012 r.

ITogmmcano B megars 16.09.2015. @opmar Oymaru 60x841Y/5.
lapu. mpudra Computer modern. Ve m. . 11,63. Tupax 100 3k3.

FO»xHBI MaTeMATHIECKNN HHCTUTYT
Buiagukaska3sckoro nay4unoro uenrpa PAH
362027, r. Biragukaska3s, yi1. Mapxkyca, 22.

Orneuarano UIT Honanosoit A. FO.
362000, r. Biragukaska3s, nep. Ilasmosckuii, 3.



